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Tasu kHUra MpeacTaBiIsiBa pa3padoTka Ha JIEKIHUUTE TI0 TEOPHs Ha JIU-
(bepeHIMaTHUTE YPaBHEHUsI, KOUTO aBTOPBT € NPErojaBal B IPOABIKEHHE
Ha MOYTH YETHPH JECETUIICTHS Ha CTYJCHTHTE M0 MaTeMaTHKa U (HU3MKa B
Coodwuiickus 1ppKaBeH YHUBEpCUTET. HeHOTO npeHa3HaYCHUE € 1a CITYXKH
Ha CTyICHTHTE OT HAIIUTE BHUCIIM y4eOHU 3aBEICHHSA, B KOUTO C€ M3ydaBa
TEOpHsATa Ha TU(PEPCHINATHATE YPABHEHHUS.



YBOoa

MHoro BBIIPOCH OT aHalln3a, TEeOMETPHATA, MEXaHUKaTa, TEOpeTUIHaTa (u-
3MKa U TEXHWYCCKUTE HAYKH CE CBEXIAT KbM Oughepenyuanuu ypasuenusi. Taka
OIlle OCHOBATENUTE Ha TUGEPEHIINATHOTO U MHTETPAITHOTO CMSITaHE Ca Pa3TIIekK-
JAJTM 3a]1aqd, TIPU KOWUTO IO JaJCHO CBOMCTBO HA TAHTCHTATa HA ¢HA PaBHUHHA
KpuBa TpsiOBa Ja ce HAMEPH W M3ydu camara KpuBa. Ako y = y(x) € ypaBHEHHUE-
TO Ha ThpCEHAaTa KpWBa B MPAaBOBI'BIHA KOOPIWHATH (X,y), BCAKA TakaBa 3ajada,
obneyeHa B aHANUTHYHA (hOopMa, TOBEXKIA JI0 €HA 3aBUCUMOCT MEXIy HE3aBHCH-
Mara NMPOMEHJIMBA X, Hero3HaraTa (GyHKIMs y U HeiHaTa mbpBa MPOU3BOIHA Y,
T. €. 10 enHO JAU(EpPEeHIIMAIHO YpaBHEHHUE.

Ja pasmenaMme HampuMmep cCleIHAaTa 3ajada; Ja c€ HaMepH paBHUHHA KPH-
Ba y = y(x), TAaHT€HTaTa B MPOM3BOJHA TOYKA HA KOATO € MEPHEHIUKYIsIpHa Ha
npapara, CheIUHSABAILA Ta3W TOYKa ¢ HayanoTo (. YCIOBHETO Ha 3ajadara ce
n3pas3siBa 4pe3 YPaBHEHUETO

dy X
(1) = =-3,
dx y
THI 4e Bcska (QyHKIMS y Ha X, KOSTO OOpBINA B THKAESCTBO JAU(DEPECHIIMATHOTO

ypaBaenue (1), HU ompenens aHaTUTHIECKH €IHO PEIcHe Ha HaIllaTa 3a/1ava.
Jpyr Ki1acu4ecku BBIIPOC OT MEXaHUKaTa, KOWTO BOAU CBHIIO KbM JH(EpeH-
LMAJTHN ypaBHEHWUS, € CIIe[HaTa 3a/1a4a; Jja Ce HaMepsAT 3aKOHUTE 3a JIBIKEHHETO
Ha e[JHa MaTepHualiHa TOYKa, MPHUBIMYAHA OT €IWH MOCTOSHEH LEHTHP 0 3aKOHa
Ha Hioron. [a o3Hauum c x, y, 7 KOOpAUHATUTE HA MOJBUYKHATA TOYKA, OTHECEHA
KbM €[Ha HETO/IBIKHA MPaBOBI'hITHA KOOPJMHATHA CHCTEMa C Ha4Yajio B MPHBIIE-
KaTeHUs IeHTHP. Hue 1me 3HaeM 3aKOHHUTE 3a JABMKCHHUETO Ha Ta3W TOYKA, aKo
3HaeM KakBU (YHKIIMH HA BPEMETO ! ca HEWHUTE KOOpIUHATH. Upe3 mpuiiarane Ha
OCHOBHUTC IMMPUHIUIIN HAa MECXaHUKaTa C€ NojiydyaBaT CJICAHUTC TPU YPAaBHCHUA:

@ & p dy My &’z s

= T = S — —_— = S —
dr? (2 +y2 +22)2 dr? (2 +y2 +22)2 dr? (2 +y2 +22)2
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KBJIETO {4 € JIajieHa KOHCTaHTa. 3aja4yara Mo-HaTaThK ce€ ChCTOM B PEHICHHUETO
WM UHTETPUPAHETO HA Ta3u CHCTeMa OT TpH AU(EepeHLNATHN YpaBHEHHUS, T. €. B
OIIpE/ICISIHETO Ha X, ¥ U z Karo (pyHKIMHM Ha BPEMETO ! Taka, 4e Ja oOphIuar B
THKJECTBO BCAKO €HO OT ypaBHEHH:ATA Ha cucremara (2). 3a Ja cTaHe 3ajadara
HAITBJIHO OTpe/ieNieHa, Te3u QYHKIMH TPsOBa J1a YIOBIETBOPSIBAT OIIE U H3BECTHH
HAyYaJIHU YCJIOBUS, KOUTO U3pa3sBaT aHAIMTHYECKH, Y€ B HAYaJTHHUSI MOMEHT # TTOJI-
BM)KHATA TOYKA 3ae€Ma OIPEIEIICHO TIOJIOKEHUE B TIPOCTPAHCTBOTO M Y€ HaYaIHATa
M CKOPOCT € CBIIO JajieHa 10 TOJIeMHUHA U HalpaBIICHUE.

Eono ypasuenue we napuuame oupepenyuanno, koeamo mo cvbovpiica eoHd
UMY HAKOJIKO HENnO3Hamu (QYHKYUU HA eOHA Ul nogede He3a8UCUMU NPOMEHIUBU
U NPOU3BOOHU HA HENO3HAMUMe BYHKYUU.

Ha mepBO Bpeme mie ce 3aHnMaeM C TakuBa AW(epeHNraTHd ypaBHEHHS, B
KOUTO He3aBUCHMara MPOMEHIIMBA € eHa eIUHCTBeHA. 13X uje Hapuuame 0OUKHO-
6enu Oupepenyuaniu ypasHenuys 3a pasjinka OT YACTHUTE W TOTATHUTE AudepeH-
[MAIHN YpaBHEHUsI, B KOUTO OpOSIT Ha HE3aBHUCUMHUTE MPOMEHJIUBU € IO-TOJISIM
ot eauHnIa. Taka ypaBHeHusTa (1) u (2) ca OOMKHOBEHH.

Haii-mpoct e cmyuast, korato auepeHIUaIHOTO YpaBHEHHE ChAbpKa ca-
MO He3aBHCHMaTa MPOMEHJIMBA X, elHa Hermo3Hara (QyHKIUS y U HeifHaTa mbpBa
MIPOU3BOHA Y'; B TaKBB CIlydail TO IMa BHIA

F(x,y,y)=0

U e oT nwpsu ped. [10-001110, ako OCBEH He3aBHCHUMATa IMPOMEHIINBA X U HETO3Ha-
Tata QyHKIHSA y YPAaBHEHUETO ChIbpPKA U MPOW3BOTHUTE HA MOCIETHATA 0 N-TH
PEA BKIIOYUTEINHO, L€ Ka3BaMe, Y€ YPaBHEHUETO € OT N-TU PEL.



Yacr 1
OBUKHOBEHU TU®EPEHIIUAJIHU YPABHEHUSA

T'maBa 1
OBIIO BHPXY JU®EPEHIIMAJTHUTE YPABHEHUS OT ITbPBU PE]]

§ 1. I'eomeTpuYHO THJIKYBaHe

Enno mudepeHnMaIHO ypaBHEHHE OT IIBPBU PEJ, PEIICHO OTHOCHO IIPOM3-
BOJHATa y’, UMa BHJA

dy
(1) i f(x7 y)

dx
Beska ¢yHkims Ha x, KOsATO, 3aMECTeHa BMECTO y B ypaBHeHHeTo (1), ro oOpsb-
ma B THKIECTBO, CE HapWya peuieHue WIA uHmezpan Ha TOBa ypaBHeHHE. Taka

(dbyHKIMATA

y= VI -x2
€ MHTerpan Ha Au(epeHIHaTHOTO YPaBHEHUE

dy X
dx y
Ho necHo ce mpoBepsiBa, Ye CHIIOTO YPAaBHEHHE NPUTEKABA U APYTH MHTErPAIIH:

y=V2-x2, y=V3-x2,..., uzo0mo y = VC — x2,

kpgero C O3Ha4aBa MPOW3BOIIHA TOJOKHUTENHA KOHCTaHTa. OT TO3W TpHUMeEp ce
yOexxaBame, 4e eIHO Ju(epeHInanHo ypaBHeHre oT Buaa (1) Moxe na uma
6e30poifHO MHOTO MHTETPaJIH.

Ja naTerpupame eqHo AudepeHnnatHo ypaBHEHHE 3HAYH J1a HAMEPHM BCHY-
KM HETOBU WHTerpaiu. Makap U TexXHHUIT Opod Ja € BUHAru OEe3KpaiHO TOJIsM,
B M3BECTHU CIIy4ad HUE CME B CHCTOSIHHE Jla HaMepuM efaHa ooOma ¢opMyna, OT
KOATO Ja Morar Ja ce IOoJlydyaT BCHYKHM MHTETpajd Ha ypaBHeHHeTo. Ue Hawc-
TUHa ypaBHeHHeTo (1) mpuTekaBa 06e30pOilHO MHOTO MHTETpajd, B TOBA MOXEM
Ia ce yoemuM dpe3 CIeIHUTE T€OMETPHYHH pasIiIekTaHusl, KOUTO HAMAT Xapak-
TEp Ha €HO CTPOTO MAaTeMaTHUYECKO OKA3aTeJICTBO, HO BOAAT Upe3 TeoOMeTpUUYHA
HaIMIEAHOCT A0 3aKJIIOYEHUS, KOUTO IMO-TIOCIIE e JTOKAKEM CTPOTO.
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6 O06mo BbpXy AudepeHInaTIHuTe YpaBHEHUS OT IBPBH pex

Bcexu unTerpan Ha audepennnanaoro ypasaenue (1) ce nmpencrass reomeT-
pUYECKHU B MPaBOBI'bIHA KOOPAUMHATHA CUCTEMa (X, y) Upe3 eqHa KPUBa, KOSTO IIe
HapudaMe unmezpanna kpusa. JIupepeHInaTHoTo YpaBHEHUE U3pa3sBa CICIHO-
TO CBOWCTBO HAa WHTErpaJIHATa KPUBA: BIVIOBUAT KOC(PUIIMCHT HA TAHTCHTaTa B
MIPOU3BOJTHA TOYKA HA KpHUBATa € JajeHa (QyHKITUS Ha KOOPAWMHATUTE X, Y HA Ta3Hl
TOYKa. 32 J]a CH ChCTaBUM €HA NMPUOIM3UTETHA e 332 X0Ja Ha MHTErPAIHUTE
KpHBH, Jla CHU B3eMEM IMPOU3BOJHA Touka My(xp,yo) U 1a ce onuTame Ja Cu IHoc-
TPOUM TNPHOIM3UTEHO WHTETpaJHaTa KpUBa Ha ypaBHEeHHETO (1), KosITO MUHaBa
Ipe3 Ta3W To4Ka. 3a Ta3W IeJ mpekapBame mpe3 My (Bk. 4epT. 1) eaHa mpasa

BIJIOB KoeuIueHt f(xg,yo). Ta3u mpaea e TaH-
" % reHTa B Toukara My KbM ThpCEHATa MHTErpaiHa
e o~ 2? _ KpuBa. Bppxy Hes cu m3dbupame BASICHO U MHO-
v ro 6mmsko g0 My Toukata M;. Korato orceuka-
Ta MyM| € MHOTO MaJKa, MOXKEM Jla TTPUEMEM
0e3 rossiMa rpeiika, ye orceukara MoM; chBna-
=+ 1 = Z  5la CbC CbOTBETHHUS ,,£JIEMEHT‘ Ha KpUBaTa U e
Toukata M(x1,y]) JEKHU CHLIO BbPXY HHTETpaJI-
Yepr. 1 Hata kpusa. [Ipe3 M| npekapBame apyra mpasa
¢ BIIOB KoeumueHT f(x),y]) U BbPXy Hes IMaK
BIISICHO M MHOTO Onu3ko g0 M) cu m3bupame Touka M>(x2,y7). Ilo ceimure cb-
o0OpakeHHs, KaKTO W TO-TOpEe MOXKEM Jla cuuTame, 4e M, Jiexku BbpXy Hailara
HMHTErpajHa KpUBa, U J1a MPWIOKUM 3a M) CBHIIUTE Pa3ChKACHUA, KaKTo 3a M
u M. Taka nony4yaBaMe eiaHa HadyneHa JuHus MoMiM, ..., KOSITO ecTecTBe-
HO € J1a OYaKBaMe IIIe MPEACTaBsl ¢ TOJKOBA MO-TOISIMO IMPUONIMKEHHE ThpCceHaTa
WHTETpaTHa KPUBA, KOJIKOTO TO-MAJIKH Ca OTICITHUTE OTCEUKH, OT KOUTO TSI € ChC-
TaBeHa. Taka Mo reoMeTpuueH BT ce yOekaaBame, ue Ipe3 BCsika Touka My,
mexarma B obnactra, B koaro f(x,y) € meduHHpaHa, MUHABA eIHA WHTETPATHA
KpHUBa; C JPYT'H IyMH ChINECTBYBa enHa (GYyHKIUS ¢(x), KOSATO YIOBISTBOPSIBA
nudepeHnnanHoTO ypaBHeHHe (1) m OCBeH ToBa mpH x = Xy IpuUeMa ,Hadal-
Ha* CTOMHOCT yp. AKO HauajgHaTta Touka Mo Ha MHTErpanHaTa KpuBa 3aMEHUM C
Jpyra Touka M|, KOoATO MMa chlara abciuca X, SABHO €, Y€ IoJlyuyeHara HOBa
MHTEerpajiHa KpHBa ¢ HadyayiHa Toyka M) me Obae pasznuyHa oT nbpsara. Cieno-
BaTEITHO eHO Au(epeHIINaTHO YpaBHEHUE OT IbPBU pell uMa 0e30poiiHO MHOTO
HMHTErpajgHu KPUBH, HO BCSIKA €IHA OT TSX € HAI'BJIHO OIPENEsICHa, IIOM € 1aJcHa
HeliHaTa HaJyajiHa Touka M.

y ]

~
O == =0

A &
/ !/‘,\

[Ipu KOHCTpPYKIMATa HAa MHTETPaJIHUTE KPUBH Ha ypaBHEHHETO (1) MoxeM
Jla IOCTBIIUM ome U Taka. Ha Bcaka Touka (x,y) OT paBHUHATa (WJIM 4acT OT
Hes) IpaBUM Jia OTroBaps npaBa D, KOATO MHHaBa Ipe3 Ta3u TOYKa M UMa BI-
JIOB KoeHUITueHT, paBeH Ha f(x,y). [lo To3m HaumH 1msU1aTa paBHUHA (WJIH 9acT
OT Hes) OMBa MOKPHUTA C eIHO 1ojie 0Mm NOCOKU, KOETO ce n300passBa rpaduyec-



§ 2. O6pasyBane Ha Au(epeHINAIHN YPaBHEHUS OT IbPBHU PEX 7

KU TI0 CJIEeIHUS HAa4YMH: MpPe3 M3BECTCH OpOil TOYKH, paslpelneieHH JOCTATHYHO
I'BCTO B paBHHHATA, MPEKapBaMe MaJKi OTCEYKH, Taka 4e Ha BCAKa TOYKa (X, )
Jla OTTOBaps €IHa OTCEYKA, KOSTO MHHABa Mpe3 M30paHaTa TOYKAa M MMa BIJIOB
koedurueHT f(x,y). Ha gepT. 2 u 3 ca m300pa3eHu MO TO3W HAYMH IOJIETaTa OT
ITOCOKH, OTTOBApAIIM Ha AU(EPCHIIMATHUTE YPaBHCHUS

dy _y

dx x dx ¥y

Q_x

Enna wHTerpanna xpusa Ha ypaBHeHHeTO (1) mpemcTaBs O4EeBHIHO TaKaBa
KpYBa B HAILIETO IOJIe, BCEKH €JIEMEHT Ha KOSTO CHBIAJga IO MOCOKa C IOCO-
Kara Ha II0JIETO, OTroBapsila Ha TO3u eineMeHT. CiemoBaTrelHo, ako € JaJCHO
rpadu4ecKy MoJIeTO OT MMOCOKH, MOXKEM JIa CH HauepTaeM NPUOITU3UTEITHO WHTET-
pajHara KpuBa, KOSATO M3XOXIa OT NajieHa HadaHa Touka My; JOCTaThYHO € 3a
Ta3MW 1IeNl J1a IBWKMM BbpXa Ha MOJHMBA Thil, 4¢ BbB BCEKH MOMEHT IIOCOKara Ha
JIBIKCHUETO MY Ja ChBIAJa ChC CHOTBETHATA TIOCOKA HA TIOJIETO.

§ 2. O0pa3yBane Ha qudepeHINATIHN YPABHEHUS OT IbPBU pej

[a pasrmiename ypaBHEHHETO
@) F(x,y,C)=0

MEXKAYy ABECTC MMPOMCHJIIMBU X, y U KOHCTAaHTaTa C. FeOMeTpI/I‘IeCKI/I TO IpECacCTaBsd
enHa cucTeMa Wi (aMuwiIds OT PaBHUHHU KPHBH, 3aBHCEIIN OT IPOMEHJIMBHUS
napameTsp C. 3a BCsko umciieHo 3HaueHne Ha C ToBa ypaBHeHWE HU AepHHHpA
130010 y karo HesBHa (yHKuus Ha x. Karo nudepennupame OTHOCHO X, MONIY-
yaBaMme
3) oF N oF ,

—+—y =0.
0x é?yy



8 O06mo BbpXy AudepeHInaTIHuTe YpaBHEHUS OT IBPBH pex

B o6mus ciyqaii ypaBaenueTo (3) chabpika u koHcTaHTara C. AKO eMMMHHApaME
Ta3M KOHCTaHTa OT ypaBHeHUATA (2) u (3), 1€ NOIyIUM €HA 3aBUCUMOCT MEXTY

x,yuy':
(4) [ y.y) =0.

Ot HaumMHa, O KOMTO M3BeHOXME OU(EPECHINATHOTO YpaBHEeHUE (4), ce BHXK-
Ila, 4e BCsiKa (DYHKINS Y Ha X, KOATO MOJKE /1a C€ TIOIYyYH OT YpaBHEHHETO (2) mpu
HSIKOE€ YuclieHo 3HaueHue Ha C, ynosierBopsiBa ypaBHenue (4). ITo To3u HaumH
ypaBHeHHETO (2) HU JlaBa BB3MOXKHOCT Ja HamepuM 0e30poii mHTerpany Ha -
(depennmantoro ypaBaenue (4). Eto 3ammo (2) ce Hapu4a 06wy unmezpan Ha TOBa
IuQepeHraaHo ypaBHEHHE.

Tosu pesyarar MOTBbpKIaBa OIlE BEIHBK HALIUTE OOIIHM 3aKII0YeHUs B § 1,
criope]; KOUTO eHO OOMKHOBEHO AM(epeHInaTHO ypaBHEHNE OT ITbPBH peJl MPH-
TexaBa 0e30poil MHTETpaHU KPUBU. B cilydass MHTEerpalHUTE KpUBH Ha ypaBHeE-
HueTo (4) ca mpeacraBenn upe3 dammmmsTa (2).

3abenexncka. Humo He HU AaBa OCHOBaHHUE Jla 3aKIIOYMM OTTYK, Ue ypaBHeE-
HHeTo (2) W34ueprBa BCHYKHA BH3MOXKHHU PEIICHUS Ha NU(EepeHITNATHOTO ypaBHE-
Hue (4). Y nauctiHa HUe 1€ BUAUM [O-HATATHK, Y€ B U3BECTHU, MaKap U PEAKH
cilydau eqHO Au(epeHInalHO ypaBHEHHE MOXe a PUTE)KaBa U TaKWBa MHTETpa-
JIM, KOUTO HE MOTaT Ja € MOJy4aT OT OOIMs MHTErpal 3a CIHCLUaIHU 3HAaYCHUS
Ha MpoU3BOJIHATa KOHCTaHTa C.

Ipumep 1. Ypapuenneto x> +y> —C = 0 npeactass eHa HaMHIHsI KOHIIEHT-
PUYHU OKPBKHOCTH C OOII IIEHThP B HAYAJIOTO Ha KOOpJIWHATHATa cucteMa. Upes
mudepeHIpaHe Ha TOBa ypaBHEHHE CE CTUMUHUpPA W MapaMeThpbhT C, Taka de
IU(epeHIIMaTHOTO YpaBHEHNE Ha Ta3u (paMHIIUSI OKPBKHOCTH €

dy X
x+yy =0 wmm —=--,
dx y
To m3passiBa CICMHOTO CBOWCTBO HAa MHTETPATHUTE KPHUBH: HOpMAayiaTa B IPOM3-
BOJIHA TOYKA HA KpUBaTa MHHAaBa IPE3 HAYaJIOTO.

Ipumep 2. YpasHenueto y* = Cx npejcTass GaMumms oT mapabomu ¢ odma
oc Ox u o0m BpbX (Havyanoro). CHOTBETHOTO NU(EpEeHINATHO YpaBHEHHE Ce
I0JIy4aBa, kKaro enuMuHupame C OT ypaBHEHUsTA

y2 =Cx, 2y =C,

TaKa IoJrygyaBaMe



§ 2. OOpazyBaHe Ha Au(EepPEHIIUAIHN YPABHEHHS OT IBPBU PEIl 9

Toa nudepeHnnaTHO ypaBHEHUE H3pa3siBa CICIHOTO CBOWCTBO HA TAHTCH-
TaTa Ha KOs Ja € OT pa3riieflaHuTe napaboiu: cyOTaHreHTara, OTroBapsiia Ha
TIPOM3BONTHA TOUKa Ha mapabonara y> = Cx, € paBHA Ha yJBOeHaTa a0cIica Ha
Ta3u TOYKA.



T'nmasa 11
TEOPEMMU 3A CBIHIECTBYBAHE HA MHTEI'PAJIU

B Teopusita Ha mudepeHIMaTHUTE YPaBHEHUS BHIIPOCHT 3a CHIICCTBYBAHE
Ha WHTETrpajgu ¢ OWI MOCTaBEeH CPaBHUTEIHO B MO-HOBO BPEME, KOTAaTo ca OWim
MTOIIJIOKEHH M300I1I0 Ha KPUTHKA OCHOBUTE Ha MaTeMaTHUeCcKus aHaiu3. [1o-paHo
peauiia TeoOpeMH, KOUTO Cera Ce JOKa3Bar, ca OWIM CMATAaHHU 32 OYCBUIHU HC-
tuHU. Taka 10 Hayanoro Ha XIX B. HUKOM HE € YyBCTBAJI HYXKJa OT JOKa3BaHE
Ha ,,04eBHJHATA" HCTHHA, 4e ako f(x) e HempekbcHaTa (YHKIUS B MHTEpBajia
a < x<bwu f(a) u f(b) ca c MIPOTUBHHU 3HAIH, TO f(Xx) ce aHyIHpa IMOHE 3a
€IHO 3HaueHUe Ha x MeXAy a u b. Cera, KakTo 3HaeM, TOBa C€ JIOKa3Ba CTPO-
TO Bb3 OCHOBA Ha NeHUHUIUATA 3a HEMPEKHCHATOCT M HAa YHCTO apUTMETHYHATA
Teopus Ha peamHuTe Yncia. ChIIOTO MOXE JIa Ce KaXke U 32 TEOPEMUTE 3a ChIIEC-
TBYBaHE HA MHTETPATN HA Pa3HUTE TUIOBE AU(EpPEHIINATHA ypaBHEHU. BoneHu
OT TEOMETPUYHU CHOOPAKEHHS, KOUTO U3IOKHUXME B § 1, MaTeMaTHIIUTE ca CUM-
Tay 3a MOYTH OYEBHIIHO, Y€ BCAKO MU(EPCHIIMATHO yPaBHEHHUE OT ITBPBU pei
(HEe3aBHCHMO OT TOBA, TAJIM 3HAEM, MJIM HE 3HAEM Jia TO MHTErpHpaMe) IpPHUTEekKa-
Ba nopu 6e30poii permenns. B HauamoTo Ha MUHAIHS BEK 00aue MaTeMaTHIINTE
ca MOYYBCTBAIM HYXKJa Ja W3TPamsdT Ha IO-COJNMIHA MOYBAa OCHOBUTEC HA MarTe-
MaTHYECKUS aHAJIM3, KaTO CE OCBOOOIAT OT F€OMETPUUECKUTE HAITICAU, KOUTO B
MHOTO CJIyJad ca MPHUTOAHH 332 OTKpHUBaHE Ha MAaTEeMAaTHICCKUTE UCTUHH, HO HE U
3a TSIXHOTO CTPOro JoKa3BaHe. [IspBUTE CTPOTH HOKA3aTENICTBA 3a CHIIECTBYBAHE
Ha MHTETPAM Ha €IHO IU(EepeHITMAIIHO YPpaBHEHUE OT IBPBU pell, KAKTO U Ha
JPYTU TO0-00IIU Kareropuu oT AU(EpeHIMAIHN YPaBHEHUS ABDKUM Ha OCHOBA-
TeJIS Ha ChBPEMEHHUS MaTeMaTHIeCKU aHaln3 — PpeHCKus MaTeMaTuk OTIOCTeH
Kommm (Augustin Cauchy), kxuBsi1 B HauanoTo Ha MuHanus Bek (1789—1857).

JlokazarencTBara Ha TCOPEMUTE 3a CHIICCTBYBaHE HA MHTETPANIN, U3I0KCHH
I0-ZI0JTy, ce Oa3upar Ha penulia TEOPEeMH OT AH(EpPEHITHATHOTO cMATaHe, Gop-
MYJIUpaHA W JOKa3aHW B IMPHIOKEHHETO Hakpas (maBa X). [IpemoppuBame Ha
gUTaTeNsA Ja Ce 3arl03Hae C TE3W TCOPEMH, IMPEAH Ja IPUCTHIIN KbM H3yJaBaHETO
Ha JI0Ka3aTeJICTBaTa HAa TEOPEMHUTE 3a CHIIECTBYBAHE B HACTOSIIATA IJIaBa.

§ 3. IIpBO H0KA3aTEJICTBO HA TEOPEMATA 32 ChIlECTBYBaHe

d
HA MHTErpajii Ha ypaBHEHHETO d—y = f(x,y)
x

[le mpenmonokuM, 4e GyHKIHUATa f(X,y), KOATO GUTYpHpa B IICHATA YaCT
Ha JU(EpPEHIIMATHOTO YpaBHEHHUE

dy
(1) a —f(x,Y),
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§ 3. [IspBO mOKA3aTENCTBO HA TEOpPEMaTa 3a ChIIECTBYBAHE HA . . . 11

YAOBJIETBOPSBA CIIETHHUTE YCIIOBHSL:

1. f(x,y), pasmexxaaHa kKaro (yHKIWS Ha JIBETe HE3aBUCHMH PEATHH TPO-
MEHJIMBH X U Y, € AeUHUPaHA U HENIPEKbCHATA (PyHKLUS HA TE3U NPOMEHJIMBHU B
obnacTTa

Xp<x<xp+ta

yo—b<y<yy+b.

Tasu obmacT ce ChCTOM OT TOYKUTE HAa
€IUH NPaBOBIBIHHUK (4epT. 4), CTpaHHTE Ha
KOWTO ca YCHOPEIHH Ha KOOPIUHATHUTE OCH
U UMaT YpPaBHEHUS 1

X = Xo, X =X +a,

y=yo—b, y=yo+b.

2. CepiiecTByBa eHa MOJOXKHUTEIHA KOHC- _ R
TaHTta A, T ue, ako (x,y;) u (x,y2) ca JiBe
IIPOU3BOJIHU TOYKH Ha oOnactTa R ¢ paBHU a0- Yepr. 4
CITUCH | PA3JIMYHU OPJAMHATH, TO OTHOIIICHUETO

f(X,yl) - f(xyyZ)
y1—»2
Tpf{6Ba Ja UMaM€ BUHAru

HC HaAMHWHaBa I10 a0COIIIOTHA CTOMHOCT KOHCTAHTATa A, T. €.

2 £ y1) = f(xy2)l < Alyr = yal.

Ilpu me3u npeononogicenus we O0OKaxceM, ye CbUleCmey8d eOHA (OYHKYUsL
©(x), degpunupana 6 eOurn OOCMAMBYHO MATBK UHMeEPBANl Xy < X < Xo + h, Kosamo
yoosnemeopsiga ougepenyuarnomo ypaguernue (1) u oceen mosa npuema cmoti-
Hocm Yo 3a X = Xg, m. e. p(xg) = yo. He cowecmsysa opyea gynxyus ¢(x), koamo
0a npumedxcasa cvuume c8OUCMaa.

[Ipenn ma mpucTHNIMM KBM J0KA3aTEICTBOTO Ha Ta3W TeOpeMa, Jla CH H3siC-
HUM CMHCHJIa Ha yCIOBHETO 2, Ha KOETO MOmYMHHUXMe QyHKIusITa f(X,y) U KO-
eto ce Hapwya ycnosue Ha Jlummmr (Lipschitz). 3a Ta3m mem ma cu MUCITHM
MOBbPXHUHATA Z = f(X,y), KOATO MpEACTaBs reoMeTpudecku GyHKIus f(x,y) B
MIPOCTPAHCTBEHA MPAaBOBI'BIIHA KOOpAWHAaTHA cucTema. Torasa f(x,y1) U f(x,y2)
ca alIMKaTd Ha OHE3W TOYKH OT BBIPOCHATA MOBBPXHHWHA, YAUTO OPTOTOHAI-
HU TIPOEKIMH BBPXY pPaBHHUHATA X,y ca TOYKUTE (X, Y1) H (X,y7), @ OTHOLICHHUETO

f(-x’yl) - f(X,)’Z)
Yr—y
KH crpsMo paBHUHATa X Y. CMHECBHIBT Ha HEPaBEHCTBOTO (2) Ha Jlummui e, e 1mo

NpejCcTaBs ,,HAKJIOHA™ Ha CheJWHUTEIHATA [paBa Ha TE€3U TOY-
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a0coII0THA CTOMHOCT TO3U HAKJIOH He OMBa Jla HAJIMHHE W3BECTHA IIOJIOKUTETHA
KOHCTaHTa A, T.€. a He € MHOro crpbMeH. (OObpHETE BHUMaHHE Ha TOBA, 4e
BBIIPOCHATA CHEIMHNUTENHA MIpaBa € yCropeaHa Ha paBHUHarTa Y'Z.)

VYenosuero Ha JIMmuui € BUHArW U3IBIHEHO, ako (yHKuusTa f(x,y) mpu-

TC)KaBa OIrpaHUYCHA YaCTHaA IMPOMU3BOJIHA (97 B obmactra R. 3a koHCcTaHTaTa A
y

MOXEM Ja B3CMEM B TaKbB cnyqaﬁ €AHa ropHa rpaHuia Ha B R. U1 naucru-

ay
Ha criope TeopeMara Ha KpaﬁHHTe HapacTBaHUA UMaMe

flyD) = f(x,y2) = 01 = y2) £,(x, 1),

7]
KBJIETO 7] € HAKOE YUCIIO MEXIY Y1 U Y2, @ fy(x,y) = a—f CrnenoBarenHo
y

|fCe 1) = fGay)l = Iy = all G, pl < Alyr = y2l.

Hue mie u3noxuM Haii-Hampea eaHO J0Ka3aTelICTBO Ha (GopMyiupaHara Io-
rope OCHOBHA TeopeMa, KOETO MOYMBA BHPXY TCOMETPUUHUTE PA3IICKIAHUS OT
§ 1. To ce ocHOBaBa BBPXy CJEIHATa MOMOIIHA TeopeMa OT IU(EepPEHITHAITHOTO
CMATaHe.

Iomowna meopema. /la oznawum c u(x) eOna HenpekvcHama QyHKYyus Ha X
6 unmepgana xo < x < xo + h cvc cneonume ceoticmsa: 1) u(xg) = 0; 2) u(x) npu-
meorcasa u306u;0* npouseoona u'(x) 6 unmepsana [xg, xo + hl; 3) cowecmeysam
o0ee koncmanmu A > 0 u € > 0, mwil ue

< Alu| + &.

d
3) ‘dj‘c

Tlpu me3u npeononoxcenus Qynxyusma u(x) y0oeiemeopsasa 6 yenus uHmep-
ean xy < x < xo + h nepasencmeomo

4) ()| < = (AT _ 1)
A
Joka3aresncTBo. a) [la pasmiename Hali-Hampen ciydas, Koraro u(x) He ce
aHyIupa BbTpE B MHTEpBaia [xop, xo + /]. ToraBa u(x) He MEHH 3HaKa CH B TO3H
uHTepBal. [la mpuemem Hampumep, e u(x) > 0 3a xg < x < xg + h. OT HepaBeHc-
TBOTO (3) creBa B TaKbB CiTydait

d
dfzSAu+s.

* 13
IMox mymure ,,pyHKIMATA u(X) IpUTEkKABa U300140 IPOU3BOAHA B HHTEpBaia (a, b)* pa3bupa-
Me, 9e TIPOM3BOAHATA ' (X) CHINECTBYBA 3a BCAKO X OT Ka3aHHU HHTEPBAJI C €BCHTYAIHO H3KIIOICHHUE
Ha KpaeH Opoil 3Ha4YeHHs Ha X.
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[Touexe
L &) e = (gA) e <0

BbB BCSIKA TOYKA X, B KOSATO u'(X) CHINECTBYBa, TO HENMpeKbhcHATaTta (YHKIHS

8 v
(I/t + Z) e’Ax € HaMaJsBalla U MpueMa IMpm x = xo MakCUMaJilHaTa CU CTOUHOCT

&
Z =A% Cremosarenno

A

& _A & _A E A(x—
(u(x)+z>e XSKe o Te. u(x)SZ(e (x XO)—I).

[To chuus HAUYMH ce MOKa3Ba HEPaBEHCTBOTO (4) W B ciydas, KOTraTo u(x) uma
IIOCTOSTHHO OTPHUIIATEIICH 3HAK.

0) Ako u(x) cTaBa HyJIa BETpPE B HHTEepBaja [xo, Xo + /1], To HepaBeHCTBOTO (4)
€ OYEBHIHO YAOBJIETBOPEHO 32 BCSAKO X OT TO3WM MHTEpBa, 3a koeto u(x) = 0. la
CH B3€MEM €JIHO YHCJIO & OT CHINUSI MHTEpPBaJ, 3a KoeTo u(€) # 0, U 1a 03HAIMM
C x| Hai-OImM3KaTa TOYKA OTVIABO Ha &, KosATO aHymupa u(x). [lonexe u(x;) = 0 u
u(x) He ce aHyJIupa BbTpE B MHTEpBana (X, &), TO CIIOPE. TOKa3aHOTO B TOYKA a)
e uMame e

(@) < < (M7 -1,
A
OTKBJIETO clieABa (moHexe & — x; < &€ — Xxp) HEPaBEHCTBOTO

(@) < 5 (M0 - 1).

A TOBa 3Ha4H, e HepaBeHCTBOTO (4) € B cmia u pu x = £. C ToBa MOMOIIIHATA
TeopeMa € JIoKa3aHa HaIThJIHO.

Cneocmeue. Axo 3a eona nenpexvchama Qynxyus u(x) 6 unmepsana [ xo, xo+
h] snaem: 1) ue u(xg) = 0, 2) ue u(x) npumescasa uzo6wWo NPOU3BOOHA 8 MO3U

du
unmepean u 3) ue i < Alu|, xvoemo A e uaxos koncmanma, mo u(x) e mwoic-
X

0ecmeeHo Hya.

W nanctuHa, ako MPHIIOKUM MTOMOIIHATa TeopeMa npu € = 0, ascHaTa gact
Ha HEpaBeHCTBOTO (4) ce aHyIHpa U B TaKbB CIIy4ail € SIBHO, Y€ TOBA HEPABEHCTBO
HE € BB3MOXKHO, aKo u(X) € pa3Iu9HO OT HyJIa 3a HIKOE X OT HHTepBaia (xg, Xo+h).

Hue me ce Bp3mon3yBaMe OT TOBa CIEICTBHE, 3a Jla JOKaXEM Haii-Hampen,
Ye HEe MOrar Jia ChIIECTBYBAT JIBE pa3iuyHu (YHKIUHU Ha X, NeUHUPAHHU B SIUH
JOCTaThYHO MabK MHTEPBaJ (Xo, Xo + /1), KOUTO A2 YJOBJIETBOpABAT AU(EepeHIIn-
anHoTO ypaBHeHue (1) M mpu x = xo JAa MpUeMaT elHa U ChIa CTOMHOCT yy. AKO
y(x) 1 n(x) ca nBe TakuBa (QYHKITHHU, TO OT YPABHCHHUATA

dy(x) dn(x)

o =Sy, == = flnn(x)
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nonyanaMe qpe3 TIOYJICHHO U3BAXIAaHE
d(y(x) — n(x))
dx
HJIN KaTo HpPIJ'IO)KHM HepaBeHCTBOTO Ha .HI/IHH_II/II_[ " IIOJIOKHUM CJIEd TOBa y(x) —
n(x) = u(x),

=[x, y(x) = f(x, n(x)),

d
S < Ajul.

dx

3a gyHKIHATA 1(X) ca U3MBIIHEHA OYCBUIHO BCHYKH YCIIOBUS, IIPH KOUTO € B CHJIa
TOPHOTO CIEACTBHE, MOPATN KOETO MOXKEM Jla TBBpANM, 4ue u(x) = y(x) — n(x) e
THKICCTBCHO HyJa B IENIS HHTEPBAT [Xxg, Xo + /).

%

3a emHa HempekbcHaTa GYHKIMS 77(x) B WHTEpBana [xg, xo + /] me kas3pa-
Me, 4e YIOBIETBOpsiBa Au(epeHInaIHOTO ypaBHeHue (1) ¢ rpemika, mo-mMajika ot
A, xoraro n(x) mpuTekaBa W300II0 MPOW3BOMHA B TO3W WHTEPBAN M pasziuKaTa
dn

e f(x,n) e Mo abCONMIOTHA CTOWHOCT ITO-MaJIka OT A 3a BCAKO X OT MHTEpBaJia
X

dn
[x0, xo + K], 3a KO€TO P chuiecTByBa. KakTo 1€ BUAUM Cliell MaJIKO, JIECHO MOXKE
X

Jla ce MOoCTpou eaHa (QYHKITUS Ha X, KOSATO JIa YIOBJIETBOPSIBA B €IUH JOCTATHIHO
MaJbK MHTEPBAI [ X, Xo + /] ypaBHeHHeTO (1) ¢ MPOU3BOIHO MaJika Tpellika U aa
NpueMa Ipu x = Xy CTOMHOCT Y.

Jla norycHeMm, 4e WiieHOBEeTe Ha Oe3kpaifHara peauma

(5) 1n1(x), 72(x), 73(xX), . ...
ca HempeKbCcHATH (YHKIMHM HA X B MHTEpBaNA [Xg, Xo + /1], KOUTO MpPHUTEKABAT
cinemHauTe cBoctBa: 1) 17,(xo) = yo3an =1,2,3,...; 2) kpuBute y = 17,,(x) nexkar

Xo<x=<x+a,

BCHYKH B IPaBOBI'bIHATA 00NACT R: , B KOoATO (DyHKUIHATA
Yo—b<y<yo+b

f(x,y) ynoBnerBopsiBa HepaBeHCTBOTO (2) Ha Jlummmir; 3) 7,(x) ymoBieTBOpsiBa

mudepeHnnanTHoTo ypaBHenue (1) ¢ rpemka, mo-manka ot A,, KbAETO A, KIOHH
KbM HyJa 3aeHo ¢ —. [Ipu Te3u npenmnonoxeHus, KakTo e BUIuM, peaunara (5)
n
KJIOH PaBHOMEPHO KbM e/IHa TpaHu4YHa QyHKIHS Y(X), KOSTO YIOBIETBOPSBA JIU-
(epeHIInaIHOTO ypaBHEHHE. 3a /1a JOKaXXEeM TOBa, Ja CH B3€MEM €IHO IPOHU3BOJI-
. 1
HO € > 0 u na cu uzbepem uHAeKkca N, Thil ue A, Aa € MO-MajaKo OT 7 3an>N.
Koraro uanexcure m u n ca mo-roneMu ot N, MOXe Jla THIIIEM

dnn
dx

= () + (), ()] < g;
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dn,, £

— = f(xX, 1) + wp(x), lwn(X)] < =,
dx 2

OTKBACTO t111)63 IIOYJICHHO U3BaXXJ1aHC U npymaraHe Ha HepaBeHCTBOTO Ha .HI/IHIHI/IH

noJrydaBaMe€ HEPABECHCTBOTO

’d(nn - Tlm) < A|77n _ Tlml +e

dx

Tyk gynkumsTa u(x) = 1,(x) —1,,(x) yIOBIETBOPsSBa BCHYKH YCJIOBHS Ha MOMOIII-
HaTa TeopeMa, Thil ue

() = ()] < 5 (A0 — 1) < 2 (M- 1)
A A

[Tonexe nscHaTa 4acT Ha MOCJIEJHOTO HEPAaBEHCTBO HE 3aBHCH OT X M MOXE Ja
Obzie HalpaBeHa IPOU3BOJIHO MaJIKa 3a€IHO C € , OTTYK 3aKioyaBaMme (Bb3 OCHOBA
Ha BTopara Je(UHUIMS HAa paBHOMEpHaTa cxoaumocT (Bxk. miaBa X, cTp. 205)),
ye penunara (5) KJIOHU PaBHOMEPHO KbM €HA rpaHu4YHa QyHKIUS y(X).

3a ;ma mokakeM, 4e Ta3u IpaHnvHa (YHKIHS YIOBJIETBOPSBA U ypaBHEHHE-
To (1), e cu MOCIyXUM ¢ BTOpa MTOMOIITHA TeOpeMa, KOSTO IJIacH TaKa:

Ha oznauum ¢ u(x) eona nenmpexvcuama QyHxkyus 6 unmepsaia [xo, xo + hj
cve crnednume ceoticmsa: 1) u(xg) = 0; 2) u(x) npumesicasa uzo0o6u0 npouzsooHa

du u
u'(x) 6 mosu unmepsai, 3) e < € 3a 6CAKO X, 34 KOemo Npou3800Hama P
X

X
cvwecmeysa. Ilpu mesu npeononoscenus |u(x)| < €h 3a 6cako x om unmepsaia

[x0, x0 + K].

JlokazaTencTBOTO Ce M3BBPINBA JICCHO, KaTO MMaMe IMPEABH, Y¢ OT JBETE
¢dbyukuuu u(x) + (x — xp), u(x) — &(x — xp), IbpBara € pacTsilia, a BTopara — Ha-
MajsBaIia B pasmIeKIaHus WHTEPBaJ, OTKBACTO 3aKiiouaBaMe (TIOHEKE W JIBETE
Ce aHyJIUpaT MpH X = X), 4e

ux)+e(x—x9) >0, ulx)—elx-xy) >0,
T. €.
—&(x — x0) ulx) <e(x—xp9), |ux)| < elx—xy) < &h.

Heka £ na e HsIKO€ MOMOKUTEIHO YUCTIO U Aa n3depeM uHaekca N Thil TOIsIM,

dn,
4e F f(x,n,)| Oa e mo-MaJKo OT € MpH 1 > N U 3a BCAKO X OT MHTEpBaIa

X

[x0, xo + h]. ®yHKUUATA,

u(x) = 1a(x) = yo —/ J @, n,(0)) dr

X0
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VIOBIIETBOPsIBa yCIIOBUATA 1), 2), 3) Ha MOCIeaHATa TIOMOIIIHA TeOpeMa, TTOHEKE
u(xg) = 0 m npousBoxHara u’(x) = n,(x) — f(x,n,(x)) chiecTByBa 3a BCSKO X, 32
KOETO 17,(X) ChIIECTBYBa; OCBeH ToBa |u’(x)| < & mo nomyckane. Cie10BaTeIHO

<¢eh

1) = yo - / Fl ) di

3a BCAKO 7 > N W 3a TOBa X OT MHTEpBaa [xg, xo+h]. ToBa o3HauaBa, ue 1,(x)—yo—

X
/ f(t,n,(¢)) dt KTOHU paBHOMEPHO B TO3W MHTEpBaI KbM Hyna. Ho limz,(x) =
X0

X X
y(x), lim / flt,n,()de = / f(t,y(1)) dt, oTkBAETO ClieqBa ,ue
X0 X0

y(x) =yo+ / £, y(®)dt.

A TIOCIIETHOTO PaBEHCTBO M3pa3siBa, 4e y(X) YIOBIETBOPsiBA JAU(EPEHIIMATHOTO
ypaBHeHue (1) u 4e Ta3u QyHKIHMS IprueMa CTOHHOCT Yo 32 X = Xo.

OcraBa olie 1a JOKaXXeM, Y€ ChIIEeCTBYBa Oe3kpaitHa (yHKIOHHA peauIia
ChC CBOICTBaTa Ha pemurara (5). 3a Ta3u el € JOCTaThYHO Ja YCTAaHOBUM, Ue
CBILECTBYBa HETIPeKbCcHATa (PyHKIWS 77(Xx), KOATO YIOBJIETBOpsBa AMQepeHIIra-
HOTO ypaBHeHHe (1) ¢ Tperika, o Majika OT €IHO OTHAIPE 1aJCHO MOIOKUTEITHO
A, KOJIKOTO MaJIKO U J1a € TO.

Hexka A na e enno takoBa uucio. [lonexe f(x,y) e HempeKbCcHaTa B 00JIaCTTa
R, T9 € TaM M paBHOMEPHO HeTpeKbcHaTa (Thi KaTo obmacTra R € 3aTBOpeHa U
OTpaHUYCHA); CIEJOBATEIHO HAa U30PaHOTO A OTrOBaps €IHO JAOCTAThUHO MAJIKO
MOJIOXKHUTENHO O, Thit ue |f(x,y)— f(x',y)| < A, HIOM pa3CTOSHHUETO MEXKTY TOYKH-
te (x,y), (x’,y") e mo-mayiko ot ¢. [lo-HaTaThK Iie BbBEACM CICAHUTE O3HAYCHHMS:
M e monoxwuTenaHa KOHCTaHTa, W30paHa Thil, ue HepaBeHCTBOTO |f(x,y) < M
Jla € B CWJIa 3a BCsKa TOouka (x,y) OT objactrta R. & 03HayaBa IMO-MaJKOTO OT

b b
MTOJIOKUTETHATE YnCiIa a U — (WU TAXHara oOIla CTOMHOCT, ako a = M);

Ipy TOBa d, b 1 A MMar ChILOTO 3HAYEHHE, KAKTO B HAYAJIOTO HA TO3M Iapar-
pad. [da pasnenum ciiex ToBa MHTEpBajia [Xg, xo + /1] Ha p MOAWHTEpBana, BCEKU

CIHUH OT KOHUTO Ja MMa ObJIDKHMHA, II0-MaJika OT m, 1 IIPE3 TaKa MOJIYUYCHUTE
+

TOYKM Ha JENEHUE X0, X{,...,X, = X0 + h Ja CM npeKkapaMe IpaBH, YCIIOPEIHH
Ha octa OY. Jla cu B3eME€M BBpXy Te€3U IPaBU CHOTBETHO TOUkuTe My(X0, Vo),
Mi(x1,y1), ....Mp(xp,yp), Thii ue mpaBara MoM; na uma BIJIOB KOC(UIIUEHT
f(x0,y0), MiM, na uma BriIoB KoedurmeHt f(xi,yp), ..., u300mo MMy, na
UMa BINIOB KoehHuuueHT f(xg,yi). Upes3 Te3u yclIOBHS MOJIOKEHUITA Ha TOUKUTE
My, M, ..., M, ca HaITbIIHO OINPEAETIEHU H HE € MBYHO JIa C€ BUIIHU, Y€ BCUUKHU T€
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JIeXKaT Ha MpaBOBI'BIIHATA O0NAcT R, T.¢e. 4e [yy —yo| < b3ak =1,2,..., p. Torasa
HauyneHara nuHus MMM, ... M, npencrass rpadMuecKu eiHa HEMPEKbCHATa
¢dbysakus 17(x), KOATO € JIMHEWHA BBB BCEKH CIWH OT MOTWHTEpPBAIUTE [Xq, X1],
[x1, x2],. .., [Xp-1, Xp] ¥ CHIEMOBATENHO TIPUTEKABA TIPOU3BOIHA 32 BCAKO X OT MH-
TepBana [xo, xo + h] ¢ €BEHTyaIHO M3K/IIOYEHUE HA TOUKHUTE X|, X2, ..., X,—1. lIpn
TOBa 0YEBUAHO 77(xg) = yo. Taka rmoctpoeHa GyHKIHs 77(x) YIOBICTBOPSBA HAIIle-
To nudepernnaino ypasaenue (1) ¢ rpemka, mo-maika ot A. M HaucTruHa, KOraro
X cé MEHHU B MOAUHTEPBAIA [Xk, Xg+1], AMaMe

nx) =y + (x = x) f O, y0), 7' (x) = fxk, yi)s

d
dﬁ = fCm) = fOorye) — f(x,m).
x

Ho pascrosaueTo mMexay Toukurte (Xg,Vr) U (x,7(x)) € mMo-MajKo OT OTcedKara
M} Mj1, KOATO OT CBOSI CTPaHa € MO-MajKa OT

[t = Xl + Vi1 = Vil = 1 — 20 + [, yOD) < (1 + M) (X1 — x3) < 6.

W Taka pa3cTOSHHETO MEXIy TOYKUTE (Xg,yx) M (X,77(X)), KOraTo X c€ MEHU B
dn

HUHTEpBaNa [Xk, Xk+1], € TO-MAJIKO OT O, ThH 4e e f(x,m)| < A BbB BCEKH OT
X

TIOIUHTEPBATUTE [ Xk, Xk+1], T. €. B MU HHTEPBAI [ X, Xo + A].
C TOBa JTOKA3aTEIICTBOTO HA TEOPEMaTa € 3aBbPIICHO.

§ 4. BTropo 10ka3aTe/icTBO HA TeopeMa 3a ChIlECTBYBaHe HHTErPaJiu
dy
Ha ypaBHeHHeTO — = f(x,y)
dx
Hue me 3aMCHUM NPCAU BCUYKO AAJCHOTO ,I[I/I(I)epeHI_II/IaJ'IHO YpPaBHCHHUEC CHC
CBbOTBETHOTO MY UHmMezpalIHO ypaeHeHue, KOETO BKIIIOUBA B cebe cHu Taka Hapeuc-

HOTO HavdaHO ycloBUe Y(xg) = yo. Jla momycHewm, de ¢yHKIHMATa Y(X), nedUHN-
paHa B UHTEpBasa [Xxg, Xo + /], yI0oBIeTBOpsABA JU(EPCHIIMATHOTO YPAaBHCHHE

dy
(1) dx = f(xy)
X
U TpueMa CTOMHOCT Yo 3a X = Xo. Karo 3amectum B ypaBHeHueto (1) y ¢ y(x) u

WHTETpUpaMe IBETE MY YacTH OT Xy 0 X, KbJeTo X MPUHAUIC)KN Ha MHTEpBaja
[xo0, Xo + h], momy4uaBame

X
Y(X) = y(x0) = / J(x, y(x)) dx
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NI

X
ﬂX)=ﬂrh/ Fory() dx.

Karo 3ameHHMM I10-HaTaThK MHTETrpallMOHHATa IMPOMCHIMBA X C [ (C KOCTO HH-
TCrpajlbT OTAACHO HC U3MCHA CTOMHOCTTA CI/I) n CJIC TOBAa IIUIIEM X BMECCTO X,
MOCJIICAHOTO YPaBHCHHUE ITpHEMa BUa

(1) ﬂm=m+/fmﬂmm

Taka momy4eHOTO ypaBHEHHE ce Hapria WHTETPaIHoO, oHeXe (PyHKIHATA y BIIH-
3a W moj 3Haka uHTerpai. Hue mokasaxme, de Bcska QyHKIHUS y(x), KOATO yIOB-
JIETBOpsiBa MU(epeHIINaTHOTO ypaBHeHHe (1) U mpuema CTOWHOCT yg 32 X = X,
VAOBJIETBOPSBA CHIO U UHTErpaHOTO ypaBHeHue (17). Cera e gokaxem ooOpar-
HoTo. /la momycHeM uMeHHO, 4e QyHKImATa y(x) € neuHIpaHa U HeTIPeKbCHATA
B MHTEpBaJa [Xg, Xo + /] 1 yIOBIETBOpSIBA UHTETPaIHOTO ypaBHeHue (1), koraro
X ce MEeHHU B chIusa uHTepBan. O4eBumHO €, 4e y(Xxg) = yo. B ToBa ce ybexma-
BaMe, KaTo 3aN£CeCTHM B (1') x ¢ x9. Ot nudepeHINATHOTO CMsATaHE 3HAEM, 4Ye
HUHTETpaTbT f(t,y(®)) dt, pasmiexxman kato GYHKIVS Ha TOpHATA CH TpaHUIIA,

X0
MpUTEXaBa MPOU3BOAHA, paBHA Ha f(x, y(x)). [lonexxe msacHara crpaHa Ha (17) ce

pa3ji4aBa OT TO3U MHTEPBAJl C KOHCTAHTATa y(, TO NPOMU3BOAHATA HAa Ta3W AsdACHA

CTpaHa ChUIECTBYBA U € paBHa Ha f(x,y(x)). ChIIOTO BaXKH U 3a JisiBaTa CTpaHa, ¢
dy(x)

KOETO € JIOKa3aHo, ue = f(x,y(x)), T.e. ye pyHKIHATA Y(X) YAOBICTBOPABA

" nangeHoTto audepeHnuanio ypapHerue (1).

Bb3 ocHOBa Ha TOPHOTO HHE MOXEM Jla TBBPJUM, Ue 3ajlauara 3a HaMHUPaHE
Ha eaWH HWHTerpan y(x) Ha mudepeHITMaIHOTO ypaBHeHue (1), KOWTO 1ma ymoB-
JICTBOpPSIBA HAYAIHOTO YCJIOBUE Y(Xp) = Yo, CE CBEXKIAa KbM OMNPEACITHETO Ha
byHkmsTa y(x), Thid 4e TS ]a YAOBIETBOPsIBA HHTErpaiHoTo ypaBueHue (1). Ha-
Iara 3ajjaya mo-HaTaThK Ce CBEX/a KbM TOBA, Ja JIOKaXKEM, Y€ TOBA MHTETPAITHO
YpaBHEHHE UMa pEIICHNE.

3a ¢ynkmusaTa f(x,y), pasmiekaaHa KaTo (YHKIUS Ha JIBETE HE3aBUCHMH
MIPOMEHJINBH X, Y, IIe TIPeAIoaramMme, 4 yIoBIeTBOpsIBa ycioBusaTa 1 u 2 B Hada-
noro Ha § 3. OcBeH ToBa Ie O3Ha4YaBaMe Mak ¢ M eaHa MOJOKHUTEIHA KOHCTAHTa,
n30paHa ThH, ue HepaBeHCTBOTO |f(x, y)| < M nma e B cuia 3a Bcsika To4ka (X, y) OT
MpaBObI'bIIHATA OOMacT R. HezaBucumara mpoMeHInBa X 1ie MOIYHHAM TO-TIoCTe
Ha OrpaHMYCHHETO J1a Ce MEHHU B MHTEpBaia [Xxg, xo + /], Kbaero h o3HauaBa mo-

MaJIKOTO OT 4MucJjiaTa a u M
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[Ipu moxa3zareicTBOTO Ha TeopeMara 3a CHINECTBYBaHE pelleHHe Ha MHTET-
panHoTO ypaBHeHue (1) me npuinoxxuM Metoaa Ha ¢ppeHckus Marematuk Em. I1u-
kap (Em. Picard), xoiiTo ce cbcTOM B CIIEAHOTO.

3amecTBaMe y(f) TIOJ WUHTETpaliHHS 3HAK B JscHara crpaHa Ha (1”) ¢ KoH-
cranTara yo. [lo TO3W HauWH Ta3u AsACHA CTpaHa ce OOpbLIa B €IHAa HAIThJIHO
ompezeneHa (GyHKITUSA HA X, KOSITO 03HA4YaBaMe C yi(X):

y1(x) = o +/ f(t,yo)dt.

Crnen xato cu neuaEpaxme Taka GpyHKIUATA y1(X), 3aMecTBaMe 0] 3HAKA f Ha
ypaBaenuero (1”) Bropust apryment y(#) c¢ y;(¢). Taka nomyueHara ¢yHKOHS OT
IsicHata ctpaHa Ha (1”) o3Ha4aBame ¢ y,(x), Thi Ue

y2(x) = yo +/ [, yi1(2))dr.

C ¢yHKOMTA y, MOCTHIIBAME, KaKTO MPEIUd MajKo C Y|, a IMCHHO 3aMECTBaMe
¥(?) ¢ y2(¢t) B asicHata ctpaHa Ha (1’) u monarame

y3(x) = yo + / f(t, y2(0)) dt.

To3u mporiec MoXkeM J1a TPOIBIDKAM HEOTpaHW4YeHo. Taka momydaBame enHa 6e3-
KpaiiHa peauna oT GyHKIHHU Ha X, Ae(UHUPaHU Ype3 paBeHCTBaTa

mm=m+/fmmm

mm=m+/fmmmm
(2)

[IbpBara oT Te3u QyHKUUU € AeuHupana B Leaus HHTepBa [xg, xo +a]. Cb-
IIOTO HEMIO o0ade He MOXKEM J1a TBBPAUM H300110 3a QyHKIHATA Y, (X) ,3aII0TO,
KOTaTo X BapHupa B MHTEpBaa [xg, Xo + @], UHTErpallMOHHATa TPOMCHIINBA { B UH-

X
Terpaia / f(t,y1(t)) df Bapupa B CBIIMSI HHTEPBAI, P KOETO HE € M3KITIOUCHA
X0
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BB3MOXKHOCTTA BTOPHST apryMeHT y(f) Ha oguHTeTpaiHaTa (GYHKIHS J1a TpHe-
Ma 3Ha4YeHHs BBH OT UHTEpBaia [yg — b, yo + b], B KOWTO IpruexMe IbPBOHAYAITHO,
gye Bapupa y. [IpenBum Ha TOBa, ue y|(f) € OIM3KO 1O Yo, KOTATO ¢ € JOCTATHIHO
ONHM3KO JI0 X(, BBIIPOCHATA OMACHOCT € M3KJIF0YeHA, KOraTo ropHaTa TpaHuIia X Ha
WHTEerpaia € OIu3Ko 10 xg. ToBa Halara a CTECHUM ITHPBOHAYAIIHUS WHTEPBA,
B KOWTO MpHEXMe, ue ce u3MeHs x. Hue 1ie mokaxem, ye BCHUKH (QYHKIHH Y7 (X),
y3(x) u T.H. ca nedMHUpaHU B TMO-MAJKHUS MHTEPBAI [Xg, Xo + /], ako HeroBara

OABbJDKHHA he paBHa Ha IMO-MAJIKOTO OT 4YHCJIaTa d U M

" HAaWCTHUHA, KaKBOTO U Aa € X OT CIIOMCHATHUA UHTCPBAJI,

/ S, yo)dz

T.€. y1(x) ocraBa B unTepBana (yo — b, yg + b), Korato x ce U3MeHs1 B MHTEpBaja
X

[y1(x) = yol =

X
s/ Mdt = (x — xo)M < hM < b,
X0

[x0, xo + k] Bropara dyHkmus y,(x) = yo + / (t,y1(1)) dt e cpmo neduHUpaHa,
X0
KOTaTo X C€ M3MEHS B (X, X+ /), 3a1I0TO BTOPHUAT apTyMEHT Ha TOAMHTETPATHATA

dbynakus f(¢, y;(f)) He U3IM3a BBH OT IPEICIIUTE HAa HHTEPBAIa, B KOUTO IPHEXME,
4e ce M3MEHs BTOPHST apryMeHT y Ha QyHkuusta f(x,y); Ipu TOBa, KaKTO U IO-
rope,

[y2(x) = yol =

/ ft,y1(0)de

3Hauu U y,(x) HEe M3M3a BBH OT [yg — b, yo + b] u 3aToBa f(, y2()) ¢ nepurupana
(u oueBUIHO HETpeKbcHATa) GYHKIMS HA f B MHTEpBaia [xog, Xo + /1]. ETo 3ammo

S/ Mdt < Mh <b.
xo

y3(x) = yo +/ ft,y2(0)dt

e chIo neuHUpana U HeNpeKbcHaTa GYHKINSA Ha X B [Xg, Xo +/]. I1o To3u HaumH
Yype3 MareMaTU4ecKa MHIYKIUS Ce JI0Ka3Ba, 4e U300110

W) = yo + / Fltynt (1) di

¢ neuHIpaHa U HeTpeKbcHaTa (PyHKINSA Ha X B [Xg, X0+ /] ¥ CTORHOCTHTE, KOUTO
mpueMa TS B TO3U UHTEpBaJ, Ce 3aKIouaBaT Mexay yo — b u yg + b. OueBUIHO €
TIPH TOBA, Y€ y,(xg) = Yo ¥ 9€ y,(X) yIOBIETBOPSIBA NU(PEPEHITNATHOTO YpaBHEHUE

d
d—y = £ Yuo1 (X)),
X
T.€
dy,
3) 0o Y1 (1)),

dx
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AKO JIoKaxeM, Y€ y,(X) KIIOHU KbM HSKOS rpaHula ¢(Xx) U 3aMEHUM B THXKJIECT-
BoTO (3) dhopmaiHO y, U y,—1 ¢ oblIaTa UM rpaHuna ¢(x), me ToIyIHM

d
"Z(x) = f(x, 0(x));
X

a TOBa IOCJICTHOTO THKIACCTBO IMOKa3Ba, de (YHKIHATA ¢(x) € WHTerpal Ha Ja-
JICHOTO JU(epeHIINATHO ypaBHCHHE.

[Ipu moka3arejaCcTBOTO HAa CXOAMMOCTTA Ha (DYHKIIMOHHATa pemura yi(x),
y2(x), y3(x), ... IIe U3Moa3yBaMe yciaoBueTo Ha Jlummmi. 3a Ta3u 1en e pas-
mienaMe Oe3KpaifHus Pe:

“4) Yo+ 1=y +2=yD)+- O =Ya)+ e,

YJICHOBETE Ha KOWTO ca HeNMpeKbCcHAaTH (YHKIMHU Ha X B UHTEpBaJa |xg, xo + A|. Ot
paBeHcTBara (2), upe3 xouto aeduampaxme GyHKIEHTE y1(X), y2(X), ¥3(X), ...,
OJTy4aBaMe

[y1(x) = yol = < M(x - xo),

/ f(t,)’O)df

/ f(t,)ﬂ([))d[—/ f(t,)’())dt

y2(x) = y1(x)| =

X
/ {f@t.y0) = f(t,y0)} dt].
X0
Ho cnopen ycnoBueto Ha Jlunmun

Lf (&, y1(0) = f(t, yo)| < Aly1(2) = yol;

CJIEOBATEIIHO

X X

AM
2(0) = y1 (0l < / MG~ xo)di = 2 (- o)

X0

Aly1(2) — yoldt S/

X0

Cplll0 Taka HaMHpaMe

y3(x) = y2(0) =

/ {ft,y2) = f@t,yn)} dt

< / Aly2(t) — y1 (1) dt

0

Y AM AZM
s/ A=—(t - xp)*dr = (x = x0)°.
o 2! 31

I/I306H_IO, AKO IIPpUEMEM, Y€ CME NOKa3aJil HEPAaBECHCTBOTO

n—1

®) V(X)) = yn-1(X)] < (x = x0)",

n!
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¢ JOKaXXCM BCPHOCTTA HaA CHINOTO HCPABCHCTBO, KOraro 3aMCHUM 1 C 1 + 1. 1
HauCTHHa

[Yne1(x) = yu(x)] =

[ (3= s} a

X X An—lM AnM
< / Aly,(t) =y (1)l dt < / A ——(t—x0)"dt = ———(x— xo)"*".
X0 Xo n! (n+1)!

[Tonexe x — xg < h, To HepaBEeHCTBOTO (5) IIe CE YCHIIM, aKO 3aMCHHM OTISICHO
xX—xpch:

Ay

(6) |yn(x) - yn—l(x)| < 7‘}1”
n.

CremoBaTelTHO OOIIUAT WieH Ha pen (4) He HaIMUHABA TI0 aOCONFOTHA CTOHHOCT
OOIIMS YICH Ha CXOJAIIHUS Pell

AMR?  A*MK? At MR
[yol + Mh + + +oi ettt
2! 3! 2!
KOTaTO X C€ M3MEHS B MHTEpBaNa |xg, Xo + /. (CXomuMocCTTa Ha TO3U Pel ce yC-
un+1 Ah
TAHOBsIBA JIECHO, KAaTO [PHIIOKHUM KpuTepust Ha Jlanmambep, 3amoro —— = 1
u n

1
kioHU KbM 0 3aenHO ¢ —.) IloHexe dieHOBETEe HA MOCICIHUS Pl HE 3aBUCST OT
n

X, CBIJIACHO C KPUTEPHS 32 HOPMaJTHA CXOAUMOCT (BX. TitaBa X, § 65) dhyHKITHOH-
HUAT pef (4) € paBHOMEPHO CXOZSIII U CyMara My TpeJCTaBs eHa HelpeKbCHATa
¢yHkuus ¢(x) B uHTEpBana (xg, xo + h):

(7 ) =yo+t 11—y +2—yD+-+On—yn-1)+---

Heka 3abenexxuM Tyk, de ¢(x) ¢ paBHa Ha lim y,(x), 3aII0TO YacTHYHATA CyMa
n—o00

Ha mepBUTE n + 1 wieHa Ha pena (7) € paBHa Ha y,(x), a TpaHuIaTa Ha Ta3H
CyMa ¢ ThKMO CyMmara Ha pena, T.e. lim y,(x) = ¢(x). OT ToBa cienBa, 4e pas-
n—oo

nukata @(x) — y,(x) mpencTaBs oCTaTbYHMS WICH Ha pena (7) v MOHEXEe PEeabT €
PaBHOMEPHO CXOJSII, Ta3W pa3liiKa KIOHH PAaBHOMEPHO KBbM HYJIa B WHTEpBala
[x0, Xo+h]; ¢ ApyTu AyMH, aKO € € MPOU3BOJIHO MOJOKUTETHO YUCIIO, ChIIECTBYBA
cbOTBETEH HEMY UHAEKC N = N(g), Thi ue

lo(x) — yu(x)| < e 3a n > N.

Koraro n pacte 6631”paHI/I‘IHO, JiiBaTa 4aCT OT paBCHCTBOTO

®) yn(X) = yo +/ S, yn1(0) dt
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KJIOHU KbM ¢(x). llle mokaxkeMm, 4e AsicHaTa 4acT, T. €. UHTErpaabT

/x f(t,yp—1())dt KIJIOHU KBM /x f(t, (1)) dr.

Jla 03HaYMM C Ta3M IIEJT C £ €THO MMPOU3BOITHO MOJIOKUTEITHO YHCIIO. 3a JOCTAThU-
&
HO TOoJIeMH 3Ha4yeHHus Ha n (n > N) umame |o(t) — y,—1(?)| < A KaKBOTO U J1a €

¢ OT HHTEpBaa |xg, xo + h|. ToraBa, Kato MPHUIOKUM HEPABCHCTBOTO HA JIMITIIIHII,
MOJTy94aBaMe

/ Flt () di - / F(tynr(6) di

/ {f@ o) dt — f(t, yu-1 (1) } drt

X X & &
S/Algo(t)—yn_l(t)ldtS/A-dt:(x—x0)§83an>N.
Xo X0 Ah h

Te3u HepaBeHCTBA TIOKA3BaT, Y€ JCUCTBUTEITHO

nh_{{}o/ f(t,yn—l(t))dt=/ f(t, o(1)dr.

ITo TO31 HaumH Nody4aBaMe ype3 TpaHu4eH Mpexox oT (8) paBeHCTBOTO

©) @(x) = yo + / [, () de.

[onexe f(t,¢(f)) e HenpekbcHaTa (QyHKIMS HA ¢ B MHTEpBaia (xg, xo + /), mpo-
M3BOJHATA Ha JsICHATa JacT Ha (9) ChIecTBYBa U € paBHa Ha f(x, ¢(x)), T.e€.

¢'(x) = fx, ¢(x)).

N Taka dynkmuara ¢(x) = limy,(x) ymoBiaeTBOpsABa MaACHOTO NHU(EepEHITHATHO
ypaBHEHHE B MHTEpBala [xg, Xo + /] U, KaKTO ce BMXKAa HEMOCPEACTBEHO OT (9),
npuemMa CTOMHOCT Y 33 X = XQ.

Ocmasa 0a doxasicem owe, e ¢(x) = limy,(x) e eouncmeenama ¢hynkyus
Ha X, KOSIMo y0oe/1emeopasa oupepenyuannomo ypasuenue y' = f(x,y) u npuema
3a X = Xo CIMOUHOCM Y.

Hexka ¥(x) na e npyra HAKOs (QyHKITUS HA X, KOSTO YIOBJICTBOPSIBA MAJCHOTO
mudepeHIIMAaTHO YPaBHEHHE B MHTEpBala [xg, Xo + k], 1 Heka Y¥(xg) = yo. Kakro
e BUIIUM, JOMYCKAHETO, ue ¢(X) — Y(X) HE € UASHTHYHO HyNa B [Xo, Xo + /], me
HU JIOBEJE JO MMPOTUBOPEUHE.

Ja pasmiename mpu TOBa IOMYCKaHE CHBKYMHOCTTA OT BCUYKU 3HAYCHUS Ha
X OT UHTEpBaia [xg, xo + ], 3a kouTto |¢p(x) —¥(x)| > 0, U 1a 03HaYUM C & TSIXHATA
TOYHA JofiHa rpaHuna (xo < & < xo + h). Hucnoro € e xapakTepu3upaHo 4pe3
CJIEIHUTE CBOMCTBA:
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1. ¢(x) —¥(x) = 0 3a Bcsako x oT UHTEpBaia [xg, £].

2. KonmkoTo Manko ¥ /1a € MOJOXKHUTETHOTO YHCIO &, CHUIECTBYBAT 3HAYCHHUS
Ha x OT uHTepBana [&, & + &], 3a kouTto |¢p(x) —¥(x)| > 0. ScHo € ocBeH ToBa
(mopaau HempeKbCHATOCTTA Ha |p(x) — Y(x)|), ge ¢(&) — (&) = 0.

1
Hue me m3bepem cera € > 0 Tpi Manko, 4e: 1) £ ma 6b1€ MO-MaJIKO OT 1

KBJIETO A 03Ha4yaBa MOJOXKHUTETHATa KOHCTaHTa B HEPAaBEHCTBOTO Ha Jlummuil, u
2) nprara otT KpuBarta y = i(x), KOSITO OTroBaps Ha 3HAaYCHHUSI HAa X OT MHTEpBaja
[£, € + €], na He u3nu3a BBH OT obmactTa R. ToBa MOCIENHO YCIOBUE € U3IThJIHU-
MO, TIOHEXKE JTbraTa y = ¢(x) JeKH H3ILUI0 B R, KOTaro X ce M3MEHS B MHTEpBaja
[xo0, X0 + h] 1 ocBeH ToBa Y(&) = ¢(&). Ja o3HauuM ¢ y MakcuMyMma Ha Hempe-
KbcHaTata QYHKIMA |p(x) — ¥(x)| B mHTEpBana [£,& + €]. OueBunuo u > 0. Ot
TBXKIECTBOTO
Y1) = f(t, Y1)

ToJTy9aBaMe, KaTo HHTETpUpaMe MEXITY TPAaHUIIUTE Xo U X ¥ B3€MEM TIPEABHUI, Ue

W(xo0) = Yo,
(10) W) =y + / F ) d.

Upes mowieHHO W3BakaaHe Ha paBeHcTBara (9) u (10) momydaBame mo-HATATHK

@(x) = Y(x) = / {f(t, (1) — ft, (e } dr

WJIA, KaTO MMPHUJIOXKUM 3a MOAUHTErpaiHaTa (bYHKHI/Iﬂ HEPaBCHCTBOTO Ha HI/IHIHI/II_[,

X

lp(x) — (x)] < / Alp(t) — y(p)| dt.

X0
[Tonexe ¢(f) — () = 0 3a xg < t < &, OCIETHOTO HEPABEHCTBO MOXKE Ja CE
HaITUIIIE OIIE TaKa:

lp(x) = ¥(x)] < /f Alp(n) — ()l dr,

OTKBIETO cienBa, 4e |o(x) — Y(x)| < (x — &)Au < €Ay, KakKBOTO M J1a € X OT
nHTepBaya [£,€ + €]. Axo mageM Ha x CIEHMAIHO OHA3HM CTOMHOCT, 3a KOSITO
lp(x) — ¥(x)| = u, TO 1IE UMame

u<eAy wm €= —,
A
a TOBa MPOTHBOPEYH HA HEPABEHCTBOTO & < 1 Ha KOCTO MOTYNHUXME ITOJIOKH-

TEeHOTO 4ucio &. W Taka nomyckaHero, 4e ¢(x) — /(x) HE € WICHTUYHO HyJa B
LIeTIUsT MUHTEPBAT [Xq, Xo + /], BOAM KBM MPOTUBOPEUHE.
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Jla 03HauMM C y(, HIKOE 3HAYEHHUE 3a Y MEXK-
oy yo — b u yg + b 1 1a 03Ha4uM ¢ b’ YUCIOTO
b—y,—yol. ToraBa obnacrra R: xo < x < xo+a,
vo—b" <y < yj+b" cberass yact or obnactra
R (uept. S)u pynxmmsra f(x,y) e HeIpeKbCHA-
Ta W yJOBJIETBOPSBA YCIOBHETO Ha Jlummuil B
R’. CnenoBareiHO ChIISCTBYBa €1HA (PYHKIUSL ‘
¢1(x), nepuHMpaHa B eOUH AOCTaTBYHO MAlbK 7
HWHTEPBAI [X0, Xo + /], KOSITO yIOBIETBOPSBA U~
(hepeHIIMaTHOTO YpaBHEHHUE U TIpHeMa 3a X = Xq Yepr. 5
cTOMHOCT y;,. OueBuHO Tas QyHKIMSA € pa3Iny-

Ha 0T ¢(x), oM Y|, # yo. [loHesxe 1pu ToBa X € AaJIEHO YHCIIO, A Y, € IPOU3BOII-

Ha KOHCTaHTa, He3aBUCeLIa OT X, OTTYK CJIe[[Ba, Y€ OUPEPEeHYUATHOMO YPAGHEeHUE

dy .
i f(x,y) oonycka 6 oxonnocmma Ha X = Xy Oe30pou unmezpaiu, KOUmMo
X

npuemam 3a X = xXqo pasiudHu CMOUHOCMU.

Bceku enuH 0T Te3u HHTETpa € 00ade HAITBIHO ONPEIeIICH Ype3 HauaaHaTa
CH CTOMHOCT, KOSITO TOHM IpueMa 3a x = Xxg. AKO 03HauuM ¢ ¢(X,yo) UHTErpaia,
KOMTO mpreMa 3a X = X CTOMHOCT Y, TO3W HHTETPaJl 3aBUCH OCBEH OT X OIIE U OT
yo. OT Ka3aHOTO ce BIKAA, Ye HAi-00IIOTO pelieHUe Ha NaaeHOTo MuepeHIIH-
aJTHO ypaBHEHHUE TpAOBa Ja ChAbpKA e€Ha MPOW3BOJIHA KOHCTAHTa (HE3aBUCEIIA
oT x). B cirydast mpon3BoiHaTa KOHCTAHTA € Y.

§ 5. Pazanunu OesieskKKM BbPXYy TeopeMara 3a CbllleCTBYBaHe
HA HHTErpaJju

1. Axo ¢ynknuara f(x,y) e HelmpeKbCHATA
Y YIOBIIETBOPSBA yCIIOBHETO Ha Jlummmil B 00- P
mactra xo —a < x < xo+a,yo—-b <y <yp+b
(Ta3um obyacT ce paznmuyaBa OT 06acTTa R 110 TO-
Ba, Ue€ Xp € B cpellara Ha MHTEpBaja, B KOUTO ce
W3MEHS X), TIO CBHINHSI HAaYMH, KAKTO W IIO-TOPE, i
MOXeE J1a Ce JIOKaXKe, Y€ ChIIECTBYBA eIHA SIIUH- ’
crBeHa QyHKIUS y = ¢(x), neGUHUpaHa B €quH | z
JOCTaThYHO MaJTbK MHTEPBAI OKOJO X = Xy, KO- g
SITO YIOBIETBOPsIBa IU(EPEHIINATHOTO ypaBHe- Yepr. 6
HHUE W TIpHeMa CTOMHOCT Yo 3a X = Xg. AKO 03-
HaunM ¢ M makcumyma Ha |f(x,y)| B pasrmiexmanata obiactT u ¢ s MO-MajKoOTO

OT 4uciata a u w ¢byHKIHATA ¢(X) € eqHO3HaYHO AeduHHpaHa B MHTEpBaia
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[xo — h, xo + h]. Jloka3zaTencTBOTO Ha THi paslIUpeHaTa Teopema ce M3BBPIIBa
[0 ChIIYS HAYMH, KAKTO W TO-TOpe. YCTaHOBsBa ce, 4e (YHKUUUTE Yi,Y2,...,
nedbrHUpaHu Ype3 PeKypPeHTHATA 3aBUCUMOCT

yu(X) = yo + / [t yn-1(1)) dt,

ca HeMpeKbCHATH B [Xg—h, Xo+/] ¥ KIIOHST paBHOMEPHO B TO3U MHTEPBAJ KbM €1~
Ha rpaHnIHa QYHKIHS ¢(x), KOSTO VIOBIECTBOPsBA TU(HEPCHIIMAITHOTO YpaBHEHHE
Y HAYaJIHOTO YCIIOBUE Yo = ¢(Xp).

2. MeToabT, KOUTO MPUIIOKUXME, 3a Aa JOKAKEM ChIIECTBYBAHETO HA UHTET-
paJ, MOXKe J1a CITy’KH B U3BECTHU CIIy4Yad U KaTo METO] 3a MPHUOINKEHO WIH TOYHO
WHTErpupane. Jla mpuiokuM TO3H METOA BbPXY AU(PEPEHIINATHOTO YpaBHEHUE

dx

[le B3emem x = 0, yg npousBosnHo. DyHKIMATA f(X,y) = X + Y € HENPEKbCHATa
U YIOBJIETBOpsIBa HepaBeHCTBOTO Ha Jlummmn [f(x,y1) — f(x,y2)| < Alyr — y2| B
msuiata papHuHa XY, mom A e no-rossimo ot 1. B To3u ciydait

=x+Yy.

X )C2
| =)’0+/ (t+yp)dt = ?+(1+X)yo,
0

X X tZ
y2=y0+/ (t+y1(l))df=)’o+/ [f+2+(1+f)yo} dr
0 0

_x2 X3 1 )Cz
—54‘54‘ +X+E Yo-

Col10 THH

x 2 3 4 2 3
y3:y0+/(t+y2([))d[:;+x+x+<1+x+x+x>y0,
0 . : : |

x2+x3+ + X +(1+ x+x2+ +xn
= 4+ 4.4 e+ ) 0.
U TIMEY (n+ 1) 2l n )
JlecHo e Ja ce mpOBepH Ype3 MbJIHA UHAYKIIUS, Y€ 3aKOHBT 3a 00pa3yBaHe HA Y,
KOWTO C€ ChABPKA B IOCIECAHOTO PaBEHCTBO, € o0ml. [ panugHusT mpexon lim y,
ce M3BBpIIBA CHINO JecHO. Jla o3naunm c S ,(x) cymara

n

X
S”(x)=1+ﬁ+m+ﬂ'
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Torasa
Yn = Sus1(x) = I = x + 0S8 (%)

u mmoHexe lim S ,(x) = %, To
limy, = e* — 1 —x+ ype* = ¢(x).

[Tonmy4yenuaT uHTETpa MOXE Aa ce mpeacTaBu oile (kato momoxuM C = yg + 1)
BBB BUJA
y=Ce* - 1-nx

3. Ilpu nmoka3arencTBOTO Ha Teopemara B MpedHHs Naparpad HHUE OTpaHH-
YuXM€ He3aBHCHMAaTa MPOMEHIIMBA J1a CE U3MEHS B MaJIKWs MHTEPBaI [xg, xo + /1]
(wm B mHTEpBaNa [x9 — h, xXo + h] TIpU TPEATONOKEHHUATA B TOYKa 1 Ha TO3H Ta-
parpa¢). ToBa HampaBuxMe, 32 Aa ObAEM CHUTYPHH, 4e ObrHTe Y=y (X), y=y2(x)
U TIp. OCTaBaT BBTPE B 00JacTTa R, KOTAaTo X Bapupa MEXIy Xxo U xo + h (pect.
MeXIy xo —h ¥ xo + h). B MHOrO ciiyyau obadye MHTErpanbT ¢(Xx) MOXe 1a Obje
MIPOABIDKEH OTBB] TPAaHMYHUTE TOYKM Ha TO3M MHTEpBaJ. Jla mpenrnonoXumM Hall-
pumep, ye f(x,y) ynoBieTBOpsiBa cieqHUTe ycioBus: 1) f(x,y) e enHO3HAuUHA U
HemnpeKkbcHaTa B Oe3kpaiiHara 0o0JacT Ha MPOMEHJIMBUTE X U Y, KOSTO CE€ CHCTOM
OT BCUYKH TOYKH MEXAY MPAaBHTE X = Xo U X = X + @ U BbPXY CaMUTe NpaBy; 2)
CBILECTBYBa €Ha aOCOIIOTHA KOHCTAHTA A Taka, 4e HEpaBeHCTBOTO Ha Jlummwi
[f(x,y1) — f(x,y0)l < Aly1 — y2| € yIoBIETBOpPEHO 3a BCsiKa JBOIKa TOYKH (X, Y1),
(x1,y2) ¢ paBHM abcuucH, MPUHAAJISKAIM Ha obnactTa. [Ipu Te3u mpeanoaoxe-
HUS GYHKIIUATE

Y1 =Yo +/ ftyo)dt, y2=yo +/ f,y1(2)dt,
X0 X0

Ca BCHYKH CTHO3HAYHO JCPUHUPAHW M HEMPEKHCHATH, KOTaTo X CE M3MEHS B
HHTEepBaa [Xg, xo + a]. OcBeH ToBa, ako o3HauuM ¢ M mMakcumyma Ha |f(x, yo)| 3a
X0 < x < xo + a, JECHO € J1a C€ BUIH, Ue

[y1 = yol £ M(x — xp),

X X - 2
/ {f@.y1(0) = f(t.y0)} dt s/ Alyl(t)—YOldl‘SAM%’

0

2 —=yi1l =

H3001110
(x = x0)"

Vn = Y| < AT M
n.

3a BCSIKO X OT MHTEpBajia (xg, Xo + ).
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OTTyK 3aKiroyaBaMe IO ChIIMS HAUWH, KaKTO MO-NPEAH, Y€ y, KIOHU paB-
HOMEpPHO B WHTEpBaja [Xg,Xo + a] KbM eaHa rpaHu4Ha (QYHKOHA ¢(X), KOATO
YIOBJIETBOPSABA TU(PEPEHIINATHOTO YpaBHEHHE.

bnaromapeHue Ha CIICIIUATHUTE MIPEITOI0KEHHS, KOUTO HapaBuXMe 3a (QyH-
kusaTa f(x,y), HA€ yCIsIXMe Ja JOKaXeM, 4e UHTerpansT ¢(x) = limy,(x) e me-
(buHUpaH B IeTUs HHTEPBAT [Xg, X0 + @], B KOWTO IPHEXME IMbPBOHAYATHO, Y CE
M3MEHS TIPOMEHIINBATA X.

@yukmuaTa f(x,y) = X1y + Xz, kpaero X; u X, 03HauaBaT HENPEKbCHATU
¢yHKIMM Ha X B MHTepBajia [xg,Xo + al, yaoBieTBops ycioBusita 1) u 2). 3a
A MOXXEM Ja B3€MeM B TO3W CIIydail €IHO YMCIIO, MO-TOISIMO OT MakCHMyMa Ha
|X1]. CnemoBatenHo ChIECTBYBA €IUH UHTErpall ¥y = ¢(x) Ha JUQepEHIIMATHOTO

YpaBHEHUE d—y = X1y + Xp, nepuHUpaH B Lenus UHTEpBAI [Xg, Xo + @], KOUTO
X

Ipu X = Xxp MpHEeMa MPOW3BOJIHA, OTHAINPEN NajeHa CTOWHOCT yg. ChINO THit

¢ynkuuure f(x,y) = x+siny, f(x,y) = \/1 + y*+e* ynoBieTBopaBar ycjaoBusaTa

0
1) u2) mpu A > 1, monexe a—f < 1; npu TOBa MHTEPBAIBT [X(, Xo + a] MOxe J1a
y
Obze u30paH cbBceM NMpou3BonHO. U Taka, Makap U 1a He 3HaeM Jja HHTErpupame

d . d
nudepeHaIHuTe YpaBHEHUS d—y = x+siny, d—y = /1 +y? + ¢, uue 3naem, ue
X X

CBIIIECTBYBA 3a BCSIKO €IHO OT TAX €JIHa HAlbJIHO OMpejiesieHa MHTErpaliHa KpruBa
Yy = ¢(x), K0ATO MUHaBa Tpe3 AaJeHa TOYkKa (Xg,Yo); BCAKA TaKaBa KpHUBa MOXE
Ia ObJe TPOIbIDKEHA HEOTPAaHWYEHO M OT JBETE CTpaHH, 0e3 1a TyOu IpH TOoBa
CBOMCTBOTO cH Aa ObJe MHTETrpalHa KPHUBa IO ISUIOTO CH MPOIBIKECHHUE.

4. Tyk me mpuBEAEM €IUH MPUMEpP, OT KOUTO C€ BIKIA, Ue ako (PYHKIIHS-
Ta f(x,y) HE yOOBIETBOPSBA YCIOBHETO Ha JIMMIIMII B OKOJHOCTTa Ha TOYKaTa
(x0,Y0), MOXeE J1a ChILECTBYBAT IMOBEYE UHTETPATHU KPUBHU, MUHABAILIA NIPE3 Ta3u
Touka. [la pasriename mudepeHIMATHOTO YpaBHCHHE

dy _
dx

2
3

3y3.

JlecHo € na ce mpoBepH, Y€ TO c€ YAOBIETBOPSBA, aKO MOJOXKUM Yy = (X — C)3,
KaKBaTo M J1a ¢ koHcTaHTara C. 3Mexay 6e30poiHOTO HHTETPaTHU KPUBH, TIPEII-
CTaBEHU Ype3 IMOCJIECIHOTO YpPaBHEHHE, CHIIECCTBYBA €lHA (M camoO €lIHa), KOSTO
MMHaBa Ipe3 Toukara (xp, 0). ToBa e kpuBata y = (x — X0)>. Ho cbIo Thit 1 ¢byH-
kusaTa y = 0 € uHTerpan Ha pasmiekIaHOTO ypaBHEHHE, Thil 4e mpe3 ToukaTa
(x0,0) MUHABAT IBE Pa3IMYHU MHTETPATHHA KPUBHU: €AHATA OT TAX ¢ abCIucHara
oc, a apyrara e KyOuuHata mapa6ona y = (x — xo)°. Tyk ycrnosuero Ha JIummmig
HE € M3IIBJIHCHO B obnmacTra xg < x < X9 + a, —b <y < b, KOJIKOTO U MaJIKH J1a ca
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a v b, 3aII0TO OTHOIIICHUETO

1 1
Yty

T, 03

Yy +tyiy, ty

IS

2
fCoy1) = f(xy) _ 3)’13 -5
yi—»m y1—y

=3

2
3
2

MOXE aa 6’]:[[6 HapaBCHO MPOU3BOJJHO TOJSIMO, CTUTA Ja MOJIOXKHUM y| = CX3,

Y2 = (1’6 " J1a B3CMEM @ JOCTAaThbYHO MAJIKO.

§ 6. Tperto n0Ka3aTeICTBO HA TeopeMaTa 3a ChllleCTBYBaHe
HAa HHTErpaJju

[Nopaau BaKHOCTTa Ha TeopeMaTa 3a ChILISCTBYBaHE Ha MHTETpaiu Ha aude-
PEHIIMATHOTO ypaBHEHHE

dy

(M o= )

HHUE I NajgeM TYK OIIe eIHO JO0Ka3aTeJICTBO, KOeTO NBKUM Ha Komum u koeto
IIOYMBa BHPXY CHBCEM APYr MPUHIUIL. 3a GyHKIHATA f(X,y) I TPEATOT0NKIM
cera, ue e aHaiumuyyHa B OKOTHOCTTA Ha TOUKaTa (xg, o), KOETO 3HAYH, 4€ TS MO-
e J1a Objie pa3BuTa B OE3KpaeH CTETeHEeH Pejl 110 LEeNTUTe ITOJIOKUTEITHH CTEIeHH
Ha X— X U y—Y(, KOWUTO € CXOJIAII B U3BECTHA OKOJIHOCT Ha To4kara (xg, yg). To3u
pea uma Buaa

(2)  f(x,y) = ago + aio(x — xo) + ao1(y — yo) + azo(x — xo)*

+ a1 (x = X0)(y = ¥0) + @y = Yo’ + - = D dyn(x = x0)"(¥ = yo)'".

m,n=0

[Ipu ToBa TpenAnonoXKeHUe IIe TOKaKEM, Y€ ChIIECTBYBa eqHa (QYHKIHS Ha X,
nedrHUpaHa 3a JOCTaThUHO MAJIKM 3HAUCHHUS Ha |X — Xg| Upe3 CTEIEHEH pen OT
BHJIA

3) @(xX) = yo + a1(x — x0)* + @a(x — x0)* + -+ ,

KOSITO YIOBJETBOPSBAa AW(EpEHINATHOTO ypaBHeHHe (1) W mpuema mpu x = X
CTOWHOCT Y. be3 ChIllecTBeHO OTpaHNYCHHE Ha OOIIHOCTTA MOXKEM J1a TIPHEMEM,
ye xo = 0 1 yo = 0; ¥ HauCTHHA B MPOTHUBEH CIy4yail MOXEM Jla BbBEAEM HOBUTE

MIPOMEHIINBH & = X — Xg, 7 = Yy — Yo U Aa momoxuM f(xo + &,y0 + 1) = f1(&, 1),
IIPU KOETO JaJIEHOTO Au(EpEeHITHATHO YpaBHCHHUE NMPEMUHABA B d—g = fil&n) u

Ha uHTEerpana y = ¢(x) otroBaps n = ¢(xg + &) — yo.
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U Taka HMe mMame na JoKaxkeM, de ako pyHKmmATa f(x,y) € aHaJUTHYHA B
OKoJTHOCTTa Ha Toukara x = 0, y = 0, chlllecTBYBa CTENEHEH pell OT BHIA

@) o(X) = @i x+aox® + -,

KOWTO € CXOJSI 32 IOCTaThYHO MAJIKM 3HAuCHUs Ha |x| u ymoBieTBopsiBa nude-
pentmmanaoTo ypaBHerwue (1).

[Ipenu Komu marematunute ca pascbxaaBand Taka. OyHkuuara ¢(x) e Ha-
IIBJIHO ONpPEIeNIEeHa, aKO 3HA€M CTOMHOCTUTE Ha HEHHUTE MPOU3BOJHU MPU X =
0, 3amI0TO B TaKbB Cilydail 3HaeM Koe(QHIMEHTHTEe B MakIIOpeHOBOTO M pa3BH-
tue (4). Ot gudepennmannoro ypasHenue (1), Kato 3aMEeCTHM B HETO y € ¢(X) H
cien ToBa x ¢ Hyna (u cienoBarenHo ¢(0) ¢ Hyna), e UMaMe MOCIIeI0BaTeTHO

¢'(x) = fx,0), ¢'(0) = f(0,0).

[To-HaraTeK, clien KaTo cMe 3aMECTHIN B TU(EPEHITHAIHOTO YpaBHEHHUE Y C
¢(x) u mudepeHpame ABETE My YacTH, IlIe UMaMe

¢"(0) = felx,0) + fi(x,0) . ¢,

OTKBACTO MPU X = 0 noixy4daBamMe

¢"(0) = £+(0,0) + £,(0,0) . £(0,0).

Karo npoaAbJKaBaMe 10 ChIHA HAYWH, y6e>1<z[aBaMe CC JIECHO, Y€ peaunara 4uc-

na: ¢’(0), ¢”(0), ¢”"’(0), ..., KOUTO, YMHOKCHH CHOTBETHO C o pea-
cTaBnABaT Koe(UIMEHTHTE HA pea (4), ce H3pas3sBaT 10 MPOCT HAYMH YPe3 CTOM-
HocTuTe Ha (yHKIMATA f(X,y) U HAa HEHHUTE YaCTHHU MPOU3BOIHHU 32 TOYKATA
(0,0). Ionexe dyakmmsita f(x,y) € JaJeHa, TO Ype3 HES ca ONPECIICHN HAITBITHO
croitnoctute f(0,0), £,(0,0), £,(0,0), ..., a 3aemH0 ¢ TOBa U KOe()ULMEHTUTE HA
pena (4). Maremaruuute npean Komm ca ce orpaHn4aBaiy camo ¢ Te3d Gpopmall-
HU pasmiexaaHus, 0e3 1a cu 3a/1aBar BhIIPOCa, JTAIK TaKa MOJXYYeHUAT pen (4) e
cxopsml. Jloka3aTeJICTBOTO MOXKE J1a C€ MOIIBJIHUA B TO3H CHIIECTBEH MYyHKT (KaK-
To Toka3a Kommw) upe3 ciemaute pascwxiaeHus. [lo mpemmonoxenue f(x,y) ce
pa3BuBa B Oe3kpaiiHus pen

[Se]

(5)  f(x,y) = apo + aiox + aory + axx* +apxy + dpy* + -+ = Z aAmnX"y",

m,n=0

KOMTO € CXOZSII 3a IOCTAaThbYHO Malku 3HadeHus Ha |x| u |y|. Ja mpuemem Har-
puMep, b€ PEeabT € CXONAI NMPU X = r, ¥ = P, KBIETO r U p Ca TOJOXHUTCITHU
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ypcia. JIeCHO € 1a ce BHAM, Y€ TOW € aOCOIFOTHO CXOJSIN U 38 BCHYKH 3HAUYECHUS
Ha X ¥ y, KOUTO YIOBJIETBOPSIBAT HEpaBeHCTBaTa |x| < r u |y| < p. [loHexe pensbT
€ CXOJSIIN 32 X = ¥ MU y = p, CHIIIECTBYBA €IHA ITOJIOKUTEIHA KOHCTaHTa M, Taka
ue

0" < M
3a BcHMUKM cucTeMu 3HaueHus m,n = 0,1,2,... OT mocnegHOTO HEPAaBEHCTBO,
HaIMCaHO BLB BHIA

|amn| < rmpn7

Ce BIKIA, 9¢ KOCPUIMECHTHUTE d,,, Ha Oe3kpaitHus pexm (5) ca mo aOCONIOTHA
CTOMHOCT MO-MAJIKK OT ChOTBETHUTE KOS(UIIMCHTH Ha pejia

[

(6) > rrﬁi _X"Y",

m,n=0

KOMTO € oueBHIHO cxomsml 3a |X| < r u |Y| < p, 3aI10TO MpencTaBisaBa MPOU3BE-
JICHUETO Ha JIBeTe OC3KpaifHW HaMaJIIBaIy T€OMETPHYHHU MPOTPECHH:

X X’ Y Y2
M{l+—+—F5+-- u l+—+—=+--
r r

p P
M
Ot 1X MBpBaTa € paBHA Ha —» @ BTOpaTa —Ha —, Taka 4e
1-— 1-—
r p
Z M X"y = M )
m,n:Ormpn I—K I—X
r P
Ha ctp. 30 Bumaxme, ue ¢’(0), ¢”’(0), ... ce moiaydyaBa OT CTOMHOCTHTE Ha (QyH-

kusaTa f(x,y) 1 Ha HelHuTe npousBogHH mpu x = 0, y = 0 upe3 geiicTBusTa
crOupane u ymHoxenne. Ot apyra crpaHa, oT pena (5) ciensa, ge

f@0,0) = ag, fx(0,0) =aio, f,(0,0) =ao1, ...,

13001110
am+nf(x,y) — minla
axmay" ) o T

Taka ye umame: ¢’ (0) = ag, ¢’ (0) = ajg + apiaoo,

2
¢ (0) = 2ax0 + 2ay1a00 + 2ap2agy + aoi(aor + apiagp) 1 mp.
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30610 3a nawume pascvoicoenus e coiyecmsero, ye "™ (0) moxuce da ce nonyuu
om xoeguyuenmume ago, doi, 410, - - -, -1, - - -» An—1,0 Ha peoa (5) camo upes
Oelicmeuama cvOUupane u YMHONICeHUe, NPUTOHCEHU KPAeH Opotl Nbmu:

@"(0) = Po(aoo, @10, @015 - - > @015 - - - » An—1.0)-

Tyx P, o3HayaBa eIWH H3pa3, KOHTO Ce IMoJydaBa OT KOS(MUIMEHTHUTE dgg, 10,
aols «--» AOn—1» - - - » Ap—1,0 CAMO Ype3 JIEHCTBHUATA CHOMPAHE U YMHO)KEHHE.
Jla pasmiemame Hapen ¢ MaAcHOTO AMQEPEHIINATHO ypaBHCHNE U YPaBHCHH-
eTo
dy

@) a =F(x,7Y),

kbaero pyHknuara F(x, Y) uma ToBa CBOICTBO, 4e MOXE Ja C€ pa3BUE B peJl I0
CTeTIeHUTE Ha X U Y, cxomsm 3a |x| < r u |Y| < p:

0
(8) Fr,Y)= Y Apx"Y",
m,n=0

1 4e KoepHUIMEeHTUTE Ha TO3W pel (8) ca IMONIOKUTETHH YUCIa, KOUTO ca IIo-
rOJIEMU WM Hal-MaJIKo paBHH Ha aOCOJIOTHUTE CTOMHOCTH Ha ChOTBETHUTE KOe-
¢urmentn Ha pena (5), T.€. Ay = |amyl. [lpu Te3u yenoBus penst (8) ce Hapuda
maxcopanmen Ha pefa (5). Ako MOXKEM Jla YCTaHOBHUM IO IPSAK HauMH, 4€ ypaB-
HeHueTo (7) MomycKa eIuH UHTETPA, KOUNno npu X = X npuema CmouHoCcm Hyia
u Modice 0a ce paszsue 8 cxoosuy ped 8 okorHocmma Ha moykama x = 0, mo om-
MYK MOJIceM CbC cucypHocm oa 3akaiodum, e pedovm (4) na 30 cmp. e cxooaw
NOHe 3a Cvugume CMOUHOCMU HA X.

U mauctuHa, ako o3HaumM ¢ O(x) = Bix + fox® + --- BBOPOCHUA HHTET-
pan Ha ypasHenueto (7), kakto Buaaxme 3a ¢ (0) mo-rope, ¥ TyK Ie HMaMe
O™ (0) = P,(Aoo, Alo, . ..). louexe P, e momuHOM Ha Aoy, Ag1, Alg, ... © LeIn
MTOJIOKHUTETHNA KOC(PHUIIUEHTH, TO

DM(0) = Py(Aoo. Aot - - - s An-1,0) = Pllacol, laoil, . ., lan-1,0])
> |Py(ago, aor, - )l = lp™(0).
Taka IIOJIYy4Y€HOTO HEPABEHCTBO
"(0) 2 |¢"(0)]

Moka3Ba, ue MakJIOpEHOBOTO Pa3BUTHE Ha ¢(X) € CUTYPHO CXOJSIIO 33 ChIIUTE
3HAYEHHUS Ha X, 32 KOUTO € cxoasml u peasT 3a O(x). B ciyyas 3a F(x, Y) moxem

na n3depem

F(x,Y) = M
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ToraBa ypaBHeHHeTO (7) mpruema BHUIa
dy M

o a-n(1-3)

oY gy = Mdx
p 1=

Upes uHTErpupane noinydyaBame OT MOCIEAHOTO YPaBHEHUE

nin

2

Y X
9 Y——:—M1<1—7)+C.
) 2 rin p

Tyk xoHcrantara C TpsbOBa ga Obae paBHA Ha Hyma, 3amoto npu x = 0 u Y
mpreMa CTOHHOCT HyJjIa, Taka 4ue
Y? X
y - — :—Mrln(1—7>.
2p r

Kato pemmm ToBa KBajgpaTHO ypaBHEHHE OTHOCHO Y M B3eMEM CaMmoO OHS KOpEH,
KOHTO ce aHyaupa npu x = 0, e uMaMe HOoCIeA0BaTETHO

Y2 —20Y = 2Mrpln (1 - f) :
,,

oM
Y:p—\/p2+2Mrpln<l—x):p 1— 1+ rln(l—f)
r P

r

ToBa e Tepcenusar unrerpan ®(x) Ha audepeHnmanHoro ypasuenue (7). Ocrtasa
Jla JOKa)XeM oIle, 4e Taka romydeHara (yHkmms O(x) Moxe Ja ce pa3BHe B
Oe3KpaeH peJ IO CTENIEHUTE Ha Xx. 3a Ta3H LeJl Aa 03Ha4YUM C u Oe3KpaiiHus pen

2Mr x 2Mr (x  xX* X
10 il (1 - 7> - e a ).
(10) 0 n o (r HE TR )

Torasa mie nmame

Ira— 1 1 1.3

KBJIETO Oe3KpalHUAT pell B CKOOMTE € CXONSAI, KaKTO € M3BECTHO, 3a |u| < 1; 3a
JIOCTaTh4YHO MaJIKM 3HAUYCHMs Ha |x| OUYEBHJIHO YCJIOBHETO |u| < 1 € U3IIbIHEHO,
MIOHEXXE U € MPEeACTaBeH Ype3 equH Oe3KpacH pex o creneHute Ha x (pen 10) 6e3
CBOOOJICH YJICH.
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Jla BHIUM 3a KakBW 3HAUCHUS Ha X (DYHKIUATA i MIPUEMa CTOMHOCTH MEXKIY
—1 u +1. OueBugHO TpsiOBa na UMaMe:

g 2Mry (1 _ f) <41,

P r
_L<1n(1_f)<i’
2Mr r 2Mr
exp—P-<1-% cexpL_*
Xp —— - - Xp ——
p 2Mr r P 2Mr’
P X P
1- <-<1- (——) .
“xp 2Mr r P 2Mr
|x] __p_
ITocnennuTe HepaBeHCTBA ca YAOBIETBOPEHHU, ako — < 1 — e 2#r, 3amoto 1 —

P P
ewrr < —1 + e 27, {KaKBOTO U Ja € peasHoTo uyucio a # 0, HepaBeHCTBOTO
1 —e* < —1 + e e BApHO, 3aIIOTO TO € EKBUBAJICHTHO C OYEBUIHOTO HEpa-

a _a\2
BCHCTBO (82 — e 2) > O H maka 3d 3HaA4eHUus Ha x, Koumo ydoeﬂemeopﬂeam

)]
—— ||, cueypno |u| < 1.
My YPHO ul
[Tonexxe npu ToBa KoedummeHTuTe Ha Oe3kpaitauTe pemose (10) m (11) ca
MOJIOKUTEIHN, HUE MOXKEM Ja 3aMeCTUM HaBcikbie (opmanHo B pema (11) u
¢ paBHHsA HeMy Oe3kpaeH pen (10) m na Hapemum cien TOBa 1O CTEIICHUTE Ha

L)} U NpEeAcTaBs
2Mr

¢yukuusata @(x). 3a chlmuTe 3HAYCHUS HA X CIEAOBATENHO Ie ObJIe CHUTYpHO
cxosT] 1 MaKIIOpeHOBUAT pexl 3a ¢(X), KOETO TpsOBaIe ga JOKaKEM.

AKo cpaBHUM TBpPBUTE JBE JokazarencTtBa (§ 3 m 4) Ha Teopemara 3a Cb-
IIECTByBaHE Ha MHTETPAIN C TOKY-IIO M3JIOKEHOTO, 3a0elsi3BaMe Mpear BCUYKO
€/IHa CHIECTBCHA Pa3jIMKa B MPEIMOI0KEHUATA, KOUTO HAIIpaBUXME 32 (DyHKITU-
ara f(x,y). Jokaro Tyk npeanonarame, 4e f(x,y) € aHaJIUTUYHA B OKOJTHOCTTA Ha
TouKaTa (xg, o), MO-paHo Oelle TOCTAaThYHO Aa MPEANOI0oKUM caMmo, ue f(x,y) €
HenpeKkbCHaTa B oOnacTra R W 4e yNOBIIETBOPSABA B Ta3W 00JAaCT YCIOBHETO Ha
Jlunmun oTHOCHO BTOpHs cu apryMeHT. Ho ako f(x,y) e aHaJIWTH4YHA B OKOJI-
HOCTTa Ha (Xg,Y0), T CUTYPHO YIOBIIETBOPSABA B Ta3H OKOJHOCT M MOCJIEIHOTO

HepageHcmeomo |x| < r [1 —exp (—

x. Taka moyry4eHUsT pen € cxomusul 3a |x| < r |1 —exp (—

df
YCJIIOBHE, ITOHEIKE TOraBa 4aCTHaTa IMpoOU3BOJHA di CbIICCTBYBA U € OrpaHUYICHA

B €IHA JOCTAaThYHO Mallka OKOJHOCT Ha (Xxg,Yyp). OOpaTHOTO 00avye HE ¢ BHHA-
I'H BAPHO, Thil Y€ MPEANONIOKECHUETO 32 aHAJIUTHYHOCT Ha QyHKuusaTa f(X,y) €
MHOTO HO-OFpaHI/I‘II/ITeJIHO, OTKOJIKOTO HaHpaBCHI/ITe HO-paHO HpCZ[HOJIO)KCHHfI B
Havajnoto Ha § 3. He3aBucuMo OT TOBa JBETE J0KA3aTeICTBA, KOMTO HM3JIOKHXME

*3a y06¢TBO TIpK HAGOpa MUIIEM eXp @ BMECTO €.
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B § 3 u 4, BOOAT 110 Mmo-IieHHU u3BoaAu. M HaucTuHa, ako f(x,y) € aHAIUTUYHA
B OKOJIHOCTTa Ha (X(,Yp), CIIOPEN M3JI0KEHOTO JI0KA3aTeJICTBO B TO3M maparpad
CBINIECTBYBA €THA CIUHCTBEHA anaiumuyHa (QyHKIHS, KOATO YIOBIECTBOPSBA -
(hbepeHIMaTHOTO ypaBHEHUE M HAYAIHOTO yciioBHE ¢(xg) = yg. OcTaBa OTKpUT
obade BBIIPOCHT, Jalld HE CHINECTBYBa W JApyra Heanarumuuna QyHKIus (T.e.
TaKaBa, KOSATO J]a HE MOXKE J]a C€ pa3BUE B Pell MO MOJOXKUTEIHUTE CTCICHH Ha
X — X0), YIOBJIECTBOPSBAIIA CHITUTE yCIOBUSI.

[IspBUTE ABE AOKa3aTe]CTBa JaBaT SCEH OTIOBOP U HA TO3U BBIIPOC: aKO
Y(x) e HAKOS PYHKIHS HA X, KOSITO VIOBIETBOPsBA TU(HEPCHIIMATHOTO YpaBHEHHE
(Oe3pa3nuyHO Janmu TS € aHAJTUTUYHA, WIH HE) U ako ¥(Xxg) = Yo, TO Y(x) chBOaaa
¢ QyHKIHATA ¢(X), IUETO CHIIECTBYBAHE YCTAHOBHUXME Upe3 TPaHWUCH MPEXOJ B
§3ud.

§ 7. Teopema Ha Ileano

B § 3 u 4 nokazaxme Teopemara 3a ChIIECTBYBaHE Ha MHTETpajld Ha IH-
(epenmmannoro ypasaenue (1) mpu mpexamonoxenus, 4e ¢yHKuuaTa f(x,y) Ha
HE3aBHCUMHTE MPOMEHIIMBH X, ¥ € HEIMPEKbCHAaTa B U3BECTHA OKOJHOCT Ha TOY-
Kara (xp,yo) U 4€ B ChIIaTa OKOJHOCT TSI YJOBJIETBOPSABA YCIOBUETO Ha Jlumiui
OTHOCHO BTOpHUS CH apryMeHT. EctecTBeHO € na ce 3amuTaMe JAOKOJIKO Mocien-
HOTO yCJIOBHE € HeoOXOAMMO 3a J0Ka3aTeJICTBOTO Ha Teopemara. To3u BBIPOC
ocTaBalle OTKPUT [0 Kpas Ha MHUHAJIMA Bek, Koraro B 1890 r. uranuaHcKusiT Ma-
tematuk Ileano (G. Peano) ycnst a mokake CHIECTBYBAaHETO HAa MHTErpPaj MPH
SIMHCTBCHOTO NpeaIoyioxkeHne, 4ye GpyHkuusaTa f(x,y) € HeNpeKbCHaTa B U3BECT-
Ha OKOJHOCT Ha To4KaTta (Xo, yo). [Ipu ToBa eqMHCTBEHO yclioBHE 00ade ce ToKa3-
Ba CBILIECTBYBAHETO NOHE HA eOuH UHTETpaa y = y(x), KOWTO MpU X = Xo NIpUeMa
CTOMHOCT Y(, Thi Y€ ITPU NPEATIOJIOKEHUETO HA TeopeMara Ha IleaHo He ce qokas-
Ba U HE MOXeE JIa ce JOKaxe, ue y = y(x) e eouncmeenama QpyHKIUS, KOATO yIOB-
aeTBopsiBa qudepeHIraIHoTo ypaBHeHue (1) m HavyaiaHOTO ycnmoBue y(xp) = Yo.
Tyx 111€ M37I0KUM eTHO JTOKa3aTelcTBO Ha Teopemara Ha [leaHo, koeto ce Oa3upa
CBLIECTBCHO BBbPXY TeopeMara Ha ACKOJH 3a Oe3kpaifHuTe QYHKIHMOHHU pEeIULn
C PaBHOCTETICHHO HEMPEKBhCHATH WICHOBE (BXK. TNI. X, § 66).

Teopema na Ileano. Axo ¢ynxyusma f(x,y) e nenpexvchama 6 obracmma

(B) xo<x<xp+a, yy—-b<y<yo+b,

kamo o3zuauum ¢ M maxcumyma na |f(x,y)| 6 (B) u ¢ h no-manxomo om nono-
b

HCUMENHUME HUCTA O U 57, COUECEYEQ NOHE eona ynxyus y(x), oegpunupana 8
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unmepsana xy < x < xo+h, Koamo y0oeiemeopasa OupepeHyuaIHomo ypagretue

d
(D) d—z = f(xy)

u Hauannomo ycaosue y(xg) = yo.
Hokazarencrso. [la paznenum untepsana (xo, Xo + 4) Ha n paBHU HOAUHTEP-
Baja 4pe3 TOUYKHTE
k
xp=xo+-h, k=12,...,n—-1
n

U Aa neuHUpame ciie ToBa HelmpeKbcHaTara GYHKIHS Y, (X) 1O CIICIHUS HAauUH:

( X
y0+/ f(f,)’o)df 3a xp < x < Xy,
X0

X
y”1+/ f(teynl)dt 3a x1 < x < Xxp;
X1

(2) yn(x) =
X
Ynk + / Sty dt 3a xp < X < X5
Xk
HPH TOBA C Y1, Yn2» Yn3s - - - » Ynn O3HAYABAME 71 KOHCTAHTH, OT KOMTO IbpPBHTE 71— 1
ca monOpaHu ThH, ye PyHKIMATA V,(X) na ObJe HENMPEKbCHATA M B TOUYKUTE X =
X1,X2,...,%,_1. T€31 n KOHCTAHTHU C€ ONMPEENAT HOCTENIEHHO Upe3 PaBeHCTBATa
X
Ynl =0 +/ f(t,yo0)dt,
X0
X2
Yn2 = Yn1 + / f(t7ynl)dt,
X
3) l

Ynk+1 = Ynk + St ynr) dt,

IIpeau BCHUYKO JIECHO € J1a C€ BHJM, Y€ BCHUKH Yy MPHHAIICKAT HA 3aTBOPCHHUS
uHTEpBAI [y9 — b, yo + b]. U HamcTuHa oT paBeHcTBata (3) HaMUpaMe €IHO CIIel
Jpyro

h h h
[Va1 = Yol < ;M, Vn2 = yml < ;M, .. HM300II0  [ypke1 — Ykl < ;M,
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37

OTKBJIETO CJIEBA, Y€

kb
[Yuk = yol < XMS - <b, Te. yu—yol<bmpuk=1,2,...,n.

3a 3HaYCHHS Ha X OT MHTEpBajia [Xg, Xr.1] MOJydaBaMe IMO-HATaThK OT

X
yn(x):ynk+/ f(t,ynk)dt, k=0’ 1,2,...,’1_1; ynOZYO,
X

HEpaBCHCTBATa

[Yn(X) =yl £ — <
n

b
n
b kb
[Vn(x) = yol < [yu(x) = yukl + [ynk = yol < ; + ; <b,

TBH 4e [y, (x) — yo| < b 32 BCSIKO X OT 3aTBOPEHUSI UHTEPBAI [ X, Xo + /A].
@yHKIUATA

() = yo + / ey dr

€ ChIIo neduHupaHa B MHTEpBaia [Xg, xo +h]. llle mokaxem, de pazmukara 7,(x)—
Vn(X) KIIOHM paBHOMEPHO KbM HYJIA B CHIIM UHTEPBAJ MPH OC3TPaHUYHOTO pac-
TeHe Ha 1. [la 03HaYMM C £ IPOU3BOIHO MOJOKUTENHO urciio. Criopen TeopeMara
3a paBHOMEpPHATa HEeMPEKbCHATOCT ChINECTBYBa ¢AHO 0 = &(g) > 0, THi Ue 3a aBe

MPOU3BOJIHH ToukH (X,y’), (x,y”’) or obnacrra (B) na uMame

If(x, ) = f(x, ¥yl < & wom |y —y”| <6.

b
Heka n > 5 CrotBeTHHTE QYHKIHU Y, (X), 17,(X) U TAXHATA pa3lIUKa MOTar Jia ce

MpeACTaBAT 3a 3HAYEHUSI Ha X OT UHTEpBaja [Xk, Xi+1] BbB BUJIa

Xr+1

k-1
(X =yo+ ) /
r=0 v
k-1 Xr+1
o=+ [
r=0 v%

f(taynr) dr + / f(t,ynk) dt,

»

Flym@)di+ / () dr,

k=1 x
0-m =3 [ =} [ ano)
r=0 v Xr Xk
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b
Ho B wHTepBana x, <t < x.41 (r=0,1,2,...,k = 1) umame |y,(t) — yur| < — <6
n
u crnepoBatenHo | f(t, y, (1) — f(t, yur)| < . U Taka
k=1
Y () = (O] € D &(e1 = x,) + 8(x — 1) = &(x — x0) < &h,
r=0

THH 9e 3a BCAKO X OT MHTEPBANA [Xq, Xo + /] ¥ 32 BCHYKH JOCTATHUHO TOJIEMH 1

Y (x) = 7.(X)| < &h, . T. 0. 1.

3a dynkouute 71(x), 72(x), n3(x),... € TpUIOKUMA TeopeMaTra Ha ACKOJH,

3al0TO T€ Ca PaBHOMEPHO OTPaHWUYCHU B WHTEpBaia [xg,Xo + h] U mpu TOBa

HEPABEHCTBOTO |17,(x") — 17,(x”") < M|x" — x”’| nokasea, 4e BbB BCCKH MOIUHTEP-
&

BaJl C AbJDKHMHA < M ocouianusaTa Ha r]n(x) € IIO-MaJIKa OT &, KaKbBTO M Ja €

MHIEKCHT 7. ChILECTBYBA CIEJOBATEIHO €HA MOAPEANULA 1y, s nys Nnss - - - » KOATO
KJIOHH PaBHOMEPHO B [Xp, Xo + /] KbM enHa rpannyHa GyHKuus y(x). KeM cpiiara
rpaHuLa TPsAOBa J1a KIOHU PaBHOMEPHO H Yy, (x). Torasa ot

M(x) = yo + / f(t,ya(D) dt,
RY)
CJIe/Ba YPE3 TPAHUYEH MPEXO]]
Y = yo + / ey,
Xo

KOETO TMOKa3Ba, 4ye (pyHKimara y(x) YIOBIETBOPSABA NaJCHOTO AU(DEPECHIUATHO
ypaBHEHHE U HAYAJIHOTO yCJIOBHE Y(X() = Yp.



I'naBa 111

METOIU 3A UHTEI'PUPAHE HA HAKOU CIIEIIMAJIHA TUIIOBE
JUOEPEHIIUAJITHA YPABHEHUSA OT ITbPBU PEJ]

KoM kpas Ha § 4 (cTp. 25) HHE HOKa3axMe, Y€ TPU U3BECTHH MPEAIIOIOKEHHS

3a ¢pyHKIMATa f(X,y) mudepeHIINATHOTO YpaBHCHHE

D fey)

= = f(x,y

dx ’
nMma 6e36poii unrerpanu. Pa30Oupa ce, ue ¢ ToBa Jajied OIle He € pa3pelleH BbII-
POCBHT, Jaiy KOW Ja € HEroB MHTEerpaj OM MOT'BJI /1a Ce U3pa3H Ype3 IO3HATUTE HU
Jocera anreOpuyHu ¥ TpaHcUeHJeHTHH QyHKkuuu. KakTo e n3BecTHoO, TOBa U300-
0 He € BB3MOXKHO JOPH M B HAW-TIPOCTHS CIydaid, KOraTo ypaBHEHHETO MMa

d
BUJIA d—y = f(x), 3amoTo HeonpeaeeHuAT uHTerpan [ f(x)dx He BUHATH MOXe
X

Jla ce M3pa3| C MMO3HATUTE HU Jl0Cera aNreOpUYHU M TPAHCHEHIEHTHA (YHKIUH.
Eto 3amo Tps6Ba ga ga cuntame 3a TBBPAC PEOKU CIydauTe, KOTaTo € BE3MOXKHO
MIPEJCTAaBIHETO HA €AWH WHTETpall Ha AU(hepeHIINATHOTO YpaBHEHHE B 3aTBOPEHA
¢dopma. Ho ThKMO CrIOMEHATHTE U3KIIIOUUTEIHU CIyYau ca BOKHU OT IJICIUIIETO
Ha MPWIOKEHUATA U 3aTOBa HUE III€ CE CIPEM B Ta3W IVIaBa HA HAKOW M3KYyCTBEHH
CHoCo0OH, KOUTO TTO3BOJISIBAT B U3BECTHU CIIydYaH Jla CE MHTETPHpa HAITBIIHO TUde-
peHIaNHOTO ypaBHeHue. [Ipu ToBa HiIMa Ma oOphIlaMe BHUMAaHHUE Ha TPYITHOC-
TUTE OT BTOPOCTEIICHEH XapakTep, KaTo MpecMATaHe Ha ONpENeIeHn UHTErpaln
U pelIaBaHe Ha €IHO WM CHUCTeMa OT HSAKOJKO KpaitHu ypaBHeHwms. C npyru ay-
MU Ie CYHUTaMe, Y€ CMe M3BBPIIMIN WHTETPUPAHETO Ha €IHO Au(epeHIInaTHO
YpaBHEHHE, aKO yCIIeeM Jla TO CBEJeM KbM HSKOJKO (KpacH Opoif) Heompesee-
HU MHTETpHpaHus (KBaApaTypy) U KbM pellaBaHe Ha €IHO WM HSIKOJIKO KpailHH
YpaBHEHHUS, T. €. TAKWBa YPABHECHHUSI, KOUTO ChABPIKAT HE3aBUCHUMATa MPOMEHIINBA
Y Hemo3HaTtara (QyHKIH, HO HE W HEHHHUTE MTPOU3BOTHH.

§ 8. OTnensine Ha MpOMeHJIUBUTE

Enna oT oCHOBHHMTE 33/1a4d HA MHTETPATHOTO CMATAHE C€ ChCTOM B TOBA, Jia
ce HaMepH Takasa (GyHKIMsA y(x), YAATO MPOU3BOAHA € PaBHA HA Ja/ieHa (yHKIHS
f(x), T.e. na ce uHTErpHpa HaU-MPOCTOTO AUPEPEHINAIHO YPaBHCHHUE

d
(1) = = f.

Axo f(x) e HempeKbCHATa B JIaIeH MHTEPBaJ, ChIIECTBYBAT, KAKTO € M3BECTHO,
0e30poit QyHKITMK HA X, KOUTO YIOBJICTBOPSIBAT JAU(PEPEHITNATHOTO YpaBHEHHE.

39
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Kost ma e oT TaX ce Hapu4a neonpeoenen unmeepan Ha f(x) U ce OCTMEKH C
| f(x) dx. Besika apyra GyHKUps, KOSTO yIOBIETBOPsiBA M(BEPEHIMATHOTO yPaB-
HeHue, ce nomy4dasa or [ f(x)dx upes npuGassne Ha eaHa KoHcTanTa C, KOSTO
MoXe Ja Oblle cbBceM Npou3BoiHa. M Taka Hal-0OLIOTO pelieHue Ha 3ajadara e
nmaaeHo upe3 popmynara

y= /f(x)dx+C.

WuTerpupanero Ha nudepeHIIUAIHOTO YpaBHEHUE

d
Q) a§=f@L

JSICHATa YacT Ha KOETO 3aBHCH CaMoO OT Y, C€ CBEX/1a KbM MO-IIBPBUS CIy4aii, KaTo
pasMEHUM DOJIMTE Ha X U y. AKO pasmiexaaMe y KaTo He3aBHCHUMa IPOMEHIINBA,
a x KaTo Hemo3HaTa (PyHKIHA Ha Y, MOXKEM J1a MIPECTaBUM YpaBHEHHETO (2) BbB
BUZA
dy 1 dy
— = OTKBIETO X = 7o) +

dx ~ £y’

Hudepennmanaure ypaBHenus (1) u (2) ca yacTHU ciydyan Ha T0-0OLIOTO
ypaBHEHHE OT BHJA

C.

3) Xdx+Ydy=0,

KbJIeTO X 3aBUCH caMO OT X M Y 3aBucu camo oT y. /la o3nauum ¢ F(x) emHa
¢yHKIMSA Ha X, MPOM3BOJHATA Ha KOATO € paBHa Ha X, u ¢ O(y) apyra dyHKIuA
Ha y, YAATO IIPOU3BOAHA ¢ paBHa Ha Y. Toraea oOmmsT uHTErpa Ha (3) e:

4) F(x)+ 0oy =C (C = mpou3BOIHA KOHCTAHTA).

W nanctuHa Besika QyHKIHS y Ha X, KOSATO MOXE Ja ce Moiy4n ot (4) 3a HsKOs
crenuainia croiHocT Ha C, ynoBieTBopsiBa U ypaBHenuero F’(x)dx + @' (y)dy =
0, T. e. mameHOTO AMQEpPEHIINATHO ypaBHeHHE (3).

OO0parHo, ako y = ¢(x) 03HauaBa HIKOS (YHKIMS HA X, KOSTO YJOBJICTBOPSIBa
mudepeHIMaTHOTO ypaBHeHue (3), mpousBonHaTa Ha QyHKIHATa F(X) + D(0(xX))
€ THXKIECTBEHO paBHA Ha HyJa, OTKBAETO ciensa,ue F(x) + O(p(x)) e paBHO HA
HsiKos1 koHcTaHTa. C Apyru aymu GyHKIUATa ¥ = @(Xx) YIOBICTBOPSIBA YPaBHEHH-
eTo (4) 3a HIKOSI CTOMHOCT Ha NpOou3BOJIHATA KOHCTaHTa C.

d
Hexka 3abenexuM Tyk, e AUQPEPEHITNATHOTO YpaBHCHUE d—y = f(x,y) moxe
by

Jla ce mpeAcTaBu BB BUaa (3), ako f(x,y) MOXKE Jla ce pas3iiokKU B MPOU3BEICHUE
OT JTBa MHOXKUTEISI, OT KOUTO CIUHUAT 3aBHCH CaMO OT X, a APYTHAT caMo oT y. B
TaKbB Cllydail Ka3BaMe, 4€ YPaBHEHHETO MOXE JIa C€ MHTETpUpa Ype3 OTACISTHE
Ha MPOMCHITUBUTE.
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Ilpumep 1. Jla ce HaMepn ypaBHEHHETO Ha paBHUHHA KpWBa, CyOTaHTEHTATa
S; B IPOM3BOJIHA TOYKA HA KOSATO € paBHA Ha ylBOEHaTa a0ClKCa HA Ta3W TOYKA.

Yy
Pewenue. Tlonexe S, = =, 3a1a4ara ce CBEXK/A KbM PEIICHUE HA IU(EepeH-

LAAJIHOTO YpaBHEHUE

by
dx  2x y  x

[IpoMeHIMBUTE ca OTHEICHH, Taka 4e oOmuAT uHTerpan € 2Iny — Inx = C wim
y2 = ¢€ . x win ome, xaro monoxum € = C’, y2 = C’x. B cnyyast oOmusT uH-
TerpaJ IpeACTaBIsIBa enHa GpaMuiIns napadonu ¢ odma oc OX u o0mia BbpXoBa
tanreita OY. JlecHo € J1a ce MpoBepH, Y€ BCSAKA MHTETpajgHa KpUBa YIOBJIETBO-

psiBa YCIIOBHETO Ha 3a/adara.

Ilpumep 2. Jla ce Hamepu ypaBHEHHETO Ha paBHWHHA KpWBa, TaHT€HTara B
MIPOU3BOIHA TOYKAa M Ha KOSATO: a) MUHABA Ipe3 eJHa MOCTOSHHA TOYKa (Hayaio-
TO); 0) € mepneHINKYIsIpHa KbM TIpoBogHUKAa OM.

Omeoeop. a) y = Cx; 6) x> +y> = C.

Ilpumep 3. [la ce unTerpupa qudepeHIUaIHOTO YpaBHEHUE

dy __ VI-y?

dx V-2

Omeosop. O6muAT MHTErpan e arcsinx + arcsiny = C mma x+/1 —y2 +
yV1I—x2 =C" wm V1—-x2. /1 -y~ xy=C"” wm Haii-noce

(2 =y =20 (% +y? - 2222 + C* = 0.
Mexnay korcrantutre C, C’ u C” ChlIeCTBYyBaT 3aBUCUMOCTUTE

C' =sinC, C"’"=cosC, C?*+C"?=1.

§ 9. Xomorennu audepeHIUATHN YPABHEHUS

Enno nudepenunanno ypaBHEHHE OT IBPBH PEA C€ HapUia XOMOTEHHO, KOTa-

Y
TO, CJI€ KaTO I'o0 p€IinM OTHOCHO d , AsiCHaTa My 4aCT € XOMOT'CHHa q)YHKHI/IH Ha
X

X Uy om H)/leea CMeENEH. Ot cBo¥MCTBaTa Ha XOMOICHHHTE (I)YHK]_II/II/I € U3BCCTHO,
49¢C B TaKbB cnyqaﬁ YpPaBHECHHUETO NMa BUa

)
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Y
IOpHu KOCTO OsACHATa 4aCT 3aBUCHU CaMO OT OTHOIICHHUETO —. AKXO TI0J0XKHM y =

X
ZX, KBAETO 7 O3Ha4YaBa HOBa HEMO3HaTa (QYHKIMSA Ha X, TO AH(EpPEeHIHNATHOTO
ypaBHenue (1) mpemuHana B
dz dz  f@-z
Z+x—=f() wm —=——.
dx dx X
OueBUIHO B MOCJIEIHOTO ypaBHEHHE NPOMEHJIMBUTE MOXKE Ja C€ OTHENAT. Taka

MoJIy4aBaMe
dx dz

dz
=== lnx=/+C.
x fl@-z f@-z
O6muaAT uHTErpan Ha ypaBHeHnuero (1) ce momy4aBa, KaTo 3aMECTHM B MOC-
JIEZIHOTO ypaBHEHHE 7 C =.

X
JudepeHnnamHoro ypaBHEHHE
dy ax+by+c
@) Loy () :
X aix+byy+cy

KBIETO a, b, ¢, aj, by, ¢ ca JalleHN KOHCTaHTH, C€ CBEKJa KbM XOMOI'€HHO, aKoO
aby—a1b # 0. la monoxum x = £+, y = n+, Kp1IeTo £ U 17 ca HOBU IIPOMEHITUBH,
a o U [ o3Ha4aBaT HEONpeleNIeHH KOHCTaHTH. 3a Ja Obae TpaHc(opMHpaHOTO
ypaBHEHHE

3 dﬂz < aé+bn+aa+bB+c >

df a1§+b117+ala/+b1,8+cl

XOMOTEHHO, JOCTAaTh4HO € J1a u30epeM @ u  Taka, 4e [a yJOBJIETBOPSBAT JIMHEII-
HUTE ypaBHEHUS

ac+bB+c=0, aja+biS+c =0.

Axo ab; — a1b = 0, ToBa omnpenesHEe HA @ U 8 OT MOCICTHUTE YpPAaBHEHUS HE
€ Bb3MOXKHO. Ho B To3u city4ait inHeHHUTE QYHKIMH ax + by U a1 x + b1y, KbIETO
mpenronaraMe, 4€ MOHE €IHO OT Yuciara b u by, HanpuMmep b, € Pa3IudHO OT
HyJa, ce MoJTy4yaBar efHa OT Apyra upe3 YMHOKEHHE C eJ[Ha KOHCTaHTa, Hall[puMep
aix + b1y = Alax + by). CnenoBarenHo, KaTo MOJOXKUM B ypaBHEHHETO (2) z =
ax + by, To ce mpeobpaszyBa B ypaBHEHHETO

Tde _a o(2*e
bdx b Az+c1 /)’

KOC€TO C€ MHTErpUpa HAIpaBo 4Ype3 OTACIIAHE Ha IMMPOMECHIIUBUTE.
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Ilpumep 1. OT eaHO MPO3PATHO BEMIECTBO (CTHKIIO), KOSTO MPEUyIBa MPOCTO
CBETIMHHUTE JhYM M MMa WHJAEKC Ha MpeuymnBaHeTro n > 1, TpsbBa nma ce oT-
Ui oBa eJHa paBHIHHO-M3ITPKHANA JIella BbB BUI HA POTAMOHHO Tsu10. Kaksa
¢dopma TpsOBa 1a ©Ma MEpUIMAaHBT Ha W3ITbKHAIATa IOBbPXHUHA Ha Jienlara, Tbi
Ye JIBYNTE, KOUTO NajaT NepHeHIUKYIIPHO BbpXy HeHaTa paBHUHHA MOBBPXHU-
Ha, cJie]] IpeyyIIBaHeTO CH Ja C€ ChbOMpaT BCUUKU B €IHA TOUKA.

Pewenue. Tlopagn cuMmeTpusTa Todkara, B KOATO C€ CHOMpAT MpedyleHnuTe
TpuM, TpsOBa Ia JIeKH BbPXy POTAllMOHHATa OC Ha jemiara. IIpexapBame mpes
Ta3W OC PaBHMHA, KOATO MpecHva M3ITbKHAJIAaTa MOBBPXHWHA HA JIeNaTa B €IUH
MepuanaH. 3a Havyajo Ha elHa NPaBOBI'bJIHA KOOPAMHATHA CUCTEMa B PaBHUHATA
Ha MepHuIuaHa cu u3dupame Toukara O, B KOATO ce ChOMpPAT MPEUyNeHnTe JTbYH,
a 3a 0C X — POTAaLMOHHATa OC, HACOYCHA I10 TI0COKa, 00paTHA Ha MaJalluTe JTb4YH

Yepr. 7

(Bx. ueprt. 7). Heka y = f(x) na e ypaBHeHueTo Ha Mepuanana u M(x,y) na o3Ha-
YyaBa ITPOM3BOJTHA HEeToBa Touka. [loHexke magamusT 164 AM e mepreHIuKyIspeH
KbM paBHHHHATA MOBBbPXHUHA HA JIeIlaTa, TOW HE U3MEHS MOCOKaTa CH, KOTraTro
MIPOHUKBA B HEs; HAIIPOTHB, TOH TPsOBa Nla MPETHPIH MpPEUyBaHEe Ha M3TH3aHE
OT JIell[aTa U TpU TOBa Thii, 4e MPEUYICHUAT JIbY Ja MUHE Ipe3 Toukata 0. AKO
03HAYUM C @ ¥ 5 OCTPHUTE BIVIH, KOUTO 00pa3yBar MajaIlvsIT U MIPSIyTICHAST JIHY
¢ HopManara B M, ChINIACHO C €MH OT 3aKOHHUTE Ha ONTHKara sinf : sina = n.
‘brure @ u § Morar ;ma ce mM3pa3AT upe3 KOopAMHATUTE HA M W dpe3 BITIOBHS

1
KOC(I)I/I]_[I/IGHT - Ha HOpMaJjiara, OTKBACTO 3aKJIF0OYaBaMe, 4€ 3aladyaTa BOAU KbM
y

emHO audepeHInaTHO YpaBHeHHEe OT IMbpBH pen. Hali-mecHo ce m3Bekaa ToBa
YPaBHEHHE, KATO MPUIIOKHUM CHHYCOBOTO IPaBUIIO 3a TpUbI'biaHUKa OMN, B KOU-
TO pIiUTE pU M 1 N ca ChbOTBETHO PaBHU Ha T — S U

ON sin(r—pB) sinf
= = = n
oM sin @ sina
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HO ON = x+yy, OM = /x% + y2. CnenoBarenHo audepeHIHUaIHOTO YPaBHEHUE

e
x+yy dy ny/x*+y*—x

—————=n WM - =
VX2 +y? dx y

[Tomy4yeHOTO ypaBHEHHE € OYeBHIHO XOMOTeHHO. Karo momoxum y = zx, To ce

npeoOpa3ysa B

dz _n\/l+z2—1

z+xa = ;
HIIH

dx zdz

x nVi+22-1-722
OTKBACTO

x (— V1+72 +n) = const.

A oOUMAT MHTErpal Ha caMOTO Au(epeHnnaTHo ypaBHeHHE 32 y €

\/m=nx—C.

[locnexnoTo ypaBHeHHE mpencTaBisiBa (moHexe n > 1) enHa dhamwims xunepoo-

M ¢ obma peanHa oc, 00w GOKyC B HAYaJIOTO M OOLI YHMCIIEH EKCLEHTPULUTET,

paBeH Ha WHJAEKCa Ha mpeuyynBaHeTo n. Heka 3abenexxum Haii-ceTHe, 4e nude-
x+yy

BO, KaTO B3€MEM MNpE€ABUMA, Y€ JisIBaTa MY 4aCT €© HNPOU3BOAHATA Ha (byHKLII/IHTa

d
VX2 +y? —nx. Or o (\/x2 +y? —nx) = 0 cnensa, 4e \/x? + y2 — nx = const
x

u np. U Taka u3mrbKHaNaTa MOBbPXHUHA Ha JiemaTa TpsAoBa J1a IpeAcTaBs 4acT OT
elHaTa MaHTHS Ha €IWH XUIepOoJoua ¢ JABE MaHTHHM, KOMTO ce IoJlyyaBa, Karo
3aBBPTUM €[Ha XUIepOosia ¢ YUCIEeH eKCLEHTPULIUTET /1 OKOJIO HelHaTa peajHa
oc.

PEHIMATHOTO ypaBHEHHE —n = 0 MOXe 5a ce MHTErpupa M Harmpa-

Ilpumep 2. KaxbB BUI TpsgOBa 1a Ma MEpUANAHBT HA €HA OIIEaHa poTa-
[IMOHHA TIOBBPXHHMHA, ThH Y€ JIBYUTE, MaJallh YCIOPEIHO Ha HEeWHaTa oc, Clie]
OTpa)XKEHHETO CH Ja MUHABaT Tpe3 €IHa M ChIlla TOYKa.

Omeosop. TloBppxHUHATA TPsIOBa 1a OBAe poTaroHeH mapabdomoua. Otpa-
3CHUTE JIbYH CE ChOMpAT B HETOBHS (OKYC.

Ilpumep 3. Jla ce uaTerpupa nudepeHIINAIHOTO YPaBHCHHE

(x+my)dx+ (y —mx)dy = 0.
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§ 10. JIuneiinu nudepeHIHATHE YPABHEHHUS OT IbPBH pell

Enno nudepeHnmanHo ypaBHEHUE OT IBPBU PeJ] CE HApHUa JIMHEHHO, KOraTo
TO € JIMHEWHO OTHOCHO Hemo3HaTtara (YHKIHS M HeifHaTta mpow3BomHa. Pemreno
OTHOCHO IIOCJIeTHATa, TO MMa BUJa
dy
(1) — =X 1y + Xo,
dx
KbleTo X| 1 X, 0o3HauaBaT MajcHU (DYHKIIMH caMo Ha HE3aBHCHMAaTra IPOMEHIIN-
Ba X. AKO ypaBHEHHETO HE CBhABP)KAa BTOPHS WieH X, OTASICHO, TO MOXE Ja Ce
HUHTETpUpPA Ype3 OTAENsIHE Ha NMpoMeHIuBUTE. V1 HauCTUHA B TaKbB Clydaid, KaTo

X
YMHOXUM ABETC MY 4aCTU C — W UHTCTpUpaME, 1€ MOJITYYUM O6I]_II/I$I HHTErpal
y

Iny= [X;dx+InC wm y=Cexp [X;dx".

3a &a uHTETpHpaMe AAJeHOTO MudepeHIranHo ypasHeHue (1), Hue me mpuio-
MM METOlla Ha BapHpaHe Ha MPOM3BOJIHATA KOHCTAHTA, KOWTO 32 HAIIUS CIIy4yau
CE ChCTOHM B CJIEIHOTO: 3aMeCTBaMe€ B OOLIMs MHTErpaj Ha OIpPOCTEHOTO ypaB-

dy
HeHHe -~ = X1y mpousBonHara koHcTaHTa C ¢ eaHa Hemo3HaTa (QYHKIUS U
X
Ha X W CH TIOCTaBsAME 3a 3ajada Jla ompenenuM Ta3u (YHKOWS THH, de H3pa-
36T y = uexp [ X; dx, 3amecten BMecTo y B aupepeHIHanHoTo ypasHenue (1),
na ro ymosnersopu. Cienr ToBa 3aMecTBaHe ypaBHeHHETO (1) ce oOpbia B

du
— Xpdx = X5,
dxepr 1 dx 2

OTKBJIETO U CE€ ONpeness Upe3 elHa KBaapaTypa:
u=[X>exp (- [X;dx)dx+C.
W taka oOuuAT HHTErpas Ha TUHEHHOTO AudepeHnanto ypasHenue (1) e

() y=exp [Xidx{C+ [Xoexp (- [X;dx)}.

OT moy4YeHus pe3yiTaT ce BHXKIA, Ye OOIIMAT WHTErpal Ha €IHO JMHEHHO ITu-
(epeHIMaIHO YpaBHEHUE OT I'bPBU pell € JUHeWHa (YHKIMS Ha MPOU3BOJHATA
koHcTaHTa. OOpaTHO, aKo OOITUAT MHTETPAN HA €MHO AU(EepEeHITHAHO YpaBHEHHE
uMa Buaa y = Ce(x) + ¥(x), kpaero C O3Ha4aBa MPOU3BOIHA KOHCTAHTA, Ype3
mudepeHnupane u enuMuHaupade Ha C ce yOeknaBaMe JIECHO, Y€ ChOTBETHOTO
IU(epeHIIMaTHO YpaBHEHHE OT IbPBU Pell € JTUHEWHO.

*3a yno6cTBO pH HAGoOpa MHUIIEM eXP @ BMECTO €.
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Hexka 3abenexxum olie, 4e ako 3HAaeM €IMH YacT€H MHTErpal y; Ha ypas-
HeHueTo (1), HeroBusAT oOLI WHTErpas ce MoiydaBa 4ype3 enHa KBaaparypa. U

V1

HAWCTHHA, aKO ITOJIOKUM Yy = Y| + Z U B3EMEM IPEIBUJ, Ue o = X1y1 + Xp, mie
by

MOJIyYMM 3a HOBaTa Hero3Hara (BYHKIUS Z MPOCTOTO TU(EPEHIIUAIHO YPaBHEHHUE

dz
— = X2, OTKBAETO
dx

z=Cexp [X;dx, y=y +Cexp [X;dx.

Ilpumep. Jla ce Hamepy ypaBHEHHETO Ha e/THa pPaBHWHHA KpWBa THil, 4e cyO-
TaHTEHTaTa 3a MPOW3BOJIHA TOYKA Jla Ce OTHACS KbM OpIUHATATa, KaKTO €IHa
IIOCTOSIHHA OTCEYKa Ce OTHAcs KbM pa3fiMKaTa Mexay abcuucara U opauHarara.

Pewenue. Tlo ycnoBue umame S; : y = a : (x —y) UK KaTo 3aMECTUM S; C

y
PaBHOTO My )7 Y peluM OTHOCHO Y,

dy x-y 1 X
- = =——y+—.
dx a a a

Toga YpaBHCHHUEC € OYCBUIHO JIMHEWHO U O6H_II/I}IT MY HUHTCTpal €

d 1 d
y=exp(—/x> {C-i—/xexp/x}zx—a-f-Cexp(—x).
a a a a

CrnenoBarenHo y = x —a + Ce”a ¢ Haii-00IIOTO YPABHEHHE HA BCHUKH PABHUH-
HU KPUBH, KOUTO MPHUTEXKABAT BHIIPOCHOTO TEOMETPUYHO CBOMCTBO. Tazm 3amada
MIpeaCTaBs eIuH OT Hall-cTapuTe MPHUMEpH 3a Thil HapedyeHWTe OOpaTHH 3aJaqu
3a TaHTEHTHTE, C KaKBHTO Ca CE€ 3aHMMAaBaJId TBHPJIE MHOTO MaTeMaTHIIUTE OT
XVII B. BemHara cien OTKPUBAHETO HA HOBUTE METOIU HA MH(PUHUTE3MMAIIHOTO
cMmsaTane. Ts e Omra 3amaneHa (B Maiko mo-apyra dopma) or dmopuMoH e bon
(Florimond de Baune) na [Iexapt (Descartes) koM cpenara va X VII 8., 30 roqunau
MIpeay OTKpHUBaHeTO Ha Au(epeHnnanHoTo cMsaTae. Che chlllaTa 3aada ca ce 3a-
HuMaBamu ocseH Jlekapt u Jlaii6uui oute u Jlomuran (L'Hospital) u M. Beprymm
(J. Bernoulli) B 1692 r.

§ 11. bepuynueBu audepeHUNATHA YPABHEHU S

Ha pasrmename audepeHnnatHoTO ypaBHEHHE

d
2 - X1y(y) + Xo,

M vOrT
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B KoeTo X| ¥ X, MMar ChIOTO 3HAUCHUE, KAKTO B MPEAUIIHUS Taparpad, a ¥’ (y)
€ TpoU3BOJHATa Ha AajeHa QyHKUHA Y(y), KOATO 3aBUCH caMo oT y. Upes cy0-

. u
CTUTYIUATa U = Y(y) TO ce mpeodpa3yBa B JIMHEHHOTO yYpaBHEHUE Pl Xiu +
X

X,, KoeTo 3HaeM Ja uHTerpupame. KeM TO3M TN HpUHAUIEkU bepHyIneBoTo
TU(EepEHINATHO YpaBHEHUE

d
(2) d*y = X1y + Xoy™.
X

dy

To Moxe J1a ce mpeacTaBu Ol BHB BUJIA y""d— =X yl"" + X, WK KaTo I0JIO-
X

xuM y! ™" = y u B3eMeM HpenBun, ue

omyn e L yix,
dx dx  1-mdx

[Tocnennotro ypaBHEHHE € JTUHEHHO M, KAKTO BUISXME, MOXKE Ja C€ MHTErpupa
upe3 aBe KBajparypu. Karo 3amecTum B o6mms My uHTErpan u ¢ y'~™”, momy-
yaBaMe OOIIUsl WHTErpal Ha camoTo bepHynmueBo ypaBHeHue. 3moxeHUAT Me-
TOA HE € mpuioxuM 3a m = 1. Ho B TakpB ciyd4ail ypaBHeHHeTO (2) MMa BUAA
% = (X1 +X2)y ¥ clileoBaTeIIHO C€ MHTETPpHUpa Upe3 OTAEIIHE Ha MPOMEHIUBHUTE.

ITlpumep. B eqna paBHMHA ca ganeHu Touka O u nipasa d. Jla ce Hamepu ypaB-
HEHUETO Ha paBHMHHA KPHBA, THH Y€ YACTTa HA TAHTEHTATa, 3aKJII0UEHA MEXKIY
JonupHara Touka M M Toukara P, B KOSATO TaHT'€HTara Ipecuya mnpasara d, Ja ce
BIDKJA OT ToukaTa O mop najeH vreil MOP = a.

Pewenue. Jla m3depeM mamenara Touka O 3a MOIOC U MEPIICHANKYIISPA, CITyC-
HaT oT O KbM d — 3a MOJISIPHA OC HA eJHa PaBHUHHA IOJIApPHA KOOPAMHATHA CHC-
TeMa. ToraBa, ako O3HAYMM C d Pa3CcTOSTHUETO OT O 1O d, U C W BI'bJIa, KOUTO
CKJIIOUBa TaHreHTtara B M ¢ mpaBara OM, To OT 4epT. 8 € SICHO, Y€ B TPUBI'bIHU-

xka OMP

d
<0MP=7T—(,U, <0PM:(U—(Y, 0P2ﬁ7 OM:p
S(a@ + @

y/
p
ad
o ’@‘:\\ML

1/ ¥ .
5,
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CriemoBaTerHo, KaTo MPUII0KIM 32 CHINUS TPUBI'BIHUK CHHYCOBOTO IPABUJIO, IIIE
UMame:
d dsin(w — @)

isinw =p:sin(w —a@); psinw =

cos(a + ) cos(a — @) ~

pcos(a + ¢) =dcosa — dsinacotgw

’
Jol
U Karo 3aMeCTHM Cotg w ¢ —,

’

pcos(a+¢) =dcosa — d'(i sin @,

OTKBACTO
d 2
@ _ kp — L (kcosgp —sing) (k = cotga).
do d

1
ToBa ypaBHeHue e oueBuaHO bepHymmeBo. Upe3 cybctutynmsara p = — TO ce
u
npeodpasyBa B
du 1
— = —ku+ — (kcosp —singp),
dg g (kcosy @)
ko . COSQ
o0muAT uHTETrpas Ha Koeto e u = Ce ‘/’+T. CrnenoBaTeTHO OOIIMAT HHTETpa

Ha camoTo bepHynueBo ypaBHEeHue e

1
p= CoSQ -
Cexp(—kg) + ¥
d
n d
Axko @ = —, T.e. ako k = 0, mocieHOTO ypaBHEHHE NMpUeMa BUja p = ————
2 aC +cosgp

U TIpeicTaBs KOHYCHO CeYeHHe, Ha KOeTo Toukara O € equH oT (OKycHuTe, a mpa-
Bara d € ChOTBETHAaTa My JMpEKTpHca. M HaucTHHA JIECHO € Jia ce MPOBEPH, ue
9acTTa OT TAHTEHTAaTa B KOS M Ja € TOYKA HA €IHO KOHYCHO CEYeHHE, 3aKIIode-
Ha MEXIy IONHMPHATa TOYKA U €IHa OT JUPEKTPUCUTE, C€ BIKAA OT ChOTBETHUS
(oxyc o mpaB BB

§ 12. In¢pepennuanno ypasHenne Ha Pukaru (Riccati)

d
Axo B mudepeHITHaTHOTO ypaBHEHNE d—y = f(x,y) msacHaTa 4acT OpeacTaBs
by

€/IMH KBaJIpaTCH TPUWICH Ha y, KOCQUIIMEHTHUTE Ha KOWTO ca MajaeHu GYHKINH Ha
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X, TO ce Hapwua PukarneBo mudepeHInanHo ypaBHeHHe. To MMa CIIe0BaTEITHO
BHJA

d
(H e = Xo + X1y + Xoy*.
dx

N306m10 TOBa ypaBHEHHE HE MOXKE J]a C€ HHTErpUpa UYpe3 KBaIpaTypH, HO HHE
e JOKaKeM, Y€ aKo 3HaeM CaMo €JIUH YacTeH MHTerpai y; Ha ypaBHeHuero (1),
TO HETOBHAT OOI MHTETpaJl MOXKE J1a C€ TIOMY4YH Upe3 aBe KBamparypu. M Hawmc-

THHA, KaTO MOJOXKHUM y = y| + Z U B3€MEM MPEIABUJ, Ye % = Xo + X1y1 + Xzy%,
X
ypaBaeHueTo (1) ce mpeobpasysa B
dz

— = (X) +2Xoy1) 2 + Xo2?,
dx

KoeTo karo bepHynueBo ce wHTErpupa JiecHO 4pe3 cyoctutynusata z = —. [loHe-
u

ke TUQEepeHITNATHOTO YPaBHEHHE OTHOCHO U € JIMHEWHO, OOIMMAT My WHTETpaj
uMa Buga u = Co(x) + Y(x), kpaero C e mpousBoiHa KoHCTaHTa. Clie0BaTEIIHO
o0muAT WHTErpal Ha ypaBHeHneTo (1) nMa Bruaa

1 _ Onp(0) + yigp(x) + 1
Co(x) + y(x) Co(x) + y(x)

To3u pesynrar mokassa, ue OOIIMAT UHTErpan Ha PukarneBoro mudepeHIamiHo
ypaBHEHHE ¢ XoMorpadudHa (T. . JpoOHA NHMHEHHA) (QYHKITHS Ha MPOW3BOIHATA
KOoHCTaHTa. ToBa CBOMCTBO Ha OOIIUS WHTETpall € XapaKTepHO 3a PukarueBute
mudepeHnuanay ypaBHeHU. KakTo 11e BUIUM IMMO-HATaThK, CHIIECTBYBA TACHA
3aBHCHMOCT MEXY TSAX U MEXIy JTUHEHHUTE TU(epeHIIMaTHI ypaBHEHHS OT BTO-
pu pen.

y=yi1+z=y1+

Ilpumep. Jla ce uaTerpupa nudepeHMaIHOTO YpaBHEHHE

d_1 vy p
dx x2 «x ’
KaTo Ce 3Hae, TO MMa YacTeH MHTErpa oT Buaa y; = ax’.
Pewenue. TpssOBa 1a moKakeM, € CHIIECTBYBAT IBE KOHCTAHTHU d U N, T Ue

dy
KaTo IMOJOKHUM B JaJICHOTO YPABHCHUC y = ax" " CJICO0BATCIIHO — = anx”_l TO
d b

X
7 ce 06BbpHE B THAAECTBO. TpabBa na mMame 3Haum anx ! = x~2 —ax"! —a®x?".

3a na ObJie IOCIEAHOTO PABEHCTBO THXKIECTBO OTHOCHO X, TPAOBA Mpeay BCUYKO
[OoKa3aTelInTe Ha X BbB BCHUUKM WICHOBE Jla Ca PaBHHU, KOETO € Bb3MOXKHO CaMo
npu n = —1. TTo HaraTbk TpsAGBa 1a OBIAT PAaBHU KOS(HUIMEHTHTE HA X > OT JBETE
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CTpaHM Ha PaB€HCTBOTO, CJIC]] KaTO HAIlpaBUM IIPUBCIACHUE: —d = l—a- 612, T. €.

a> = 1, a = +1. U Taka JaJeHOTO ypaBHEHHE MMa [BA YAaCTHH MHTErpana oT
11
THPCEHHs BUM: Y| = X 1, yo = —x~!. Cy6cTuTynusTa y = —+— BOJIM HAaIIPaBO KbM
X u
. du 3 5 1
JIUHEMHOTO ypaBHEHHE e —u+ 1, oOmuAT UHTErpan Ha koero e u = Cx” — 5%
X x

CrnenoBarenHO OOIIUAT UHTErPal Ha NaJIEHOTO ypaBHEHUE €

1 1 Cx*+ 3
y=,%* v -
x Cx¥¥-3x Cx3—-3x

§ 13. TpaekTopuu

Ja pasrnename exna ¢paMmins oOT paBHUHHHU KPHUBH, TIPEACTABEHH Ype3 ypaB-
HEHUETO

(1) F(x,y,C)=0,

KBJIETO X W y O3HA4YaBaT MPaBOBI'BIHU KoopauHatu U C € MPOM3BOJICH IMapaMe-

Top. Ilon uzozonanna mpaexmopus Ha Ta3u Gpamuians pasdbupame TakaBa KpUBa,

KOATO TIpecHu4a KPUBHUTE OT JajeHara (aMuIus IMOJl €JUH W CBII BI'bJI . AKO
/4

@ = 7, TPACKTODHSATA C¢ HAPHYA OpIMOZOHATHA. 3amauara 3a HaMHpaHe TpPaek-
TOpPUHTE Ha eqHa (paMuiIus paBHHUHHU KPHBH C€ CBEX[a, KaKTO IE BHIUM, KbM
HWHTErPUPAHETO Ha €IHO OOMKHOBEHO AW(EPEHIUAIHO YPAaBHEHUE OT IIBPBU pell.

Ha cu obpazyBame nudepeHIHATHOTO ypaBHeHUe oT (amumsTa (1), KoeTo

npeacTaBsiMe BbB BUIa

d
) 2=ty

dx
TaHrenTara KbM MHTErpajgHaTa KpHUBa, KOATO MMHABA IIPE3 TOUKaTa (X,y), UMa br-
J10B KoeduieHt m = f(x,y). la o3HauuM ¢ m’ bIIOBUS KOS(PUIIMEHT HA TaHICH-
TaTa KbM TPAEKTOPHATA B ChIaTa TOYKA; MOHEKE TE3U JIBE TAHTCHTH CKIIFOUBAT
10 YCJIOBHE BI'BI &, TO

m—-m _ m - f(x,y)
L+mm'  1+mf(x,y)

OTKBETO
,  f(x,y)cosa +sina

" cosa — f(x,y)sina’
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[locenHOTO paBeHCTBO U3pa3siBa BINIOBHS KOS(HUIIMEHT Ha TaHTEHTATa KbM Tpa-
eKTOpUATa BbB (PYHKLMS OT KOOpDAMHATUTE Ha JoNMUpHara Touka. CienoBaTesHo
ThpCEHaTa TPaeKTopus TpsAOBa Aa ObJe MHTErpajHa KpHBa Ha AU(EpEeHIINATHO
ypaBHEHHE

dy _ f(x,y)cosa +sina
dx  cosa— f(x,y)sina’

3)

OO0parHo, Bcsika MHTErpaHa KprBa Ha IU(EpEeHINaTHOTO ypaBHeHHe (3) e u3o-
TOHaJIHA TPAeKTOPHS HAa MHTETPAJHUTE KpUBU Ha ypaBHeHHeTo (2). Cropen ToBa
enHa GaMuIHs KPUBHY (3aBUCEIIA OT €IUH MTPOU3BOJICH ITapaMeThp) uMa 0e30poit
W30TOHAITHH TPAEKTOPUH, KOUTO MPECHYAT BCAKa KPUBA OT (paMUIIUATA TIOA JaeH
BI'BI @. [eOMeTprUeckn ToBa € TIOYTH OYEBHIHO.

n
Axo a = 5 Tu(EPEHIIMATHOTO YpaBHEHHE HAa TPACKTOPHUTE Ce 0OpbIla B
dy 1

dx f(x,)
T EepEeHIIMATHOTO YPaBHEHUE Ha OPTOTOHATHHUTE TPACKTOPHH Ha eaHa (haMUITHS

KpHUBH.
CwcTaBsiMe cu Haii-Hanpen nudepeHINaTHOTO YpaBHEHHe Ha najaeHara da-
1

OTTyK U3BeXIaMe CIETHOTO MPOCTO MPaBHIIO 3a 0Opa3yBaHE Ha

MHJIMS U CIIE TOBA 3aMECTBAME B HETO ) ¢ ——.

Ilpumep 1. Jla ce HaMepAT U30TOHATHUTE TPACKTOPHUU HA CHOIIA ITPaBU B €/1Ha
paBHMHA, KOUTO MHHABaT TIpe3 eJHa TouKa (Ha4ayoTo).

Pewenue. B ciyyast ypaBHEeHHETO Ha najaeHara ¢ammius mpasu € y = Cx.
Upes nudepennmpane u enumMuHupane Ha C morydaBame An(epeHIHaIHOTO ypa-

Y _ Y

BHeHHE —— = =. CrnemoBarenHo qudepeHInaTIHOTO YpaBHEHUE Ha M30TOHAIHUTE
X X

TPAEeKTOPIH €

dy ycosa+uxsina  ky+x

(k = cotg ).

dx  xcosa—ycosa kx-—y

[onyuyeHoTO ypaBHEHHE € OYEBUIHO XOMOTeHHO. OOIIUAT My HHTETpal €

b
/xz +y2 — Cekarctg <

YUIM KaTO TPEMHHEM KbM TIOJSAPHHU KoopauHath, p = Cek¥. U Taka norapuT™md-
Hara crimpana p = Cef¥ npecrua moj euH M CBII BI'BJ @ = arccotg k MpOBOIHUKA
Ha KOsl J1a € HeilHa Touka. ToBa CBOMCTBO C€ MPOBEPSBA U HEMOCPEICTBEHO, KAaTo
B3eMEM MPEIBUJ, Ue 3a Ta3u KpuBa p’ : p = k.

Ilpumep 2. Jla ce HaMepsIT OPTOTOHAJIHUTE TPACKTOPUHU HA (aMUIUATa pPaB-
HOpaMeHHH xunepoomn y* — x> = C.
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Omezogop. OPTOTOHATHUTE TPACKTOPHUH Ca CHIIO PABHOPAMEHHU XHIIEPOOITH
¢ 00mio ypaBueHue xy = C’.

Ilpumep 3. Jla ce nokaxe, 4e OPTOTOHATHUTE TPACKTOPHH Ha JICMHHUCKATUTE
(x* + ¥*)?> = a’xy ca ChIIO JIEMHHUCKATH, NAJCHH C YPaBHEHUETO (x> +y?)? =
C(x* —y?).

Ipumep 4. [la ce HaMepAT OPTOTOHATHUTE TPASKTOPUU Ha (haMHIIUITa XOMO-

2

Y

+ “— = 1, KpJAETO KOHCTAHTaTa ¢ ¢ JaJicHa, a
+c¢2 A
A 03Ha4YaBa MPOU3BOJICH MapaMEThHP.

Pewenue. lndepeHInaNHOTO YypaBHEHHE HA AajieHaTa (GaMUIns KOHYCHHU Ce-

(hOKaITHN KOHYCHH CEUEHUS

Y
YCHUA € (X + yy’) X — = | = 6‘2. ITonexe TO HE ce HU3MECHs, KOraTo 3aMCCTHM B
y

Hero Y ¢ B TO AU(EPEHINATHOTO YpaBHEHUE Ha OPTOTOHATHHUTE TPACKTOPUHU

€ CBINOTO, KAKTO W TOBa Ha maneHarta (amunust. OTTYK 3akirouaBame, 4e JBE
XOMO(OKAJTHU KOHYCHHM CEUEHHS Ce MPECHYaT MoJ MpaB brbJ (ako HU300II0 ce
Mpecuyar B pealHd TOYkH). JIeCHO € Ja ce BH/W, Ye JIBE TAKWBA KOHYCHH ceue-
HUS C€ MPECHYaT B PEaJIHM TOYKU CaMO KOTraTo €JHOTO € €JIUICA, a JPYroTo —
xunepooa.

Ilpumep 5. [a ce gokaxe, ue pammmusata napadomnu ¢ obmr hokyc (B HagaI0-
T0) M 00mIa oc (ocra OY) e opToroHajgHa ChIIO caMa Ha cede CH.

3abenesxcka. JIBe TakuBa mapabonu ce mpecuvar B peasHu TOYKH, KOraTo Bbp-
XOBETE UM JIe)KAT OT JIBETE CTPaHU Ha HA4aJoTo.

§ 14. UnTerpupane Ha nmbJjeH audepeHuan

Enna mudepennmanen u3pas ot Buma Pdx + Qdy, keaeto P u O o3HavdaBar

(I)yHKI_[I/II/I Ha JABCTC HE3aBHUCUMHU NMPOMCHJIMBU X WU Yy, IPCACTaBA II'bJICH zu/lq)epeH—

oF
nuan Ha efqHa QyHKIUs F(x,y) Ha T€3W MPOMEHIIMBH, KOTaTo i Pnu 5 0.
X y

Hue mie ce 3aamMaeM ¢ BhIIpoca: Kak MOXE JIa CE Y3HAe Jalii ChIIeCTBYBa QyH-
KIUS ChC CIIOMEHATOTO CBOMCTBO M aKO CHIIECTBYBa TaKOBa, KaK MOXE TS Ja
ce onpenenu. I[Ipu ToBa me npeanonarame, ye P(x,y) u Q(x,y) ca €IHO3HAYHO
neUHUpaHH W TPUTEKABaT HEMPEKbCHATH IMbPBH YAaCTHU IPOU3BOIHH B €IHA
CBBbp3aHa obmact R, 3arpajzieHa oT eIuH MPOCT 3aTBOPEH KOHTYP.

Ha nonycHem Haii-Hampes, 4e chilecTByBa (GyHKIHS F(X,y), 32 KOATO Fri
x

oF
P(x,y), o QO(x,y). Kato mudepeHnupamMme mbpBOTO OT THS PaBEHCTBA OTHOCHO
y

y, @ BTOPOTO OTHOCHO X M B3€MEM CJICA TOBa MPEABUMA, Y€ JICBUTC UM 4YacCTHU
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»#F _ 0*F
ca paBHU ( 3aI0TO ——— = ——— |, OJly4aBaMe CJIEAHATa 3aBUCUMOCT MEX]Y
0xdy  O0yox
YaCTHUTE NPOU3BOAHU HA P u Q:
oP 00
(1) — =
ady  Ox

W taka HEoOXomMMO YCIIOBHE, 3a Aa mHpeacTaBs u3pa3pT Pdx + O dy meieH nu-
(depeHIMal, e MeXIy YaCTHUTE Npou3BoaHu Ha P(x,y) u Q(x,y) &a ChllecTBYBa
crotHOmEeHueTO (1). ToBa ycnoBHe, KaKTo IIe BUIUM, € U TOCTAaThYHO TIPH HAaIl-
paBeHHTE TPEAINONIOKeHHs 3a obnactra (R). 3a na JmokaxkeM TOBa, HHE I HaIl-
paBUM oIe eqHO (HECHIIECTBEHO) MPEAIONIOKEHHE 3a Ta3W O0JIacT, a UMEHHO,
4ye chIlecTByBa enHa Touka My(xp,yo) OT 00-

nmacTTa (WM BbPXY HEHHHA KOHTYp) ThH 4e, ako s
M(x,y) o3HauaBa MPOM3BOJIHA TOYKA OT ChIIa- (/ f iy
Ta 00JIaCT, OTCEYKATa, KOATO CheINHIBA TOUKUTE

Mo(xo,y0) ¢ M1(x,y0), KAKTO U Ta3H, KOSITO Che-
nunsiBa M(x,yg) ¢ M(x,y), 1a nexar u3Ipsio B
obmacrtra. [la pa3miexmaaMe JTUHESHHUS HHTETpa

Ha nmudepennmana P(&, n) dé+Q(&, ) dn, B3eT 1o
HauyneHara Juaus MoMiM. O4eBugHO TOU €

X y
paBeH Ha cymara / P&, yo)dé+ [ Q(x,m)dn

X0 Yo
U TIpe[CcTaBst enHa (YHKIWSA Ha X U y B oOnactra R, KosTO e o3HaduM ¢ F(x, y):

2
L

Yepr. 9

x y
@ Fx,y) = / PEyo)de+ | Q.

0 Yo

oF oF
3a Thil neduHUpaHaTa QYHKIMS, e JOKAKEM, ue a— = P(x,y) u a— =
X y
X
Q(x,y). TlocneqHoTo OT Te3u paBEHCTBA € OYEBUIHO, ThH KaTo / P(&,y0) dé He

X0

y
3aBHCU OT y, @ YacTHaTa MPOW3BOJHA Ha WHTErpajia / Q(x,n)dn oTHOCHO y €
Yo

oF
TOYHO paBHA Ha Q(X,y). 3a I TOJTy4aBaMe
x

OF Y 00(x,n)
x = P(x,yo) + / 90 1) dn;
X Yo Ox

HO chrimacHo (1)

00(x, ) _ 9P(x,m)
Ox on ~
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TBU 4e
Y 00(x,m) Y OP(x,m)
Tdﬁz Tndn:P(x,y)_P(x,YO),
0 30
OTKBJIETO 5
F
a = P(X,YO) + P(X,y) - P(-x’y()) = P(X,J’)

U Taxka, ako ycnoBuero (1) € U3MBIHEHO, ChIECTBYBa (DYHKIIHS HA X U Y, YACTHH-
TE TIPOM3BOIHMU HA KOSATO ca ChOTBETHO paBHU HA P(x,y) 1 Q(x,y). Popmynara (2)
OCBEH TOBa II0Ka3Ba, 4e Ta3u (PyHKIUS ce Moiy4yasa upe3 aBe kBaaparypu. C ToBa
€ JIOKa3aHo, 4e MPH HAINTE MPEATIOIIOKEHUs ycrosuemo (1) e neobxooumo u ooc-
mamwvuno, 3a 0a npeocmass uspazem P(x,y)dx + Q(x,y)dy nvien ougpepenyuan
Ha edna ¢ynxyus F(x,y) na x u y.

Axo ¢yskmusaTa O(x,y) e apyra HIkosd QYHKIUSA HA X U y, IBIHEAT aude-
peHIman Ha Koato € paBeH Ha P(x,y)dx + Q(x,y)dy, 1ecHO MOXe Ja ce BHUJH,
4e T4 ce pa3nuyaBa oT F(x,y) ¢ eqHa KOHCTaHTa (KOSATO MOXe Ja Oblie ChBCEM
npou3BonHa). M HaucTuHa B TakbB ciaydail pasnukara O(x,y) — F(x,y) nmpencrass
enHa QYHKIMSA HA X U Yy, IbPBUTE YaCTHH MPOU3BOIHN Ha KOSTO OTHOCHO X H Y ca
paBHH Ha Hyna B (R), OTKBJETO CJe/[Ba, Y€ TS CE pelylHpa Ha elHa KOHCTAaHTA.

P 00
Ilpumep 1. Axo P 3aBucu camo OT x, a Q —caMo OT Y, YCIOBUETO - o
y X
€ OUYEBHJIHO M3NBJHEHO. U HaucTthHa, ako o3Ha4uM ¢ f(x) u ¢(y) ABE TaKuBa
(hyHKIIUHM, TPOM3BOJAHUTE HA KOUTO Ca CHOTBETHO PaBHU HAa P u (), MBIHUAT

mudepernman Ha F(x,y) = f(x) + ¢(y) e paBen Ha Pdx + Q dy.

Tpumep 2. Jla pasmename nudepeHITHATHAS H3pa3

+x\/1+y2 dr+ +y‘\/1+x2
S AR A I T R A
VI + x? V1+y?

U B 1031 ciyyaii ycnoBueTo (1) € U3MBbIHEHO, OHEKE
aj =1+ Xy = aiQ
dy Vi+2/1+y2 Ox

3a na HamepuM QyHKIMATa F(X,y), MOXEM J1a HOCTHIIUM Taka. Upe3 HHTerpupaHe
4aCTHO OTHOCHO X Ha YPaBHEHUETO

OF +x\/1+y2
I
dy V1 + x2

(pm koeTo Ha y TiieaMe KaTo Ha MapaMeThp) MoIydaBame

F=xy+ \/1+y2VI+x2+¢(y).

dy.
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[IpubaBenara ¢yHKIUSA ¢(y) Urpae poysiTa Ha WHTETpajHa KOHCTaHTA, KOSTO 3a-
BHCH M300110 OT mapamerspa y. Taka noiaydeHusT uspas F(x,y) 3aMecTBaMe BbB
BTOPOTO YCJIOBHO PaBEHCTBO

OF +y\/1+x2
o2
dy V1 +y?

KOCTO IIpueMa Buaa

VI + x?
i+ () =
1+y?

y VI + x2
X+ T
V1+y?

OTTyK 3aKiroyaBame, e ¢(y) € He3aBUCella OT y KOHCTAHTa, 3a KOSITO MOXKEM Ja
mpueMeM, 4e € paBHa Ha Hyna. M Taka mageHuar audepeHnnaneH u3pas mperuc-
TaBs IIbJICH AudepeHnranl Ha GyHKIusITa

F(x,y) = xy+ V1 + x2+/1 +y2.

wm ¢’ (y) = 0.

§ 15. UnTerpupam MHOKHTEJI

Y
Enno audepennnanHo ypaBHEHHE OT IbPBU PeJl, PEILICHO OTHOCHO q,p MOe
X
Jla ce MpeAcTaBd BUHATH BbB BUAA

(1) Pdx+ Qdy=0.

AKO TIpu TOBa JIsIBaTa My 4acT € IThJIeH nudepeHnuan Ha enna gyakmus F(x,y),
OOIIUAT My MHTErpasl ce Mojy4aBa, Karo MPUPAaBHUM Ta3u QYHKLIHUS C €IHA MPO-
M3BOJIHA KOHCTaHTa. Y HamcTHA Beska (QYHKIOHSA y Ha X, KOSTO YIOBJIETBOPSIBA

ypaBHeHHeTo F(x,y) = C 3a HIKOS HOCTOSHHA CTOMHOCT Ha C, YIOBIETBOpPSBA

oF
U choTHomeHueTo — dx + — dy = 0, T. e. ypaBHeHuero (1). O6parHo, ako y e

0x oy
d
HAKOS (YHKIIUS Ha X, KOSATO YIOBJIETBOpsBa ypaBHeHHeTo (1), To d—F (x,y) =0,
X

OTKBJIIETO cienBa, 4e F(x,y) = const. Pa3bupa ce, TBbpE peaku ca ciaydauTe,
KOTaTo JIsBara 4acT Ha €IHO YpaBHEHHE, NMPEACTaBeHO BBHB Bhma (1), € mbeiaeH

nudepeHma.
oP 00
Hue me npenmonoxum cera, 4e yCIIOBHETO 3 ax HE € U3ITBJIIHEHO H I
'y X
pasriename BBIIPOCa, TajH ChIIECTBYBa HAKOA QYHKIHUSA (X, y) HA IPOMEHIINBUTE
X Uy, C KOSTO, KAaTO0 YMHOKHM JBETE YaCcTU HA ypaBHeHUeTo (1), nsaBata My 4acT

Jla TIpefcTaBs bJieH nudepeHiman. Beska gyHkmus pu(x,y), KosATo MpUTEXaBa
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Ka3aHOTO CBOWCTBO M HE € THKICCTBEHO paBHA Ha HyJa, Ce€ Hapu4a MHTETPHPAII
MHOXHTEJ Ha TU(EPEHIMAIHOTO ypaBHeHHEe. KakTo BHIsSXMe B MpENHUS mapar-
pad, yciaoBueTo na mpenactass (X, y) eIUH HHTETPHUpAIl MHOXKHUTEN, Ce U3pa3siBa

upe3 ypaBHEHHUETO
ouP  ouQ ou Ou (OQ 8P)
== uym P -Q— =u )

2 = =
@) ay 0x ay 0x

ox 0Oy

Besika ¢yHKIms p(x,y), KOSTO YIOBIETBOPSABA YaCTHOTO NU(EPEHLHATHO ypaB-
HeHHe (2) M HE € THKIECTBEHO paBHA Ha HYJa, HPEACTaBsA €IWH HHTETPHPAI
MHOXXUTEN Ha ypaBHeHHeTo (1), ¢ moMomTa Ha KOWTO TOBa ypaBHEHHE MOXKE Ja
ce MHTerpupa upe3 1Be kBagparypu. Ho 3amauara 3a MHTErpupaHe Ha 4acTHOTO
mudepeHMaiHo ypaBHeHHE (2) MM 32 HAMUpPaHE Ha €IMH CaMO HEroB 4YacTeH
WHTETpajl, KOUTO J1a HE € THXKAECTBEHO PaBeH Ha Hyja, € M300II0 TO-CI0XKHA
OT 3ajla4aTa 3a MHTETPUpaHe Ha JaJACHOTO OOMKHOBEHO AM(EPEHIMATHO YpaBHE-
Hue (1). ETo 3amo u MeTonsT 3a MHTETpUpaHe Ha €AHO AudepeHuraTHo ypas-
HEHHE 4pe3 MHTErpHupal] MHOKHUTEN HE BOAM M300110 KbM curypes pesynrar. Ho
B HKOM CHELHATHU cIydal MOXKE Jla C€ ONpeNeiIy eIUH UHTErPUpal] MHOXKUTEI
[0 M3KYCTBEH HA4YMH, KaTO OMHTBaMe HalpUMep Aaiu Au(epeHInaTIHoTO ypaB-
HeHue (2) MOXKe Jja ce YIOBJIETBOPH 3a HsIKOA (yHKLHUS U, KOSTO 3aBHCH CaMO OT
TIPOMEHIMBATA X HIIM CAMO OT y, WJIH ¢aMo OT x> + y> | mp.

3a ;a y3HaeM HalpuMep Jald ChIIECTBYBA HHTETPHPAL] MHOXKHTEIN [, KOHTO
Jla 3aBHUCH €aMo OT X, TpsiOBa J1a MPHIOKUM YpaBHEHUETO (2) a—'l; =0u Z—'Z = %

Torasa cren HIKOM MPOCTH MpeoOpa3yBaHus MOTydaBaMe

oP 90
ldu 9y ox
p dx o
Ilonexxe ngBaTa 4acT Ha MOCJICAHOTO PAaBCHCTBO HC 3aBHMCU OT Yy, HALICTO IPCI-

IIOJIOKEHHUE, Y€ CBIIECTBYBA MHTCIpHUpAIl] MHOXHUTE, 3aBUCENI] CaMO OT X, MO-

1 [OP 0Q
e ga OpJe BAPHO camMoO ako — [ — — —— | He 3aBucH OT y. B TakeB ciy-
O \dy Ox
gail 4 MOXKe J1a ce ONpEeNeNIH Upe3 eaHa KBamaparypa. Taka 3a JTHHEHHOTO ypaB-
Henue (X1y + Xp)dx —dy = 0 umame P = X1y + Xo, O = —1 u u3paspT
1 /oP O
— | = - 90 = —X| OYECBHAHO HE 3aBUCH OT y. CIemOBaTeIIHO TO IOIYyCKa
O \dy Ox

HMHTErpupall MHOXHUTEN, KOUTO 3aBHCH caMoO OT Xx. B ciaywas y e uHTerpan Ha
YPaBHEHHETO

e _

= —X1, OTKBJETO U = eXp (— /X1 dx> .
pdx
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Cp1110 THII ce IoKa3Ba, 4e HE0OXOAUMO U JOCTaThUHO YCIIOBUE, 3 Jja JOIIyCKa
mudepeHaiHoTo ypaBHeHue (1) eauH HHTETpUpall MHOXHTEI, KOWTO a 3aBUCH

1 /00 OP
CaMo 0T y, € M3paskT — | —— — - | Ja Obae QyHKIUSA caMo Ha Y.

ox Oy

AKo Wckame J1a y3HaeM Kora ypaBHeHHeTo (1) mMa WHTerpupam MHOKHTEI
oT BUma u = ¢(x* + y?), HocThIBaMe Thil. O3HAYaBaMe 3a KPaTKocT X + y> ¢ u

u 3amectBame B (2) a—ﬂ c 2x¢’'(u) u a—'u ¢ 2y¢’(u). ToraBa ypaBuenuero (1) ce
X y
oOpsbIna B
0Q oP
¢'(u) _ dx By
)  yP-xQ°
IToHexe nABaTa 4acT HA TOBA ypAaBHEHHE 3aBUCH CaMO OT U = x> + Y2, CBIIOTO

TpsiOBa J1a BaKH U 3a msicHaTa. U Taka, 3a ma mMma ypaBHenueto (1) mHTErpHpan
MHOXXHUTEN OT BUAA u(x,y) = ¢(u), HCOOXOAMMO YCIOBHE € U3pPa3hT

00 _op
ox 0Oy
yP - xQ

la 3aBHCH caMo OT x° + y?> = u. CBIIOTO yCIOBHE € U JOCTaThuyHO; aKO TO €
U3IBIHEHO, QyHKIMATA (X, y) = (1) ce moiaydaBa upe3 eaHa KBajaparypa. Ta-
Ka HampuMep ypaBHeHHETo (x + ky)dx + (y — kx)dy = 0 momycka MHTETpHpar
MHOKHUTEI OT BHAA i = (x> + y?), 3am0T0

0Q oP

ox oy 2% -2

yP—xQ  k(2+y?) x2+y> u

3aBUCH caMo OT u = x° + y*. Tyk Aud)epeHnuatHoTo ypaBHEHHE 3a

o(u) u ® u

1 y) = oy e 220 = 72y 82 - 1

s

C
OTKBAETO @(u) = —. W Taka B pasmiexgaHus clydail YpaBHEHHETO MPUTEXKaBa
u

MHTETPUPALL MHOXHTEI ((X,y) = —5——

x= +
HanpuMep ctoifHoctTa 1. OOImUAT MHTErpal Ha AaACHOTO AU(EPEeHINAIHO ypaB-
HEHUE €

7 Ha xoncranTara C MoxeM Ia maJlieM
y

1
—In(x* +y*) - k arctg Y~ const.
2 X
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[To mogo6eH HaYMH ce HaMHUpaT U yCIIOBUATA, IIPU KOWTO €IHO NHU(epeHITHAITHO
YpaBHEHHUE JI0ITyCKa UHTErpupall MHOKUTEN, KOMTO [1a 3aBUCH caMO OT — WJIM OT

X
Xy, WJIKX II'bK Oa 6’[;,[[6 XOMOI'CHHA (bYHKLII/ISI Ha X Uy OT HAKOs CTCIICH U IIP.

3amaun

1. Jla ce unTerpupa mudepenimanaoro ypasHenue y> dx + (xy — 1)dy = 0,
KaTo ce 3Hae, Ye TO JAO0MYyCKa MHTETPHUpAIll MHOXKHUTEN OT BHAA U = ¢(x . y). ChImo
TBHH JJa ce HaMepH U IPYT WHTETPUPAII MHOKHUTEN, KOWTO Ja 3aBHCH Camo OT Y.

2. Tudepenrmanuoro ypasaenne y(x> + y?) dx + x(xdy — ydx) = 0 nomycka
€/IMH WHTETpUpal] MHOXKHUTEJ, KOWUTO € XOMOreHHa ()YHKIMS HA X U y OT —3-Ta
cterieH. [la ce HaMepu TO3M MHOKUTEN U CJeJ] TOBa Jla c€ MHTerpupa audepeH-
LMAJIHOTO ypaBHeHue. [la ce jokaxke, 4e ChINOTO NU(PEPEHIUAIHO YPaBHECHUE
MIpUTEXaBa U IPYT MHTETPUPAI] MHOKHTEN OT BHIA

X 2 2
p=ep(x” +y7).
3. Axo P u Q o3HauaBaT XOMOTeHHHU (DYHKUUH Ha X U y OT m-Ta CTENEH, a
ce Jokaxe, uye ypaBHeHuero Pdx + Q dy = 0 gomycka HHTErpupamus MHOXKHUTEN

1

ux,y) = m

Ynwvmeane. 1lpu gokaszarencTBoTo ce u3noia3pa OUIepoBOTO CBOMCTBO Ha XO-
MoreHHHTEe (DyHKIMU P u O, ciopes KOeTo

P 9P 00 00

4. bepuynmueBoTo audepeHnuanio ypaBaenne (X1y + Xpy™)dx — dy = 0 mo-
IyCKa MHTErpUpall MHOXHUTEN OT Buaa u(x,y) = y "e(x). Ja ce Hamepu TO31
MHOXHTEI.

§ 16. OO0 B HA MHTErPUPALIIUTE MHOKHUTEIH

B npennus naparpad BUAsXME KaKk MOXEM B U3BECTHHU CIIyda Ja HAMEPUM
€IMH WHTETPHpAI MHOXHUTET Ha AU(EPEHIIMATHOTO YpaBHEHNE

(1) Pdx+ Qdy=0.
Tyk mie mokaxxem, 4e TOBa ypaBHEHHE NPUTEkaBa 0e30pOIHO MHOTO WHTETpHpa-

[ MHOXKHTENH, IIOM Karto (hyHKIUATA 0 (wmm _F) YIOBJIETBOPSIBA YCIIOBUSI-

Ta, IpHU KOUTO JOKazaxM€ T€opEMara 3a ChbUICCTBYBAHEC HAa MHTCTPAJIH. B TaknB
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ciydait ypaBHeHreTo (1) mpuTekaBa, KaKTO 3HAEM, €IUH OOI WHTETpall, 3aBH-
Celll OT €/1Ha NMPOU3BOJIHA KOHCTaHTa. PellleH 0THOCHO MpOU3BOIHATA KOHCTAHTA,
Toii mMa Buaa F(x,y) = C. Beska ¢gyHKIHS y Ha X, KOSATO yAOBIETBOpsBa nude-
peHIMaIHOTO ypaBHeHue (1), MOXe Jla ce MOJIy4YH OT MOCJIESTHOTO YpaBHEHHUE 3a
HSIKOS CcTielMaHa CTOMHOCT Ha KoHcTaHTara C. AKO cleoBaTesHo y = y(x) € Hi-

KOsl (DYHKIIMS Ha X, KOSTO YIOBIETBOPSBA JalIeHOTO AM(EepeHIINaTHO YpaBHEHUE

F oF
TS YIOBJIETBOPSBA CBHIIO U NU(PEPEHIINATHOTO YpaBHEHHE I dx + ™ dy = 0,
X y

moirydeHo upe3 maudepenmpane Ha obmus uHTerpas. OT TE3W ABE YpPaBHEHHS
HamHpame

oF oF
d_ P _ox . P_ox
=TS ToF Mt g oF
dy dy

BepHocTTa Ha TOCIEAHOTO PaBEHCTBO, ABETE YaCTH HA KOETO ca (PYHKIHU Ha X
Uy, € YCTAaHOBEHA IIPU IPEAIONI0KEHUE, Y€ B HETO IPOMEHJINBATA Y € 3aMeCTeHa
c eqHa QyHKOHA Ha X, KOSATO YIOBJIETBOpsiBa Au(epeHunanHoro ypasuenue (1).
Hawama yen e oa 0okadicem, ue Cbujomo paseHcmeo e mwvicoecmeo U OMHOCHO
0seme He3ABUCUMU NPOMEHTIUBU X U Y.

HocTraTbuHO € 3a Ta3u 1e Ja JOKaKeM, 4e ako (Xg,yo) O3Ha4aBa €IHa Mpo-

M3BOJTHA CHICTEMa 3HAYCHHS 32 X U Y OT 00NacTra, B KOATO (PYHKIIHAATA _é e

HeIpeKbCHaTa M yIOBJIETBOPSBA YCIOBHETO HA JIMIIIMIL, TO BEIPOCHOTO PaBEH-
CTBO € YAOBJIETBOPEHO 3a X = Xp U ¥ = yo. Jla 03HauuM ¢ 17(x) OHsI UHTErpaj Ha

mudepenranHoTo ypaBHeHue (1), KOWTO mpueMa CTOMHOCT yp 3a X = Xxp. Karo

oF OF
MOJIOKUM y = 71)(X) B JIBE€T€ YaCTH Ha PaBEHCTBOTO P : Q = I : o TO ce
X y

00pbIna, KakKTO BHASXME, B THKIECTBO OTHOCHO Xx. CrienuaiHo Tpu x = xg 17(xg)
€ paBHO Ha Yo U CIEIOBATEIHO

oF
P(x0,y0) _ | dx
O(x0,0) oF
W/
oF OF
UM Taka 3a Bcska cuctema 3Ha4Y€HUs Ha X Uy umame P : Q = a— : a—, OTKBIETO
X oy
oF F
ClIeqIBa, Y€ JIBETE CHOTHOIICHUS I :Pu By : O ca paBHM Ha €IHA W ChHINA
X Y
¢dbyukuus u(x,y). JlecHo e na ce nposepu, ue u(x,y) € MUHTErpUpai] MHOKHUTEN Ha

OoF F
ypaBHenueTo (1), 3amoTo uP = P uQ = N THU 4e u3pa3bT uPdx + uQdy e
X y
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eJIeH audepernrai Ha pyHKnusaTa F(x,y).

Hexa 3abenesicum, ue usnodceHomo 00Kazameicmeo 3a Cbuecmeysane Ha
€OUH uUHmezpupay MHOJICUMesl ce OCHO8A6A HA MeoPeMama 3a CoueCmey8ane Ha
unmezpany u c1e008amento UMa camo meopemudHo sHaveHue.

Ot uHTEerpupaIys MHOKUTEN ((X,y) MOXKEM J1a HaMepuM 0e30poitHO MHOTO
npyru 1o cnenaus HadnH. O3HauaBame ¢ O(u) eaHa Mpon3BOIHA (PYHKIUS HA U,
KOATO TPUTEKaBa HENPEKbCHATa IIbPBA MPOM3BOAHA M HE € KOHCTaHTa. ToraBa
Besika (yHkuus A(x,y) ot Bupa A(x,y) = ®(F). u(x,y) € CbIl0 HHTEIPUPAIL
MHOXXUTE Ha ypaBHeHHeTo (1), 3amI0To, Cliefx Karo YMHOXKHM JABETE YacTH Ha
TOBa ypaBHEHHE C A(X,y), JsBaTa My 4acT ce oOpblla B IbJIeH JudepeHuanl Ha
®(F(x,y)). Ha oOmus uaTerpan Ha ypaBHeHHeTO (1) MOXKe 1a ce Jaje OIle BUIBT
®(F) = const, kpuero ® o3HauyaBa egHa mpou3BoyiHA QyHKOUS Ha F. B ciayuas
CBIIECTBYBaHETO Ha 0€30p0il MHTETpHUpaIl MHOKHUTEIH CE SBSBA KaTo CIEICTBHE
oT Qakra, ye oOLIMAT MHTErpajl Ha ypaBHeHHETO (1) MOXXe a ce mpeAcTaBH IO
6e30poii HaunHN BBB BHAa F(x,y) = const. Taka Hampumep ypaBHeHHsATa F =
const, F? = const, e = const u mp. ca exBUBaNEHTHHU.

Ob6parHo, ako A(x,y) € HIKON MHTErpupall MHOXKUTEN Ha ypaBHeHHeTo (1),
TOW MOKe ga ce moiayud oT (opmyrnara @' (F) . p(x,y) Opu DOAXOASI] HU300D
Ha ¢ynkuusata ©. C npyru nymu ot dopmynara A(x,y) = O'(F) . u(x,y) morar
Jla ce TOIydYaT 6cuyKy WHTETPUpPAIIM MHOXHTENH, Karo u30WpaMe 10 BCHYKH
BB3MOKHH HauWHH HpousBonHata ¢pyHKius @. Toa e mpsko clieCTBHE OT enHa
BaKHa TeopeMa Ha TU(EPEHIINATHOTO CMATaHe, JOKa3aTeJICTBOTO Ha KOSATO e
U3JI0KUM B CIIeIHUS maparpad.

§ 17. IlomomHa TeopemMa oT TU(PEPEHUNATHOTO CMIATAHE

Kassame, ye mMexnay nse dbyHkmwmm u = g(x,y) ¥ v = h(x,y) Ha IBeTe He-
3aBUCUMH TPOMEHIIUBU X U y CHIIECTBYBa (PYHKIIMOHATHA 3aBHCHUMOCT, KOTaTO
CBIIIECTBYBa €HO YpaBHEHHE Mexnay u u v, O(u,v) = 0, KOETO HE € THKIECTBO
10 OTHOIIICHUE Ha U U V, HO C€ O0PBIIA B THKIECTBO OTHOCHO X M Y, IIOM 3aMec-
TAM B Hero u ¢ g(x,y) u v ¢ h(x,y). Taka HarpuMep MeXAy QYHKIUUTE u = X + Y,
v=(x+ y)2 ChIIECTBYBa ()YHKIIMOHATHATA 3aBUCUMOCT w—v = 0; cpmIO TBH

MEK Ty
u=x\/1+y2+yVi+x2uv=Vi+x22y/1+y2+xy
chllecTByBa 3aBucumoctTa v> — u? = 1. Ilpu npeanonoxenue, ye (yHKIUUTE

g(x,y) m h(x,y) mpuTexaBaT HENPEKbCHATH YaCTHU MPOU3BOJHH OT IIBPBHU DEI,
HUE 1Ie TOKKEM CIIeJHaTa TeopeMa:

3a da cvwecmsysa QyHKYUOHATHA 3ABUCUMOCT MeNCOY DyHKyuume u =
g(x,y), v = h(x,y), HeobX00UMO U 0OCMaAmMvyHO e MAXHAMA QYHKYUOHAIHA Oe-
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mepMuHanma
og 08

ox 0Oy

S o an

ox 0Oy

0a e mvocoecmeeHo pasHa Ha Hyld.

Jloka3areJjicTBo.

1. Axo mexny ¢ynkuuure u = g(x,y) u v = h(x,y) cblllecTByBa (yHKIHO-
HamHa 3aBucuMOCT D(u, v) = 0, To, Karo 3amecTuM u U v ¢ g(x,y) u h(x,y) u ciexn
TOBa MU(EpeHIpaMe YaCTHO OTHOCHO X U Y, MOJy4YaBaMe

00dg OVOh _  0Ddg 0DOh _

- 4+ — =0; - + — =
ou 0x  Ov 0x Ou dy  0v Oy
oo 00
IMonexe o @ By HE Ca TEKICCTBCHO PABHH Ha HYNa (3amoTo B MPOTHBEH
u v

ciydaii pynkimara @ Oum ce peaynupaina Ha €IHA HE3aBHCEIIa OT U U V KOHC-

TaHTa), TO OT MOCJICTHUTE PAaBEHCTBA CJIE/[BA, Y€ HEMPEMEHHO (PyHKITMOHATHATA
0g Oh 0g Oh
ACTCPMUHAHTA A=—=.——-—"=.—¢ THXACCTBCHO paBHA Ha HYJIA.
Ox dy Ody oOx
2. Jla momycHeM cera oOpaTHO, Y€ JeTepMUHAHTaTa A € THXKIECTBEHO paB-

Ha Ha HYyJIa B U3BECTHaA obnact. Hue e IpueM OCBCH TOBa, Y€ BCUYKH YCTHPU

0g 0O0g Oh Oh

HIPOU3BOIHU ——, ——, ——, —— HE Ca THXKIECTBEHO HyIM B 00JacTTa, 3alioTo B
0x dy O0x Ody

MPOTHBEH ciydail GyHKuunTe g W h He OWxXa 3aBUCENM HUTO OT X, HUTO OT Y.

AXo Hampumep a—g € pa3IuyHa OT HyJa, ChIIECTBYBa (CHIVIACHO C TeopeMara 3a

HesiBHUTE (DYHKIMHW) efHa QYHKIUU (X, 1), KOSTO, 3aMECTeHa BMECTO y B ypaB-
HeHmnero u = g(x,y), ro odpbma B ThxIecTBO. [la 3amectum B v = h(x,y) y
Y (x,u); molydyaBaMe ypaBHEHUETO v = h(x, ), KOeTo u3passiBa v upe3 u u x. To
MIPECTaBS OYEBHIHO pE3yiTara OT CIMMUHHPAHETO Ha y OT JBETE YPaBHEHWS
u = g(x,y), v = h(x,y). Hue me mokaxem, de GpyHKmmsTa h(x,1) 3aBUCH CaMo
oT u (mocpeacTBoM ), HO He U OoT x. Jla audepeHuupame 3a Tazu 1nen QyHk-
uusita v = h(x,y) yactHo oTHOcHO x. [ToHexe /(x,y) 3aBUCH OT X HaAmpaBoO U
IIOCPELCTBOM I/, TO
ov Oh Oh Oy

ax ox " dy ox’

Ho uactHara npousBogHa ax ce ompezens OT ypaBHEHUETO u = g(x,y), KOETO
X

nedwuHUpa Y kato GYHKIWS HAa X U u. Upe3 audepeHmpane Ha TOBa ypaBHEHUE
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CIIpAMO X HaMUpaMe

dg Og Oy oy  0Og  Og
0=—=+—=-— —_ = =
ox dy Ox’ OTKRACTO o Ox 0Oy

W v
Karo 3amecTiM Ta3u CTOMHOCT Ha -, B H3pasa 3a ., ronyuasame
X X

oh dg oh g

@_%'ay ay'ax_;A
ox og _@’
dy dy

KBJIETO HABCAKBIE y TpsAOBa 1a 3aMecTuM C ¥(x, v). IloHeke 1Mo penrnooKeHne

v o
A =0, To E = 0, xoeTo moKka3Ba, ue QyHKIUATa v = A(X, ) ISHCTBUTEIIHO HE

3aBUCH OT x. M Taka, ako eIMMUHUpaMe y OT JBETE ypaBHEHHATA u = g(x,y),
v = h(x,y), ChIIEBPEMEHHO C€ eNMMMUHUpPA U TIPOMEHIIMBATa X, Thi Y€ eIMMUHA-
IHOHHUAT pe3y/ITaT MOXKe Ja ce MPEICTaBH BbB BUIa v = ¢(u). A ToBa ypaBHECHHUE
MpeJCTaBisiBa eiHa (PYHKIIMOHAHA 3aBUCUMOCT MeXIy u = g(x,y) u v = h(x,y).

Jla mpumoxuM J0Ka3aHaTa TeopeMa 3a PEIICHHETO Ha BBIIPOCa, KOUTO CH
MocTaBUXMe KbM Kpasi Ha MuUHaius naparpad. Heka p(x,y) u A(x,y) ca nsa uH-
Terpupamy MHOXHTENS Ha ypaBHeHneto Pdx + Qdy = 0. Torasa chmecTByBar
nBe ¢yakuuu F(x,y) u Fi(x,y), Thii ue

%I; = puP; ?91; = HO; % = AP, a;;l =10.

OT Te3u YeTHpH penanuu 3akiodaBame (Kato emuMmuHupame A, u, P, Q), de

oF, 0F,
o,
oF OF '
dax  dy

CopracHO ¢ JoKaszaHaTta IO-rope TeopeMa Mexny (ynkuuure Fi(x,y) nu F(x,y)
TpsiOBa 1a ChIIecTBYBa (yHKIHNOHATHA 3aBUCHMOCT: F| = O(F). CriegoBareinHo

0F oF
L o (F)=—
0x ( )Bx
oF, OF
WA KAaToO 3aMECTUM ar u ™ ¢ paBaute uM AP u uP u cpkpatum Ha P,
X X

A= (F). L
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W Taka wHTETpHpAmUAT MHOXHUTENT A(X,y) MOXKE Ja ce Molydd oT hopmynara
@' (F) . u(x,y) npu noaxonsw u3bop Ha QyHkuusaTa @, KOETO HCKaxMe Ja JAoKa-
KEM.

OT TO3M pe3ynTar cieiBa MeXIy IPYroTo, 4e ako (4 U A ca JBa UHTETpHpally
MHOJKHTEIIS, OTHOIICHUETO HAa KOMTO HE € PaBHO Ha HSKOS KOHCTAHTA, OOLIMAT
MHTETpall Ha YPaBHEHHETO € A4 = const.

u
[TocnenHOTO ypaBHEHHUE MOKE Ja CE MPEACTAaBU HMEHHO Taka:

@’(F) = const,

WM Karo pemuM oTHOcHO F, F' = const, KoeTo mpeacTaBs HaWCTHHA OOLIHS
nHTerpan. Taka HanpuMep ypaBHEHHETO

dx N dy
V1i—x2 /1-y?

[pUTEkKABA J(BATA UHTETpUpAd MHOKHUTENS 4 = 1 u A = x /1 —y2 + y VI — x?;
OOIUAT My WHTETPAN € CICTOBATCITHO

A
Z=xy/1-y2+yVI -2 = const.
u

B u3BecTHU ciydyan pokazaHWTE CBOWCTBA Ha WHTETPHPAIIUTE MHOXHTEIH
MOTar jia MoCIyXar 3a HAMUPaHE HAa TaKbB MHOXHUTE] Ha €IHO JU(EPECHIIUATHO
ypaBHeHue. [la pasrmename HanpuMep ypaBHEHHETO

(aydx + bxdy) + X"y"(cydx + kxdy) = 0,

B KO€TO a, b, ¢, k, m, n 03Ha4aBar JaJicHU KOHCTAaHTU. Bcekn mHTETpUpany MHO-
kuten Ha ay dx + bx dy uma Buna

1
—p(xYy?)
Xy
U CBLIO BCEKU UTErpupal MHOoXuTeNI Ha X"y (cy dx + kx dy) uma Buga

X ly—n—l'ﬁ(xcyk)‘

Te3u Ba HHTErPUPALLH MHOXKHTEIIA 11e OBIAT paBHH, ako Y(x“y~) = xy"p(x2yP).
Hue mie ce onurame fja yAOBIETBOPUM TOBA PABEHCTBO MPH NPEAIONIOKECHUE, Ye
dbynakmunte (1) 1 Y(u) umar Buga o(u) = u®, Yy(u) = uP | xbeTO moKazarenauTe @
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U  ca HEONpEeIeICHH KOHCTAaHTH. 3a Ja ObJe PaBEHCTBOTO (x“y")ﬁ = xmy"(x“xb)“
TBXKAECTBO, TPsIOBa @ M B a YIOBJIETBOPSIBAT ABETE JTUHECHHH YpaBHEHUS:

ax+m=cB, ba+n=kp.

Axo ’ bk { # 0, Te3u ypaBHEHMs UMAT HAITBIIHO OINPENENICHO pelieHue. B Ta-
KbB CIIy4ail JaJIeHOTO AudepeHInaTIHO YPaBHEHUE IPUTEKABa eIUH HHTETPUPAIL]
MHOXHTEN 0T BHAa u(x,y) = x4yB.

Axo nmu ‘ b ‘ = 0, TO ChIlIECTBYBa €JlHa KOHCTaHTa A, Thil ue ¢ = Aa, k = Ab
(mpenmonarame, 4e €IHO OT YUCHATA @ U b € Pa3IUYHO OT HyJa); CICIOBATEIHO
YpaBHEHHETO MOXKE Jla Ce€ MPEJCTaBH TaKa:

(AX"Y" + )(aydx + bxdy) = 0,

" [Ja C€ MHTCTprpa Ype€3 OTACIAHC HA IPOMCHINBUTE.

§ 18. CpOupare/Hu TeopeMH HA HSAKOU TPAHCUEHJACHTHH QYyHKIHMHU

Kato BTOpO mpmiioxeHne Ha JoKazaHaTa B MHHAJUS maparpad Tteopema TyK
e MOKa)kKeM KaK MOTaT Jla c€ W3BEelaT C IOMOIITA Ha Hes Thi Hape4YeHUTE Ch-
OupatelHd TeopeMH Ha QYHKIHHUTE e U Sin X, M3X0XKIAAWKN OT MeUHUIIUATA Ha
TeXHUTE 00paTHU QYHKIMH In x 1 arcsin x 4pe3 onpeesieHd UHTETPaIH.

Makap u Taka IOoJy4eHHUTE pPe3yaTaTH Jia He ca HOBH, CAMHAT METOJl € OPUTH-
HaJICH W U3BBHPEIHO IJIOMOBUT U, KAKTO M€ BUAWUM, C€ TIpHUjIara yCIrenHo U Mpu
M3BEKIAHETO Ha ChOMpaTeHuTe (GOPMYNIM Ha CIMITUYHUTE (PYyHKIMH, KOUTO ca
OwIM BBBENIeHU B aHanmm3a oT Aben u SIkoOu nMeHHO KaTo oOpaTHU (PYHKIINU HA
HSIKOU ONPEICIICHU HHTETPAIIH.

Ha mpuem, ye ¢yHkmusTa In x (HarypaneH JIOTapuThbM Ha X) HU € CHBCEM
Hero3HaTa .

Hue moxem nma s meduHMpame 3a MONOKUTETHH 3HAYEHUS HA X 4Ype3 OIl-

X
X

peaciaeHnua UHTETrpall f(x) = / —, pasmiIexKaaH KaTo (1)yHKLII/I$I Ha ropHara cu
1 X

1
rpanuna. OT Ta3u nepuHHUIMA ciienBa HampaBo, e f'(x) = — u4ue f(1) = 0. 3a
X

Jla W3BEACM Bh3 OCHOBA Ha Ta3W JCe(QUHHIMS MO3HATOTO (YHKIIMOHATHO ypaBHE-
Hue f(x,y) = f(x) + f(y), MoxxeM Ja mocThMM Taka. JIecHO € Ja ce mposepw,

*Tlono6Ho nomyckaHe He ce Hysxkuae oT onpapianue. Ho Heka 3a0eexuM Ty, 4e TO € Chb-
00pa3Ho U ¢ UCTOPHIECKHUS Pa3BOil HA MaTeMaTHUecKaTa Hayka, 3all0TO Ha OCHOBATENINTe Ha WH-
TErpajHOTO CMATaHe JjorapurMu4Hara (yHkuus e Owna HeussectHa. U ako Hemep u HeroBute
CHBPEMEHHHIM He 0s1Xa M3MpPeBapiiy Ja s AeuHUpaT (KaKTo JAHEC € OOIIONpPUeTo) KaTo oOpaTHa
(GyHKIUS Ha MOKA3aTelIHAaTa, TS CHUTYPHO Iiemre a ObJe OTKPUTA C IOMOINTa Ha WHTETPAIHOTO
CMSTaHE IO U3JI0KEHUS TYK WIN MOA00CH HAuuH.
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ye Mexay QyHkmuuTe 4 = x.y u v = f(x) + f(y) cpmecTByBa (yHKINOHAIHA
3aBUCUMOCT, 3al10TO

ou Ou

ax ay| |V °
avc'iv:llzo'
ox agy| XV

Crmopen ToBa TpsOBa f(x)+ f(y) ma 6bae Hakos GyHKIES Ha xy: f(x)+ f(y) =
@(x.y). DopMara Ha QYHKIHUATA ¢ MOXKE JIECHO JIa CE OIPE/EIH, KaTo MOJIOKHM
B mocienHoto paBeHcTBO ¥ = 1. [lomyuaBame f(x) = ¢(x), T.e. dyHKIHATA ©(X)
TpsiOBa na ¢ maeHTHYHA ¢ f(x). U Taka f(x) ymomierBopsiBa (pyHKIIMOHAIHOTO
ypaBaenne f(x) + f(y) = f(x.y). da ozHaunm c E(¢) oOparHata QyHKIHS Ha
f(x), nepunupana upe3 ypaBHeHuero f(x) = &. IloHexke f(x) pacTe oT —oo JI0
+00, Korato x pacre oT 0 mo co, Ha BCSAKa peajdHa CTOHHOCT Ha & 4pe3 TOBa
ypaBHEHHE OTIrOBaps €IHa HAITBJIHO OTpeJleNieHa ITOJIOKHUTEIHAa CTOMHOCT Ha X,
kosATo (kato (yHkims Ha &) Oenexum ¢ x = E(£).

ScHo e, ue ypaBHeHuaATa & = f(x) u x = E(£) ca paBHocuiHHU. Jla 03HauuM
[0-HATaThK ¢ & U 77 IBE MIPOU3BOIHHU PEANHU YKCIA U Ja MOJIOKUM

x=E®), y=E@®.

Axo 3amectuM x ¢ E(£) u y ¢ E(77) BbB (PYyHKIMOHAJIHOTO ypaBHCHHE Ha
¢yukuusaTa f(x) u B3eMeM npensun, ye f(E(E)) = &, f(E(n)) = n, e NOIyIuM
&+ n = f(xy), otkpaero xy = E(€+n) unu E(E+n) = E) . E(n).

Taka oT QpyHKIMOHATHOTO YpaBHEHHE HA JIOTapuTMHUYHATa QYHKIMS f(X) 13-
BeZoxMe (pyHKIIMOHAITHOTO YpaBHEHHE Ha oOparHara u ¢pyHKius E(£), koero u3-
passiBa THil HapedeHaTa chOMpaTenHa TeopeMa Ha mokaszarenHara QyHKOus. OT
camara aehunumms Ha E(£) cnensa, de:

1) Ts e neduHUpaHa 3a BCAKO peallHO 3HaUYeHHE Ha & U IpHeMa caMo MOJo-
KHUTEIIHU CTOHHOCTH;

2) E(¢) e HempekbcHaTa KaTo oOpaTHa (yHKIMS HAa HENPEKbCHATaTa PacTs-
ma yHKums f(x);

3) E@0) =1, mouexe f(1)=0.

AKO 03HauMM OCBeH TOBa KoHcTaHTaTa E(1) ¢ e, JIeCHO € Ja ce JOKaxe ¢
TToMoIITa Ha (yHKITHOHATHOTO yYpaBHeHHE, ue E(m) = ¢ 3a yenu (TIONOKATETHI

N OTpI/ILIaTeJ'IHI/I) 3HAaYCHUEC Ha m. HO-O6].LIO, aKo r = — € C€JHa paluoHaliHa

()} -e(3 ) o

Ipo0, To

eP

’
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OTKBIETO
P
E <p> =Vel =eq, Te. E@I)=¢,

KaKBOTO M [a € PAalMOHAIHOTO YHCIO r. 3a Ja YCTAHOBHM HAECHTHYHOCTTA Ha
Hamara Qynkuus E(£) ¢ mo3HaTaTa HM OT aHanu3a IoKasaTelnHa (yHKIus ef,
0CTaBa OIle J1a JOKaXeM, Y& KOHCTaHTaTa

. 1\"
E(l1)=e epaBmana lim (1 +—-] .
n—oo n
Jla o3HAUMM 3a Ta3W IEI C d, MOJOKHUTEITHOTO YHCIIO

1 0 d
an=f<1+n>=/1 7,

KbIACTO n O3HaA4YaBa HAKOC IISJIO ITOJIOKUTCIHO YHCIIO. Ilonexxe MUHMMAaIHATA U

1
MaKcHMaliHaTa CTOMHOCT Ha MOAMHTErpanHara QyHKIUS — ca PEeCleKTUBHO paB-
X

n
HH Ha 1Hl,To

n+

1
<a, <— wum <na, <1

n+1 n n+

M clenoBaTenHo lim na, = 1.

n—oo

1
Ho cwrimacuo ¢ nedpununusara Ha a, umame E(a,) = 1 + — WU KaTto MOBIUT-
n

n
HeM Ha n-Ta crened E(na,) = <1 + ) , OTKBJETO (MOopaan HEeMPEeKbCHATOCTTA
n

na E(¢) npu & = 1)
lim E(na,) = E(1) = lim (1 + ’11> .

[To mogoOeH HaYMH MOTaT Ja Ce M3Be/laT BCUYKH CBOWMCTBA Ha Sin & OT Te3U Ha
oOparHara ¥1 GyHKIHUS arcsin x, qeUHUPaHA Ype3 ONpeAeNneHus HaTerpan f(x) =
/ T odx

0 Vi—x2

Pasbupa ce, ako MckaMme Ja ce OrpaHMYMM CaMO B O0JIaCTTa Ha PEasTHUTE

gucna, TpAOBa Ja MOAYMHMM X Ha YCJIOBHETO Ja He W3JH3a BbH OT WHTEpBaja

(=1,+1). Axo x u y o3Ha4aBar JB€ HE3aBUCUMHU MPOMEHJIUBH, JICCHO MOXE Jia Ce
MIPOBEPH, Y€ MEXKIY (PyHKIIUUTE

u=xy/1-y2+yV1-22, v=fx)+f()
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CBIIECTBYBa (D)YHKIIMOHAJIHA 3aBUCHMOCT:

o)+ 0 = (xV/T=3 4y VT =2).

OyHKUMATa (1) C€ ONpEeaes, Karo MOJ0KHUM B MOCIEAHOTO PABEHCTBO y =
0. To ce obppma B f(x) = ¢(x), Thil 4e QyHKITHATA

Y o dx
f(x)-/o =

YAOBJIETBOPsBA (DYHKIIMOHAIHOTO YpaBHEHHUE

f@+f0) = £ (xV/T=)2 +yVT=2).

Obparnara ¢pynkuus S (£) Ha f(x) = & e nedpuHMpaHa eJHO3HAYHO B MHTEpBaia

_5 < f < E 4pe3 ypaBHCHHUETO

o dx

0 V1-—x2

é'::

AXO TIOJIOKHM, KaKTO TI0-TOpe TpH JoraputMudHata GyHkuust x = S(£), y = S(n),
noon

KBJIETO & M 1) ca JIBE TIPOU3BOJIHM YHCIA OT HMHTEpBaIa (—5, +§), cymara Ha

KOUTO CC CbhbAbpiKa IaK B CbIIUA WHTCPBAJ, TOPHOTO (bYHKI_II/IOHaJ'IHO YpPaBHCHHUC
MOXKE Ja C€ HaITMIIC OIS TaKa:

§+r]=f<X\/1—y2+y‘/l—x2) wi SE+n) =x1-y2+yVI—x2

WA OIIlE
SE+m) =SEV1=82m)+Sm) /1 -S2%é).

[Mocrnennotro (QyHKIMOHATHO ypaBHEHHE H3pa3sBa ChOMpaTeHaTa Teopema 3a
¢ynkupmaTa siné. Ho aHanuTHYHMAT XapakTep Ha Ta3u (PYyHKIWSA U PEIUIa BaXKHH
HelHH CBOMCTBA, KaTO MEPUOAMYHOCT U Tp., MOTar Ja ObJIaT YCTAaHOBEHH I10 TOP-
HUS aHAJIMTUYEH BT CaMO KaTo MPEeMHHEM B KOMIUIEKCHA obnact. Hawama yen
myK Oeute camo 0a umocmpupame ¢ 08a NPOCMU NPUMeEpPA eOUH YUCHO AHATUMU-
yen Memoo 3a deuuupaHe u u3yvadaHe CEOUCMBAMA HA KAACUYECKUmMe mpan-
CYyeHOeHmHU QYHKYUY, U3X0XHCOAUKU om Oe@UHUYUAMA HA mexHume oopamHu
@yrKkyuu upes onpedereHu uHmezpaiu, U ia MOJAroTBUM IO TO3U HA4YHMH YeTela
3a MPUJIATaHEeTO Ha TO3U METOJ U B TEOPHSITA HA CIMINTHYHUTE (PYyHKIIUH, UMCHHO
IIpH U3BEXKJAHETO HA TaKa HAPCUCHHUTE ChOUPATEIIHU TEOPEMHU.
3aoaua. Axo o3HaUMM C f(X) ONpeneIeHIs] HHTETPal

* o dx
f(X)_/O 1+2

pasmiexnaH Karo (DyHKITUS Ha TOpHaTa CH TpaHHUIla, TO Ja ce JOKaxe, Je:
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1) f(x) e eqHO3HauHO AeUHMpaHAa W HENPEKbCHATa 3a BCSKO PEANHO X U
pacTe MOHOTOHHO OT —00 JI0 +00, KOraTro X pacTe OT —oo J0 +09;

2) T4 ynoBIETBOpPsIBa (PYHKIIMOHATHOTO ypaBHEHHE

f@+ f0) = £ (x/TH7 4y VT+22).
Axo o3HaumM c h(¢) oOparHata dyHkuwms, neduHupana upes & = f(x), 14
MPUTEKaBa CICAHUTE CBONCTBA!

1) h(¢) e emno3HayHo nedUHUpaHA W HENMPEKBbCHATA 3a BCAKO pEaaHoO & U
pacTe MOHOTOHHO OT —00 JIO +00, KOTaTro & pacTe OT —oo J0 +09;

2) T4 yIOBIETBOPsIBa (PYHKIIMOHAIHOTO ypaBHEHHE
h(E+m) = hE) . V1 +h@) +h(p) . /1 +h*E).

3abenesicka. h(¢) e XunepOOTUIHIST CHHYC Ha &:

1

hE) =< (¢ —ef).

NS}

§ 19. OiinepoBo 1udepeHINATHO YPABHEHHE

[a pasriename mudepernuantoro ypaBaenne Ha Oitrep (Euler):

dx dy
(1) — +—==0,

VX VY
KbJIeTO X ¥ Y O3HA4YaBar CICIHUTE JBAa IMTOJMHOMA HA X M Y OT YETBHPTA CTEICH C
€THAKBH KOE(UIIMESHTH:

X = aox4 + a1x3 + a2x2 +azx+aq, Y= aoy4 + a1y3 + a2y2 + a3y + ay.

[ToHe)ke MPOMEHINBUTE ca OTACICHHU, OOLTUAT HHTErPaj HAa TOBA YPaBHEHHUE MO-
K€ Jla ce MPEACTaBU BbB BUIA

xdm/ydy-const
w VX Jy, VY '

Camo 4e TyK O3HAuUCHHUTE MHTEIPUpPAHMS HE MOraT Ja C€ M3BBbPIIBAT B KpacH
BHUJ OCBEH ako X TpUTEKaBa €IVH MHOTOKpAaTeH KOpPEH WIM IbK C€ pexyuupa
Ha INOJMHOM OT BTOpa CTEHEH. B To3M mocieneH ciydaif, ako Hampumep X =
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x% + px+q, Y =y> + py + ¢, nonydaBame oOIIMs MHTErPANl HA yPABHEHHETO BB
BHJIA

ln(x+§+ \/§>+ln(y+§+ \/?) = const

NI

(x+§+ \/)_(> <y+§+ \/I_’) = const.

To3u nmpumMep noka3Ba ChIIEBPEMEHHO, e ako X W Y ca MOJMHOMM OT BTOpa
cTeneH (C eOHAKBU KOC(HHULIUEHTH), MOKEM Jla MPEIACTaBUM OOIIMs MHTETrpajl Ha
I epeHnaIHOTO YpaBHEHUE B aNreOpuieH BUI.

Ilo bt Ha exHa cmena uHaykiua Oifnep ycnsl Aa HPEeNCTaBU M OOIIUs
uHTErpa Ha ypaBHeHueTo (1) B anreOpuyeH BUJ NPH NpearoioxeHue, e X u Y
MIPEJCTABAT MOJIMHOMH Ha X, PECII. Y, OT TPETa MIIM YeTBbPTA CTENIeH. 3HAaUEHNETO
Ha TOBa HErOBO OTKPUTHE 3a TEOPHATA Ha EIMITHYHHTE QYHKIMU € OWIo mpa-
BHJTHO OIICHEHO €/1Ba B HAJaJIOTO HAa MUHAINA Bek, korato Aden (Abel) u SAxobn
(Jacobi) monoxrxa OCHOBHUTE Ha Ta3H TEOPHS.

CrpImecTBYBaT pa3IMyHU U3KyCTBEHU CIIOCOOW 3a MHTETPHUPAHETO Ha ypaBHE-
Hueto (1). M3noxeHus mo-qomy crnocod ce chCToU B 3aMECTBaHE Ha TU(EepeHLH-
anmHOTO ypaBHeHHe (1) ¢ eKBHBaJEeHTHaTa My CHCTEMa

dx dy
2 — = VX, — =-VY,
@ dr vx dr g

OT KOSITO TO C€ MoJly4aBa upe3 equMuHupane Ha dtr. Hue me npeanonoxum npu
TOBa, Ye noauHomute X U Y uUMar Bujaa

X=x*+ax>+b, Y=y'+ay*+b,

T. €. Y€ T€ HE ChAbPIKAT HEUYECTHUTE CTEIIEHU Ha mpoMernuBara. Kakro ce mokasea
B TEOPHATA HA CIUITHYHUTE MHTEIPAJIM, HAH-OOLIUAT CIIydail MOXKE J1a Ce CBEIC
BHHAI'H 4Ype3 MPOCTH JIMHEHHHU MpeoOpa3yBaHUs KbM TO3M creruaicH. Karo o3-
HauuM ¢ x’, x’’, y', "’ NpOU3BONHUTE HA X U y OTHOCHO f, MOXKEM Jia HAIUIIEM
cuctemara (2) Taka:

2" x?=x*+a’+b, y*=y'+ay*+b,
OTKBJETO 4pe3 auepeHIrpane U ChKpalaBase 1o Ha 2x’ u 2y’ mojydaBame
3) X' =2 +ax, y' =2y +ay.

KomOuHHpame ciien ToBa MOOTAEAHO ypaBHeHusATa (2') u (3), Tl ue ma ce enu-
MUHHUPA OT TAX KOSQUIUCHTBT a:

X 322 = (2= A —b), Xy -1y = 2002 = YD),
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Upes mouseHHo /ejeHre Ha MOCIeIHUTe YPaBHEHUS MoJTydaBaMe I0-HaTaThK

xl/y _ xy// 3 ny
'y —xy )&y +xy')  x2y?—b

HJIN KaTO B3E€MEM IIpEABUM, Y€

dixy)  d@'y = xy") _ 2xyd(xy)
dt > xy-xy x2y2—b’

d
x//y _ xyl/ — Et(x/y _ xy/), x/y + x_)}/ —

Tlo TO31W HAYHUH JOXOXKJaM€ A0 €AHO ,I[I/I(I)epeHL[I/IaJ'IHO ypaBHeHI/Ie Me)K,I[y HpOMeH—
nuBHTE X'y—xy' M Xy, B KOETO IPOMEHINBUTE ca oTaeneHr. OOMUAT My HHTETpaj
c

Xy —xy = C(x*y* - b)

WM KaTo 3aMecTuM X’ u y’ ¢ paBHute uM VX U — VY,

x\/l_/+y\/§:C(x2y2—b)

HUJIH OIIE

xVY +y VX

= const.
b — x2y?

“)
JlecHo e nma ce mpoBepH, e ypaBHEHHETO (4), KOETO HE ChIbpXKa SBHO f, TIPEI-
cTaBs o0mms uHTerpan Ha OiinepoBoTo qudepeHnuanto ypaHenue (1). U Ha-
WCTHHA, aKO O3HAYMM 3a KpaTrkocT ¢ F(x,y) JsBaTa 4acT Ha ypaBHEHHETO (4),
HamupaMme 4pe3 AudepeHurupaHe

ox VX (b= x%y2)?

OTKBJIETO CIIeABa HAMpaBo (mopagu cumeTpusTa Ha F(x,y) OTHOCHO X U )

oF 1 (x2y? + b) VXY + xy[ax®y* + 2b(x* + y?) + ab]

oF 1 ()czy2 + b) VXY + xy[ax2y2 +2b(x% + y2) + ab]

o= b7

1 1
O‘-ICBI/I,Z[HO O6I]_II/IHT MHOXHUTECII HA —— U ——= B IIOCJICAHUTC PAaBCHCTBA IIPEACTa-

VX VY
BS CIWH WHTETPHUpAIl MHOXHUTEN Ha ypaBHeHHUETO (1), ¢ KOWTO, KaTO YMHOXHUM
JIsSBaTa 4acT Ha TOBA ypaBHEHHE, TS ce OOpbIla B IbJcH AudepeHIual Ha QyHK-
xVY +yVX .
musta F(x,y) = Tho a2 CrnemoBaTeTHO OOIIUAT HHTErpai Ha OHIepOBOTO
- X%y
mudepeHITNATHO ypaBHEHUE € ajieH Upe3 ypaBHEHUETo (4).
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W Taka ma oOmmsa wHTETpan Ha ypaBHeHHeTo (1) MoXe &a ce maje OCBEH
TPAaHCUCHACHTHHA BU

/ *dx N Y dy .

— ——= = cons

v VX Jy VY

ome u anreOpuaHusT Buf (4). Tasu 3abenexxka HU JaBa BH3MOXKHOCT JIa yCTa-
*odx
x VX
WIM TIO-TIpaBO Ha oOparHata n QyHKIUA g(£), neduHupana upe3 ypaBHEHHETO
¢ = f(x). [lonexe 3a Hac TyK ca BaKHU HE TOJIKOBA PE3yJTATUTE, KOJKOTO ChHII-
HOCTTa Ha METOJIa, IIe pa3riefaMme caMmo ciydas, korato a = 0, b = 1 u cnegosa-
TEJTHO

HOBUM HSKOW Ba)KHU CBOCTBAa Ha TpaHCIEHACHTHAaTa QyHKIHUSI f(x) =

T dx
X: 4 1’ Y: 4 1’ :/ — .
Xt + y+ f) o Vit
VX ) = £+ £ Gcoero x oy
1 — x2y?

ca He3aBUCHMHU MPOMEHIIMBH) ChLIECTBYBa (YHKIMOHAIHA 3aBUCUMOCT, Thi KaTo

OF 0D OF 40  (x*y* + 1) VXY + 2xy(x* +)?)
ox " dx  dy ~dy (1 — x2y2)2 '
TpsiOBa fa chIECTBYBa 3HAUYM PABEHCTBO OT BUAA

x\/7+y\/)_(>

1 — x2y?

Mexny ¢ynkmuure F(x,y) =

f(x)+f(y)=so<

3a ;ma ompenenuM Buaa Ha (YHKIUATA ¢, MOJIaraMe B TMOCIEIHOTO PaBEHCTBO
y = 0; To npeMrHaBa 04eBUAHO B f(Xx) = ¢(x), OTKBACTO ClieABa, Ye (PYHKIHAATA
¢(x) e uaeHTHYHA ¢ GyHKOHATA f(X), THH Ye

x\/?+y\/§>

2

5) F@) +fO) = f ( =

Ja o3Haumm cera ¢ x = g(£) obOparHara pyHKITHA Ha f(x), nepuHUpaHa ¢THO3HAY-
Y odx

0o VIi+x
.Axo é un ca

HO 3a 3HaueHus Ha & OT uHTEepBaNa [—c, +c] upe3 ypaBHEHUETO & =

dx

V1 + x#

JIBE€ peallHy Yuciia MEXIy —C ¥ +C U ONpeNeNiuM X U y ThH, ue f(x) =&, f(y) = n,
TO TPH TE€3W 3HAUYEHUs Ha X U ¥ (GYHKIHMOHAIHOTO ypaBHeHHE (5) ce oOpblia B

can=t (g(f) VI+ 8% + ) /1 +g4<§)>

o0
KbACTO ¢ O3HaA4YaBa CTOMHOCTTa Ha HUHTCTpalia ¢ = /
0

1 - g2(&)g*(n)
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HNJIn
8O V1 +gm + g /1 +g4é)
1 - g2(&)g*(m) '

Ilocnennoro ypaBHEHHUE U3pa3siBa ChbOMpaTe/IHaTa TEOPEMA Ha eIMNTUYHATA (yH-
kuus g(£), momydyeHa 4upes ,,00pbllaHe’ Ha SMUNTHYHHUS UHTErpa

(6) g&+m =

£= / T dx
0o VI+4
To HM J1aBa BB3MOXHOCT J1a IpecMeTHeM g(& + 17), Korato 3HaeM OTAENHO g(&) u

g(1n). Ho uCTHHCKMAT aHANMUTHYEH XapakTep Ha QyHKUUATA, HEHHaTa OBYIEPHO-
JUYHOCT | TIp. C€ Pa3KpHUBaT CaMo KaTo MPEMHUHEM B KOMITJIEKCHA 00JacT.

§ 20. UuTerpupane upe3 npeaBapurTesHo audepeHupaHe

Yecto mbTH €MHO AU(DEPEHIIMAIHO YpaBHEHHE OT IIbPBU Pell HE MOXKE J1a Cce
pely OTHOCHO Y’ WJIM IBK PEIICHHETO MY BOJAW KbM MHOTO CIOXHU H3pasu. B
TaKWBa CIlyyau MpuOsArBaMe KbM APYTH METOAHM Ha WHTETPHpaHe, OT KOMTO Hai-
YeCTO MPWJIOKHUM € Thii HaAPEUCHHUAT METO] Ha TPEABAPUTETHO IuepeHIIpaHe.
Ja pasrnename Hanpumep AudepeHInaIHOTO ypaBHEHHE

fO.y) =0,

KOCTO HE ChbABbpPKa ABHO HE3aBUCHUMATa IPOMEHJINBA, U Aa AJOITYCHEM, Y€ TO MOXKE
Ja €€ pC€ilr OTHOCHO Y. YPaBHeHlfleTO, npeacTaBCHO BbB BU/JA

y =),

MOJKE J1a C€ MHTErpupa Taka: o3HadaBaMe (3a KpaTrkoct) y' ¢ p u qudepeHippame
JIBETE MY YaCTH OTHOCHO X. Taka mojydaBame

d ’ ,
p=¢(ML wm dx= #£1p) dp, x= / ) dp +C.
dx p »

Karo mpn6aBuM KbM NOCIETHOTO ypaBHEHHE AAICHOTO ¥ = ¢(p) U CIUMHHU-
pame ciel TOBa OT ABETE MapaMeThbpa p, MOJIy4aBAME €JHa 3aBUCHUMOCT MEXIY
X, Yy ¥ IIPOM3BOJIHATa KOHCTaHTa C, KOSATO 3aBUCHMOCT INPEACTaBsi OOIINS MHTET-
pasl Ha JaAeHOTO AM(EpEeHIHATHO YpaBHEHHE. A JBETE ypaBHEHHS, CHbBMECTHO
pasmIeKXIaHu, IPEACTaBAT OOLIUA MHTETpal B IapaMeTpudeH BuI. Te u3passsar
KOOp/AMHATHUTE X U Y Ha MPOM3BOJIHA TOUYKA HA €JHA WHTErpaiHa KpUBa BbB (PyHK-
U OT BIVIOBUS KOC(QHIIMEHT Ha TAHTEHTaTa B ChIaTa TOUKA.
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CeI1o THI upe3 MpenBapuTeHO audepeHIupane MoXKe 1a ce MHTEerpHupa U
YPaBHEHUETO

x =0
Camo ye B TO3W ciydai, cien Karo audepeHmpamMe OTHOCHO X, TpsiOBa ma 3a-
p _ ., dp dy dp
MECTHM OTISCHO ——, KbJieTo p =y’ ¢ — - —— = — - p. Taka joxoxmame Ji0
dx dy dx dy

CIIEHOTO AM(EepeHInaTHO yPaBHEHHE MEXIY p U V:

dy =¢'(p). pdp, orkpmeTo y = / ¢'(p).pdp+C

HNJIn
y = pe(p) — /so(p) dp+C.

ToBa ypaBHEHHE, KOMOMHUPAHO C 1aJICHOTO, MPEACTaBs OOLIKs HHTErpall B apa-
METPHUYEH BUJ.

§ 21. JlarpanxkoBu 1u(epeHIHATHI YPABHEHUA

Ja pasriename ypaBaenueto y = xp(y') + f(y') Ha Jlarpanx, KO€TO € JIMHEH-
HO OTHOCHO x M y. Karo 3amectum mak y' ¢ p u audepeHnupame, moiayvyaBame
ypaBHEHHETO

d d
p=@(p)+ xso’(p)dl + f’(p)—p,
X dx

KOCTO CbAbpPiKa CaMO IMPOMCHIIMBUTE X U p. Axo pasniIe)KaaMe p KaTo HE3aBUCUMaA
IMPpOMCHJIMBA, 4 X KaTO HEIO3HaTa (1)yHKIII/I$I, MOCJICAHOTO YpaBHCHHC, HAIIMCAHO
BbBB BH/JIA

(p- so(p))dfx = x¢'(p) + f'(p),
dp
€ TUHEHHO W CIIeOBATETHO MOXKE J1a ce MHTETpupa upe3 aBe kBamaparypu. O0-
IMSAT My WHTErpal u3passiBa x Kato (yHKIUS Ha TapamMerbpa p M Ha eaHa
MIpOU3BONHA KOHCTaHTa. KaTo 3aMecTMM Ta3u CTOMHOCT HAa X B YPaBHEHHETO
vy = x¢(p)+f(p), monydaBame 1 y kato (HYHKITHSA Ha TTapaMeThpa p U Ha IPOU3BOII-

Hata KoHcTaHTa. 1 Taka oOmMAT HHTErpaj Ha AaJJeHOTO YpaBHEHHUE C€ MPECTaBs
B IIapaMETPUYEH BUJ 110 CIEIHUS HAYUH:

x=Coi(p)+ filp), y=Cpp)+ f2(p).

3abenexcka. Axo JlarpaHXOBOTO ypaBHEHHE € MPEICTAaBEHO BbB BHIA

x=yg(y) +h(y),
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HE € HeoOX0IMMO TPEIBApUTEIIHO JIa TO pelIaBaMe OTHOCHO y. Upes nudepeHiu-
paHe 1oXOoXXIaMe U B TO3M clly4yail 10 ypaBHEHHETO

d
1= pg(p) + [yg'(p) + h’(pnﬁ,

dp dp dy
HJIK KaTo 3aMECTUM —— C p—— W PE€HIUM OTHOCHO ——,
dx dy dp

d
1- pg(p))d—y = plyg'(p) + ' (p)],
p

KOETO € CBIIO0 JIMHEWHO U CE MHTErpUpa upe3 JABe KBaApaTypH.

Ilpunooicenue. AHATUTUIHOTO PEIICHUE HA MHOTO TEOMETPHUYHU BBIIPOCH BO-
v kbpM JlarpamxoBu qudepeHnaiHy ypaBHeHUs. TakaBa € HapuMep cieqHaTa
3aa4ya; Jja ce€ HaMepsAT OPTOTOHAIHUTE TPAaeKTOPHH Ha eIHa paBHUHHA (paMuiIns
OT TIpaBH, 3aBHUCEIIU OT €IUH NPOM3BOJICH mapameTbp. Ha manenara damumnus
MIpaBM MOXKE BHHATH JIa C€ J1a/ie HOPMAIHUAT BUA

(1) xcosa +ysina = f(a),

KBAETO (¢ O3Ha4YaBa bI'bja, KOMTO CKIIIOYBA MEPIEHIUKYISIPHT, CIIyCHAT OT Haya-
JIOTO Ha IMPaBOBI'BJIHATA KOOPAMHATHA cucTeMa XY KbM MpPOHW3BOJHA IpaBa OT
¢damuusTa. udepeHunanHoTo ypaBHEHHE Ha ThPCEHUTE TPACKTOPHU CE MOIy-
YaBa, KaTo eTMMHHHpPaMe @ OT JIBETe YpaBHEHHUS

) xcosa +ysina — f(a) =0, cosa+y sina=0

1
U criesl ToBa 3aMecTuM y' ¢ —— . ChIMAT pe3ynrar MOXKe Jia C€ MONyYH U KaTo
Y

1
3aMECTUM I10-HaNPEl BbB BTOPOTO OT ypaBHEHUATA (2) y' ¢ —— W CIIe]l TOBa U3~
Yy

BBPIIUM CIMMHMHALMATA Ha @. nepeHnnaniHoTo ypaBHEHHE Ha OPTOrOHAIHUTE
TPaeKTOPUH € Tpouee

(3) x+yy = /1 +y?f(arctgy’),

KOETO € 0YeBHIHO JlarpaH)KoBo M ce MHTErpUpa 10 U3JI0KEHUS M0-Tope HauuH.
B ciyuas nuHERHOTO MudepeHIamTHo ypaBHEHHE MEXKIY y U p €

dy p

p ! ,
= —— < -y+ —=f(arctg p) + ———f"(arctg p) ; ;
dp 1+p? V14 p? s V1+p? s
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TO CC OIPOCTSIBA 3HAYMTECIHO, aKO BBBEJIEM HOBAaTa HE3aBHCHMa IPOMCEHIINBA «/
ype3 cyOCTUTyLUsATa arctg p = @, p = tg @, Cle] KOeTO TO IPEeMHUHAaBa B

)
D yiga+ I fa) 4 sinaf (@),
da cos

OOmuAT MHTErpaj Ha MOCIEIHOTO ypaBHEHHE €

<
Il

cos @ {C + /[tg2 af(a) + f(a)tgal da/}

Ccosa+f(a/)sina—cosa/f(a)da.

OcBeH ToBa OT qU(EPEHIIMATHOTO ypaBHeHHE (3) nMame

1
X =-ytga+ Kf(a/) = —Csina/—i-f(a/)cosa/—i-sina/f(a/)da/.
@

CrnenoBaTesHO ThPCEHUTE TPACKTOPHH Ca MPEACTaBEHU apaMETPUYHO Ype3 IBe-
T€ YpaBHEHUS

@ x=-Csina + f(a)cosa + sine [ f(@)da
y=Ccosa+ f(e)sina —cosa [ f(a)da,

pu Koeto koHcTaHTara C € TPOM3BOJIHA, a o O3HaYaBa (MOHeke p = y = tga)
bI'bJIa, KOUTO 3aTBapsl TaHTeHTAaTa B Touka (x,y) Ha TpaekTropusara ¢ ocra OX.
Pa3bupa ce, BUIBT Ha TPAaGKTOPUUTE 3aBUCH CHIIECTBEHO OT €CTECTBOTO Ha (ha-
munuaTa (1), T.e. or Buaa Ha QyHKumara f(a).

3amavara 3a HAMUpPaHE Ha esoj8eHmume Wil OTBUBKHUTE (développantes) Ha
JaJicHa paBHUHHA KPHUBa CE€ CBEXKJa KbM MpeAuInHaTa. [ HaucTHHA BCSKa €BOII-
BEHTa Ha €IJHa KpWBa MOXKE Jla c€ pa3liex/a KaTo OPTOTOHAIHA TPAeKTOpHUS Ha
TAaHT'GHTUTE HA Ta3M KPHUBA, KOMTO MPEJCTABISBAT €HA (paMuins IpaBu, 3aBUCE-
IIa OT €JMH ITPOM3BOJIEH TTapaMeThp. Taka HampuMep TaHTeHTUTE Ha OKPBKHOCT-
Ta x*> + y> = ¢® ca jajieHn upe3 ypaBHEHHETO X COS + ysina = a, KbIETO @ €
MIPOMEHIMBHAT mapameTsp. [lapaMeTpuyanTe ypaBHEHHS Ha KOS /1a € €BOJIBEH-
Ta Ha Ta3W OKPBKHOCT CE MOJIy4aBaT OT YPaBHEHUETO (4), KaTO MOJIOKUM B TSIX
fl@) =a.

3a0aua 1. Jla ce cbcraBu W WHTErpupa IUGEPEHIHMATHOTO ypaBHEHHE Ha
eBOJIBEHTHTE Ha mapabonara x> = 2py.

Ynvmeane. YpaBHeHHETO Ha TaHTEHTHTE Ha rmapaboiara e

p cos’a

xcosa+ysina =—= - — .
2 sina
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2/3 2/3 _ a2/3

3aoaua 2. CpI1o 3a €BOJBEHTUTE Ha acTpougara x> +y
M3M0I3Ba MO3HATOTO CBOMCTBO Ha TaHTeHTUTE M. (UacTTa OT TaHreHTara, 3aKiIio-
YeHa MEXOY KOOPAWMHATHUTE OCHU, UMa IOCTOsIHHA JbJDKWHA, paBHA Ha a.)

, karo ce

§ 22. NMudepenunannu ypapHenuss Ha Kiepo

W3105KeHUAT B IpeHUs Taparpad MeToj Ha MHTerpupaHe Ha Jlarpan oBoTo
nudepeHIranto ypasaeHue y = x@o(y') + f(y’) He e npuioxum, ako ¢(y') =y’. B
TaKbB Clly4all TO UMa BUJIa

(1 y=xy +f()

U ce Hapuda ypaBHeHne Ha Kiepo (Clairaut). Upes npeasaputenHo qudepeHIn-
paHe ce nobuBa 1o OOV METOJ YPAaBHEHUETO

dp
0=+ (),
dx
KOCTO MOXC Oa CC€ YAOBJICTBOPHU IIO JIBa HAYWHA:

1. Karo monoxum d—p = 0, orkpaero p = C. Ta3u croiiHoCcT 32 p = Y/,
X

3aMecTeHa B JaJeHOTO TU(epeHaTHO ypaBHEeHHEe, To 00pbila B

2 y=Cx+ f(O),

Koemo npedcmaes (KaKmo u HenocpeoCmseeHo Modice 0d ce nposepu) oowus uH-
mezpan Ha Knepomogeomo oughepenyuanno ypasnenue.

2. Karo nonoxum x + f/(p) = 0, moaydaBame eIHa peitaids MEXKIY X U p,
KOSITO 3a€HO C ypaBHEHHETO y = xp + f(p) nedunupa n3o0mmo y karo QyHKIHS
Ha x. [lapamerpuuHo Ta3u GyHKIUS € qeUHUpaHA Ype3 JBETE YpaBHEHUS

x=—f"(p) x=—f"(p)

3) WA BCE €THO C
y=xp+f(p) y=f(p)—pf"(p).

HpOBepKaTa, 4c MOCJICAHUTE ABC YPABHCHUS ITPECACTABAT JICCTBUTEIIHO €IHA UH-
TCrpajiHa KpuBa, CC U3BbPIIBA JICCHO, KATO B3EMEM IIPCABU/, UC

dx =—f"(p)dp, dy=-pf’(p)dp, orkbaETO T p.
W mauctmHa, KaTo 3aMecTHM B ypaBHEeHHETO (1) X M y ¢ W3pa3uTe UM Upe3 p OT

d
ypaBHeHusATa (3) 1 d—y C p, TOBa ypaBHEHHe ce oOpbIla B ThKAecTBO. HTerpa-
X

BT, IPEICTaBEH MAPAMETPUIHO Upe3 ypaBHEHUATA (3), He CbObpiica npoussoaHa
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KOHCMAHMA, HUMO NbK Modice 0a ce noayyu om odowus unmezpan (2) 3a HAKOA
cneyuanHa cmouHocm Ha npouzeonHama xowcmauma. Ilopaaum ToBa TOH HOCH
Ha3BaHUETO 0cobeH unmezpai. HeroBoto reoMeTpUYHO 3HAUYCHHE € CIICTHOTO:

Toii npedcmass ceomempuvecku 0beuekama Ha Gamurusma npasu, 0adeHu
upes oowusn unmeepan (2). Ot mudepeHIaTHATa TCOMETPHUSI IMEHHO € H3BECTHO,
4e oOBHMBKaTa Ha haMuiInsATa npasH (2) ce morydasa, KaTo eIMMUHUPAaME OT JIBETE
ypaBaenust y = Cx + f(C), x + f'(C) = 0 wnu Bce emqHO OT ypaBHEHHUATA X =
—f(C),y =-Cf'(C)+ f(C) —mnapamerbpa C. Chius pe3yaTar q1o0nBaMe U KaTo
eJIMMUHHIpaMe p OT ypaBHEHuUsATa (3).

I'eomeTpuyecku € mOYTH OYEBUAHO, Y€ ako aMuUInATa KPUBH (WM NPaBH),
MPEACTaBEHH Upe3 OO HHTErpall Ha eHO AU(EePeHIUATHO YpaBHEHNE OT Ibp-
BU pell, IPUTEKaBa e1Ha OOBUBKA, [IOCIIEJHATA € ChINO €IHA MHTErpajHa KpUBa
Ha YpaBHEHHETO, 3aI0TO BCsIKa TOuka M Ha OOBMBKara MPUHAAJICKH U HA eIHa
WHTETrpallHa KpUBa OT AajicHaTa (paMuiusl ¥ TpH TOBa M JIBETE KPUBH MMAaT 00IIa
TaHreHTa B M.

Ksm KieporoBute nudepeHIanin ypaBHEHUsT BOJAT TEOMETPHUYECKH 3a/1a-
YH OT CJICOHMS THIL:

Ja ce HaMepu ypaBHCHHETO Ha paBHMHHA KPHBa, TAaHTCHTaTa Ha KOSATO Jia
IIpUTEKaBa U3BECTHO CBOMCTBO; IIPU TOBA YCIOBHETO Ha 3a/1ayara TpsioBa na Obae
HE3aBHCHUMO OT KOOPJMHATUTE Ha JIOMUpPHATa Touka. AKO y = f(x) € ypaBHEHHETO
Ha ThpceHaTa KpHUBa, YPaBHEHHETO Ha TAHI€HTaTa B TOuka (X,y) €

n=&"+0-x"),
TBI Y€ YCIIOBUETO Ha €JJHA 3a/1a4a OT CIIOMEHATHsI THUII 1€ Ce U3pa3y aHaAIUTHYeC-
K{ 4Ype3 eHO YpaBHEHHE MEKAY KOe(DUIIMEHTUTE B ypaBHEHHETO HA TAHT€HTAra,
T. €. MEXJIY BEUYUHHUTE Y W y — x)y’; a Ha TaKOoBa YpaBHCHHUE BHHATH MOXE Ja
ce mage BUOBT y — xy' = f(3’). B monoOHM reoMeTpru4ecku BIPOCH UCTUHCKOTO
pellieHre Ha 3aj1a4ara € JaJIcHO Ype3 0COOCHHUsT MHTErpall.

Hexka 3abenexum, 4e ocobenuam unmezpan He cvujecmaysa, ako f(y') e au-
Hetina ynkyus Ha y'.

Ilpumep. [la ce Hamepu ypaBHEHHETO Ha elHa PaBHHUHHA KpPHUBA, 32 KOATO
YacTTa Ha TAHT€HTATa, 3aKJI0YeHa MEXK/Ty KOOPIUHATHUTE OCH, J]a IMa ITOCTOSIHHA
IOBIDKUHA d.

Pewenue. [IndepeHunanHoTo ypaBHEHHE Ha 3a/1a4ara €

/

y:xy'+L.
V1+y?

OcobeHusT HUHTETpal CC 1ojiydaBa, KaTo CJIMMHUHHUPAME p OT YPABHCHUATA

o

y=px+
1+ p?

4
L+ p2y72
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OTKBACTO ITOJIydaBaMe
3

a ap . 2/3 2/3 2/3
=, = 7 X + =qa .
A+pP 77 (1 i ’
U taka ThpceHara KpuBa € acTpouaara x4+ y2/ 3= a?. Tyk oOImUAT UHTET-

a
pany=Cx+ ~——=; HC NPE/ICTaBs IeOMETPUICCKH HHTEPEC, MAKap H, CTPOrO

B3€TO, BCSAKA HpaB-z’i,CnpeHCTaBeHa 4pe3 HEro, /a yAOBJIETBOPSABA YCIOBHUETO HA
3aj1ayara.
3adaua 1. [la ce HaMepu paBHMHHA KpUBA, TAHTEHTaTa B MPOM3BOJIHA TOYKA
Ha KOSITO 3arpaXzia ¢ KOOPAMHATHTE OCH TPHBI'BIHUK C TIOCTOSHHO JIHILIE.
3aoaua 2. ]la ce Hamepu TakaBa paBHWHHA KPHBA, 33 KOSTO IMPOU3BEIEHUETO
OT Pa3CTOSHUSATA Ha J[BE MOCTOSHHM TOYKHM O TaHTCHTaTa B IPOM3BOJHA TOYKA
Ha KpHBaTa Ja ¢ BeJIMYMHA MOCTOSHHA.

§ 23. OcobeHu uHTErpaIn

KakTto BusixmMe B MuHanus maparpad, Bb3MOXKHO € €IHO udepeHIHraIHo
ypaBHEHHE [la MPUTEXaBa €JUH MHTErpaj, KOMTO Ja He MOXE Ja Ce IOIy4YH OT
o0IMs MHTETpaj 3a CHelHaiHa CTOWHOCT Ha MpPOM3BOJHATA KOHCTAHTA. 3a pas-
JIMKA OT YacmeH uHmezpan TakbB UHTErpall i€ HapudaMe 0coOeH.

He scaxo ougepenyuanno ypasmnenue npumedsicaga ocooer unmezpal.

Taka mampumep, ako f(x,y) € egHO3HaYHa HEMpeKbcHaTa (YHKIUS M HMa
HEMpeKbCcHaTa YacTHAa MPOU3BOJHA OTHOCHO y B JajeHa o0nacT R, ChIVIaCHO ¢
TdeopeMaTa 3a ChUIECTBYBaHE HA HMHTErpald Ha AM(EepeHINATHOTO ypaBHEHHE

Y

o = f(x,y) mpe3 BcsAka Todka (xp,yo) Ha o0ONacTTa MHHABAa CaMO €IHA WHTET-
X

paiHa KpuBa. AKO 03HaYHM ¢ y = ¢(x, C) OH3HW HHTETpal Ha IU(EPEHITHAITHOTO
YpaBHEHHE, KOUTO IpreMa cToiHocT C IpU X = X(, CHO €, Y€ UHTErpaibT, KOh-
TO MPU X = Xp NMpUEMa CTOMHOCT Yo, ce mnoisy4yaBa oT Hero npu C = yo. Tyka
y = ¢(x, C) npencrass oONIMS UHTETPaT B OKOJIHOCTTA Ha Todkata (xg, o), a HH-
TErpasIbT, KOMUTO ce oOpbIa B yg MPH X = Xp, € YacTeH (a He 0coOeH), TOHEeXe ce
nony4aBa ot oouust npu C = yg. W Taka nmpu n30poeHUTE MO-TOpe YCIOBHS BCS-
Ka MHTErpajHa KpuBa B obmactTa R TpsOBa /a ce pasmiex/a KaTto MpeacTaBsIa
€/IMH YacTeH WHTerpall Ha MudepeHIaTHOTO YpaBHeHue. 3a 0coOeH WHTerpaj B
TO3U CIy4yail He MOXKE J1a CTaBa AyMa.
JHa pasrnename mo-o01mo enHo audepeHIIuaHO YpaBHEHHE OT BHJIA

flx,y,y) =0,

HepeluieHo oTHOCHO Y. Hue me mpenmonoxkum npu ToBa, 4e f(x,y,y’) € msia
parrioHasiHa (M Hepas3iokuma) GyHKIMs Ha X, Y B Y’ OT m-Ta CTEIEH OTHOCHO Y.
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Ha o3Hauum c (xg, yp) €1Ha IPOU3BOJIHA TOYKA U Jla JOIIYCHEM, Y€ BCUUKH KOPEHU
Ha ypaBHEHHETO f(xo,Yo,p) = 0 ca xpailHU U eTHOKpATHU. AKO P1, P2, .- Pm
ca m-Te¢ KOpeHa Ha TOBa ypaBHEHHE, CIIOPEIl TeopeMara 3a HEeSBHUTE (YHKITHH
ypaBHeHHeTo f(x,y,u) = 0 uUMa 1Mo OTHOLICHHE HA u M PAa3IUYHU PELICHUS B
OKOJIHOCTTa Ha Toukara (Xg,yo). Ilo-TouHO, ako u(x,y) € HSKOs HelpeKbCHAaTa
(YHKIUSA Ha X U Y, KOATO YIOBICTBOPsBAa ypaBHEeHUETO f(x,y,u) = 0 B U3BECTHA
OKOJIHOCT Ha Toukara (Xg,Yo), TO u(xp,yo) € HEIPEMEHHO PaBHO Ha HIKOW OT
KOpPEHUTE py, Hampumep u(xo, yo) = p1; Upe3 TOBa MOCIEAHO ,,HAYATHO* yCJIOBHE
u(x,y) € Hal'bJIHO OIpE/EIICHA.

Ha oznauum ¢ ui(x,y), ur(x,y), ..., un(x,y) peuieHusATa Ha ypaBHEHUETO
f(x,y,u) = 0, KOUTO OTrOBapSAT MOpPE] HA KOPEHUTE p1, P2, ..., Pm. 1OTaBa ypaB-
Henuero f(x,y,y’) = 0 ce pasnaaa Ha m OTACIHUA YPaBHEHUS:

d d d
I); = UI(X,)’), Iﬁ = MZ(X,y), L) dii = um(x,y)’

JIECHUTE YacTH Ha KOWTO IPHUTEkKaBaT HEMPEKbCHATH YaCTHU MPOM3BOIHU OTHOC-
HO X M y B U3BECTHA OKOJHOCT Ha (X, Yo). ClIemoBaTeIHO CHIECTBYBAT m pas3-
JUIHA QYHKITMH Ha X:

(D y=¢1(x), y=¢2x), ..., y = @n(x),

KOWUTO Y/IOBJICTBOPSBAT A3JeHOTO nudepeHiuanio ypasaenue f(x,y,y’) = 0 u
IpreMar CTOWHOCT yg 32 X = Xo. Bcska oT Te3u m QyHKIuH TpsiOBa 1a ce pas-
IIeXK]Ia KaTo YacTeH, a He Karo 0coOeH MHTErpall Ha YPaBHEHHUETO, 3all0TO HaIl-
pUMep UHTETpainbT y = ¢1(x), KaKTO BUISXME IO-TOPE, MOXKE Jla CE€ TMOJIyYd OT

oOIIHs UHTETPaNl HA yPaBHEHHETO Y 1(x,y) 3a crienuaiHa CTOHHOCT Ha TPO-
M3BOJIHATa KOHCTAHTa M CJIEIOBATETHO € YacTeH MHTErpaj M Ha CaMOTO JIQJEHO
ypaBHEHHE.

Ocgen ¢ynkuunte (1) He chliecTBYBa Apyra QyHKIUS Ha X, KOATO J1a yIOB-
JICTBOPSIBA B OKOJIHOCTTA Ha X AudepeHnuanHoro ypasaenue f(x,y,y’) = 0 u
Ja TIpueMa 3a X = Xp CTOMHOCT Yp. 3a Ja JOKa)XeM TOBa, HEKa JOIMyCHEM, 4e
¢(x) e enHa TakaBa (pyHKIMS Ha X. AKO B TBXAECTBOTO f(X, ¢, ¢’) = 0 momoxum
X = xp, mwe umame f(xg,yo, ¢ (x0)) = 0, koeTo mokasBa, 4e ¢’(xp) € paBHO Ha
€/IMH OT KOPEHUTE pP1, P2, . . ., Pm, HaIpuMEP ¢’ (xo) = pi. [a 3amecTum ciieq ToBa
B THXIECTBOTO f(x,y,u1(x,y)) =0y c ¢(x). Taka monyuaBame ABETE THKICCTBA

f(x’ @, SD,) = 07 f(xv @, M[(X, QO)) = 07

OT KOHMTO CJIEABa 4YPE3 MOWICHHO U3BAXKIAHE

() (u1(x,0) = @) fp(x, ¢, po) = 0.
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Tyk po O3HauaBa HAKOE CPEIHO YHMCIO Mexay ui(x,¢) u ¢’'(x). Ho xorato x e
OnM3Ko 10 X, ¢(x) € Omu3ko 10 Yo, a ui(x,¢), ¢1(x), po IpueMar CTOHHOCTH,
Omuskm 10 pp. Ilonexe mpu ToBa f,(x0, Y0, p1) # 0, 32 qOCTaTBYHO ONM3KM 3HA-
YeHHUs Ha X JI0 Xo TpA6Ba ChIIO U f,(X, , po) Aa € Pa3IUYHO OT Hyna. 3a TaKUBa
3HAUEHUs] Ha X PaBEHCTBOTO (2) € BB3MOXKHO caMo ako ¢’ = uj(x, @), KOeTo Io-

Y .
Ka3Ba, ue ¢(x) ¢ HHTEerpall Ha TudEpPCHIIMATHOTO YpaBHEHUE - ui(x,y), KOUTO
X

IIpH X = X MpHEeMa CTOWHOCT yo. Ho mo-rope o3Hauuxme ¢ ¢1(X) eauH UHTErpal
Ha TOBa ypaBHEHWE, KOWTO yHIOBIETBOPSBA CHINOTO HAYAIHO ycioBue. ChITacHO
¢ Teopemara 3a ChIICCTByBaHE Ha MHTETpaH ¢(x) = ¢1(x), KOETO UCKaXMe U Ja
JTIOKQKEM.

lopauTe paschkIeHUS HU JOBEXKAAT JO CICIHOTO 3aKIIOUYEHHUE: aKo JisgBa-
Ta 4acT Ha AudepeHnnaiHoTo ypaBHeHue f(x,y,y’) = 0 e msua panydoHaaHa
(v Hepasznmoxuma) QYHKIHMS Ha TPOMEHJIMBHUTE X, y, ¥ M aKo IpU TOBa anreo-
pu4HOTO ypaBHeHHE f(X0,Y0,Y ) = 0 oTHOCHO Yy’ uMa m pasziuunu (KpaiHH) KO-
peHa pi, p2, ..., Pm, CHIIECTBYBAT M HAITBJIHO ONPEACICHU WHTETPaJHH KPUBU
y = @1(x), y = ¢2x), ..., ¥y = @pn(x), KOUTO MUHABAT Npe3 Touykara (Xop,Yo)
Y TaHTEHTHTE KbM KOWTO MMAaT B Tas TOYKA CHOTBETHO BIVIOBH KOC(HHUIIMESHTH
D1sDP2s -5 Pme

BbH OT TSX HE ChIECTBYBA Apyra HHTETPAIHA KPHUBA, KOSTO ]a MUHABA MIPe3
chllara Touka. Bceku euH OT UHTerpaiuTe y = ¢1(x), y = @2(X), ..., ¥ = @pu(x)
TpsiOBa J1a ce pa3miex/ia KaTo YacTeH HHTErpall Ha JU(epeHIIMaTHOTO YpaBHEHUE,
T.€. KaT0 TaKbB, KOUTO MOXE Jla C€ TONYYH OT OOIIHS WHTETpal Ha HAKOE OT
€KBUBAJICHTHUTE TU(EPEHIIUAIHU ypaBHEHHS

% =w(x,y), k=1,2,....m,

3a CHenraiHa CTOHHOCT Ha IIPOU3BOIHATa KOHCTaHTa. HakpaTko ka3aHo, pH cIio-
MEHATHTE YCIOBUS BCEKU HHTETpal Ha AU(EepEeHIMATHOTO ypaBHeHHe f(X,y,y’) =
0, xoliTO TIpHeMa CTOMHOCT Yo MPH X = X e yacmen unmezpai, a He ocodeH. Co-
WeCmeeHOmo NPeonoaoACeHUe, KOCMO Hanpasuxme, npu moad e, 4e ypasHeHuemo
f(x0,¥0,Y) = 0 nsama muocokpamnu kopenu 3a'y’.

U maka, ako edna unmezpaina Kpuga Ha OugepeHyuarHomo ypasHeHue
f(x,v,¥") = 0 npeocmassn ocoben unmezpan na mosa ypaeuernue, TpsOBa 3a BCIKa
TO4YKa (X,y) HA Ta3W KpUBa anreOpuyHOTO ypaBHeHHE f(x,y,y") = 0 na nma mone
eIMH MHOTOKpaTeH kopeH 32 y': C apyru JyMH Ta3u WHTErpajiHa KpUBa TpsOBa aa
ObJie TEOMETPUYHO MSICTO Ha TaKWBa TOYKH, 32 KOUTO ypaBHeHHETO f(x,y,y’) =0
“Ma MHOTOKpaTHH KopeHH 3a y'. ChBKYIMHOCTTA HA TE3U TOYKH e TOTYyYUM, KaTo
NPUPABHUM KbM HyJa TUCKPUMHUHAHTAaTa Ha NaJCHOTO ypaBHEHHUE, Pa3TIICKIAHO
KaTo anreOpuYHO ypaBHEHHE OTHOCHO y'. Pazbupa ce, HUIIO HE HU J]aBa MPABO
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Jla TBBPAUM OOpaTHOTO, Y€ YPaBHEHHETO MEXIy X U y, KOETO Ce IoiTydaBa, Karo
ce MpUPaBHU KbM HyJa OUCKpUMUHaHTara Ha f(x,y,y’) = 0, mpencrass ocobeH
WHTETpajl Ha ToBa Au(epeHnnanHo ypaBHeHue. KakTo mie BHIUM, B MOBEYETO
Cllyyad TO HE MPEACTaBsi HHTETrPalHa KPHBA.

KazaHoTO 10TyK 32 0COOEHUTE MHTErpaIu 1€ WIIOCTPUPAME C HAKOJIKO MpU-
Mepa.

Ipumep 1. [la pasmiename qudepeHINaIHOTO ypaBHEHNE
72 ’
xy = =2yy +x=0.

To MoXxe J1a ce UHTerpupa Karo XOMOT€HHO WM IbK Karo Jlarpanxkoso. ITo enu-
HUS 1 10 JAPYTHs HAYMH Ce MoJTydaBa oOIUAT HHTerpan BB Bua x> = C(2y—C).
Toit mpeacrass oueBUAHO eaHa dammmms oT mapabonu ¢ obma oc (octa OY) u
obmra gupektpuca (octa OX). [loHexe maneHOTO ypaBHEHHE € OT BTOpa CTEMEH
OTHOCHO )’, mpe3 BcsKa TOYKa (x,y) HAa paBHHMHATAa MUHABAT U300II0 JIBE UHTET-
panHu KpuBH. Y 1BeTe ca peanHu M pasMuHM npH y> > x> > 0 ¥ UMarvHEpHH
¥ pasnuuEy, ako y> — x> < 0. YpaBHEHHeTO MMa JBa PaBHU KOPEHa 3a Y, KOraro
y? — x2 = 0; crenoBaTeTHO 0COOEHH MHTErPANM MOTaT Ja GbIaT caMo MPaBHTE
y=xuy = —x. HemocpenctseHo ce nposepsiBa, 4e ACUCTBUTEIHO BCAKA OT TSIX €
WHTETpaJl Ha AaJeHOTO JudepeHraaio ypaBHenue. /1o cpmuTe 0coOeHn HHTET-
panu Joxoxkaame M Karo ThpCUM OOBMBKAaTa Ha Mapa0oiuTe, MPENCTaBeHH 4pe3
o0mmsa uHTerpain (Bx. uepT. 10).

Ipumep 2. Ha BTOpo MSICTO 11a pa3riename ypaBHeHneTo y' 2 —2Py +y—Q = 0,
KbJeTo P u Q o3HauaBarT (PyHKI[UHM CaMO Ha X, KOUTO MPUTEXKABAT HEMPEKbCHATH
IIBPBU MTPOM3BOIHM 32 BCAKO X. Makap M Jla He MOKeM H300II10 Ja MHTETpHpa-
Me TOBa ypaBHEHHE, HHE 3HaeM, 4e aKo TO MMa OCOOCH MHTErpall, TOH € JajeH
upe3 ypaBHeHnero P> — (y — Q) = 0 wmu y = P> + Q. 3a 1a mpoBepuM Jaiu
HaucTuHa QyHKIMATa P> + Q € MHTerpan Ha JafeHOTO ypaBHEHHE, 3aMeCTBaMe
sL BMECTO Yy U CJIeJ] HIKOM ONpPOCTSABAaHM HaMHpaMme, de TpsAOBa aa ObJie yaoBiIeT-
BOPEHO THXKIECTBEHO ypaBHeHHeTO 2PP’ + Q' — P = 0. Ilonexke P u Q morar aa
Obaar M30paHu MPOU3BOJIHO, MOCIETHOTO YpaBHEHHE HE BUHATH € yIOBIETBOpE-
HO THXKIECTBEHO, KOETO TIOKa3Ba, Y€ HE BUHATH €HO ypaBHEHHE OT TOPHUS BUJ
MpuTexaBa 0coOOCH UHTETPal.

Om mo3u npumep modxcem 0a 3aKAOYUM, Ye camMo 8 0ocma peoku (USKAYU-
MeHU) CAyuau eOHo OUGhepeHyuanHo ypagHeHue om Nbupeu ped Mmodice 0a umd
ocoben unmezpan. Axo ycnosuero 2PP’ + Q' — P = 0 e u3nbJIHEHO, TU(epeHI-
AIIHOTO ypaBHEHHUE JIOMyCcKa 0COOCHMsI HHTErpa

y:P2+Q.
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Moske na ce mokaxe (ITbK M HEMOCPEICTBEHO Ce MPOBEPSIBa), Y€ B TO3H CIIy-
gaii oOIUAT UHTETrpaj e

2
y=P2+Q—<§+C> .

Ipumep 3. 3a na HaMepuM OCOOCHHS WHTErpasl Ha YPaBHEHHETO y = X —
3y"? + 2y’3, npencraesame To BbB BUIA

L1\ 3/, 1\ 1
(y_2> _4< —2>—4(1—2x+2y)—0

" CJICO TOBa IIPpUpPaBHABAMC KbM HYyJla TMCKPUMHWHAHTATa MY:

A= % - %(1 —2x+2y)? = —il(y—x)(y—x+ 1.
Ocobenu uHTErpany Morar aa ObJaT O4EBUAHO CaMo JIMHEHHUTE QYHKIUU y = X
ny = x—1. JlecHo e na ce mpoBepH, Y€ caMo BTOpaTa OT TAX YIOBIETBOPSBA
I epeHMaIHOTO ypaBHEHHE. YCIIOPEIHUTE MIPaBU y = X U y = X — | pazgensr
paBHMHATa Ha TpHU pa3nuuHu oOmactu (BX. uepT. 11). JuckpumuHanTtara A e
MTOJIOXKHUTETHA caMo B 00JIacTTa, 3aKiIF0deHa MKy Te3u ABe mpaBu. [Ipe3 Bcska
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Yepr. 11

TOYKa Ha Ta3u 0o0JIACT MHHABAT CJICIOBATEIHO TPU PEaHW MHTETPAIHU KPHBH.
Hamporus, ako enHa Touka M(x,y) HE JEXKH MEXIY TE3U MIPaBU, HUTO IIbK BbPXY
HSKOS OT TSIX, TO A € OTpHLIaTeNIHa U CIEN0BATENHO Ipe3 M MHHABaT camMo eJHa
peanHa U JB€ UMarvHEpHU UHTErpaaHu KpUBU. Bcuuko ToBa MOXeE Jja ce IPOBEpU
1 Ha YepTerka, KaTo B3eMEM NpeaBHll, 4e OOIUAT UHTETpal €

224 oy
(=0 = S(x=0)

Y TIPEICTaBd TeOMETPHUYECKH eaHa (haMuIns CeMHUKYOMYHHU mapaboiii, KOUTO ce
MoJIy4yaBaT OT €/lHa OT TAX (HampuMmep OT Ta3H, KosTo oTrroBaps Ha C = 0) upe3
YCHOpEaHO MpeHacsHe 1Mo mocokara y = x. [IpaBara y = x € TeOMETPHYHO MSICTO
Ha POroBETE Ha MHTErPaJHHUTE KPHUBH; Mpe3 BCAKA HElHA TOUKAa MHUHABAaT OCBEH
JIBaTa KJIOHA Ha ChOTBETHATa CEMHUKyOHMYHa mapaloia OIle ¥ eAWH KJIOH Ha Jpyra
MHTerpanHa KpuBa. Hall-ceTHe TOpHUAT KJIOH Ha BCsIKa MHTErpajHa KpUBa ce J0-
mupa 70 mpaBaTta y = X — 1, KOATO KaTo 0OBMBKA Ha MHTETPAJIHU KPUBH MIPEICTABS
oco0eH MHTerpal Ha JU(epeHaIHOTO YpaBHEHHUE.



I'maBa IV

OBMKHOBEHHU JIM®EPEHIIUAJTHA YPABHEHUS
OT MO-BUCOK PE]I

§ 24. OoOpa3yBaHe Ha Au(epeHIUMATHN YPABHEHUS Ype3
audepeHIIpaHe M eJIMMHHAIUS HA MPOU3BOJIHH KOHCTAHTH

Axo ¢ JaaACHO €OHO YpaBHCHHEC MCXKIAY X, YV U n IMPOHU3BOJHHU KOHCTAHTHU
Cl’C2""7cna

(1) F(x7y7C17C27‘--’Cn):09

TO 3a BCSKa CHCTEMa YHCJICHHW 3HadeHHWs Ha koHctaHtute Ci,C,,...,C, TOBa
ypaBHeHUe Ae@uHUpa U300110 y KaTto QyHKIusS Ha x. Ha 6e30poii cucremu 3Ha-
YeHHs Ha MPOU3BOJIHUTE KOHCTAHTH OTTOBAPAT IO TO3U HA4YMH 0e30poiil PpyHKIHH
y Ha x, neduHupaHu upe3 ypasHeHuero (1). Beska eqna or 14X ymoBieTBopsiBa
€IHO OOMKHOBEHO JH(epeHINaTIH0 ypaBHEHUE OT n-TH Pefl, KOEeTO ce MoiydaBa
[0 clenHus HauyuH: JudepeHnupaMe n MbTU mopexn ypaBHeHueTo (1) (B xoero
pasmiexxaaMe y KaTo HesiBHa (DYHKIMS Ha X) U eTMMUHUpaMe OT TaKa MOJTyuYeHHUTE
1 ypaBHCHHUS

OF OF , #F _0*F , O°F oF

—_— 4+ — :0, — 42 ,+7’2+7N:O,...

ox Oy Y Ox? axﬁyy 0y? Y dy Y

u ot ypaBHenuero (1) mpousBonaute koHcrantu Cp, Cy, ..., C,. EmuMuHamon-
HUAT Pe3yATar IIe MPEACTaBS OYCBHAHO €IHO YPABHEHHE MEXIY X, Y M IPOU3-
BOJHHUTE HA Yy J0 N-TH PEJl BKIIOUUTEITHO:

) fayys... ,y(”)) =0.

OT camus HauWH, N0 KOMTO M3BEIOXME TOBA YpPaBHEHHUE, € SCHO, Y€ TO Ce
VIIOBIICTBOPSIBA 32 BCSAKA (DYHKITHS y Ha X, KOITO MOXKE JIa CE€ MONYYIH OT ypaBHE-
HueTo (1) 3a HIKOS CUCTeMa YUCIIEHH 3HaYCeHUs Ha TIPOU3BOIIHUTE KOHCTAHTH. ETO
3amo ypaBHeHHeTO (1) ce Hapu4a 06wy unmeepan Ha CHOTBETHOTO MYy AMQEpeH-
nuanHo ypaBHeHue (2). OTTyk olie He cienBa, 4e, 00paTHO, BCIKO OOMKHOBEHO
TU(epeHIMaTHO YpaBHEHUE OT N-TH PEJ] MPHUTEk)aBa OOI MHTErpall, OT KOUTO
TO MOXE JIa ce MONy4H 4pe3 AudepeHnrpane u eTMMUHUpPaHe Ha MPOU3BOIHUTE
KoHCTaHTH. KakTo I1ie BHIUM MO-HATaThK (BXK. TeOpeMara 3a ChIIECTBYBaHE Ha
WHTETPaI Ha e/IHa crcTeMa MudepeHINaTHI YpaBHEHUs ), IPU U3BECTHH IIpeI-
MOJIOXKEHHUST OT JIO0CTa OOI XapakTep BCSIKO MU(EPEHIMAIHO YpaBHEHUE OT BU-
na (2) mpuTekaBa eIUH OOII WHTETpajl, ChIABPKAI 7 MPOU3BOJIHA KOHCTAHTH.

84



§ 24. O0pasyBaHe Ha quQepeHIIMaTHH YPAaBHEHUS 4pe3. . . 85

3acera obade e ce 3aJOBOJIMM CaMO C Te3M OeNe)KKH OTHOCHO XapakTepa Ha
Ha-001I0TO pellleHNe Ha €JHO OOMKHOBEHO NU(EPEHIINATHO YPAaBHEHHE OT N-TH
pen.

Ilpumep 1. OOmOTO ypaBHEHNE HA BCUYKH TIPaBU B €IHA paBHUHA Ma BUIA
y = C1x+ Cp ¥ chbABPKA JABE IPOU3BOIHU KOHCTAHTH.

Upes ABykpaTHO MU(EPECHIMPAHE CE SIMMHUHHUPAT CHIIEBPEMEHHO U TPOU3-
BOJIHUTE KOHCTaHTH, Th{ Y€ CHOTBETHOTO MU(EPEHIIMAIHO ypaBHEHHE OT BTOPH
pexe

y' =0.
HeroBoTo reoMeTpryHO 3HaYCHUE € CICAHOTO: TO U3Pa3saBa, Ue KpUBUHATA B MIPO-
M3BOJIHA TOYKA Ha €JHa MHTErpajiHa KPHBa € paBHA Ha HYyJIa — CBOWCTBO, KOETO
XapaKTepu3rpa HAITBIIHO paBaTa JTUHUS.

Ipumep 2. JInhepeHIMaNHOTO ypaBHEHHE HA OKphKHOCTHTE (X — C1)% + (¥ —
C3)? —r* = 0 ¢ majeH pajuyc r U IPOM3BOJIEH IIEHTBP CE MONyYaBa, KaTo eUMH-
nupame C; u Cp OT ypaBHEHUSTA (x—C1)2+(y—C2)2—r2 =0, x-C1+(y—Cy)y =0,
1 +y?2+ (y—=C»)y” =0. Ot nocnexsure a8e UMaMme

1 +y?

y-C = ——, x-C
y

YU+,

- ! ’

HaMmepeHuTe cTorHocTH 3a y — Cy u x — C, 3aMECTEeHH B IIbPBOTO YpPaBHEHMUE,
BOAAT KbM EJIMMHUHALIMOHHUS PE3YJITAT

(1+y?)° _,
y//2 :

ToBa nudepeHLnanHO ypaBHEHHE H3pa3siBa ChILO €AHO NMPOCTO T'€OMETPUYHO
CBOMCTBO Ha KOS J]a € MHTErpajiHa KpHBa, a MMEHHO: PaJUyChT Ha KPUBHHATa
B MPOM3BOJIHA TOYKA HAa KpUBaTa MMa MOCTOSHHA IbJDKMHA, paBHA Ha 7.

Ipumep 3. OOmOTO ypaBHEHUE Ha KOHYCHUTE CEUCHUS B €IHA paBHMHA 3a-
BHCH, KaKTO € U3BECTHO, OT IIE€T MPOU3BOJIHU NapaMeTrbpa. CbOTBETHOTO MY JU-
(epeHInaIHO ypaBHEHHE OT HETH Pel MOXKE Ja Ce MOJMYYH MO CIEAHUS KPaTbK
HauMH. AKO KOHYCHOTO CEYEHHE HsIMa aCUMIITOTHMYHO HalpaBJICHHE, YCIOPEIHO
Ha ocTta OY, ypaBHEHHETO My MOXKE Jla C€ MPEACTaBH BbB BHJA

y=ax+b+ Vix? +2mx +n;

KaTo JudepeHImpamMe IByKpaTHO, HAMUPaMe
In —m?

B (Ix2 + 2mx + n)3/2

24
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20171 . .
O3 = (In—m?)73(Ix* + 2mx + n),

o _2
THiA ye (y”)73 e KBaJIpaTeH TPHUICH Ha X. 3a Jla ce eTMMUHHUPAT KOSPHUIIUCHTUTE
[, m, n, nocTarpbuHo € Aa audepeHHpaMe TpU TBTH nopea. M Taka ThpceHOTO
IuQepeHIraiIHo ypaBHEHHE €

 {ori}ec

dx®

WM KaTO M3BHPLIMM O3Ha4eHHUTE AudepeHupanus,
4Oy///3 _ 45y//y///ylV + 9y//2yV =0

[o churus HaumH ce u3BeXIa U AU(EPEHIIMAITHOTO ypaBHEHHE Ha BCUYKH Tapa-
6oy B eqHa paBHUHA, KOETO TPpsAOBa 1a Obie, pazdupa ce, oT 4eTBbpTH pea. [lpu
mapabonure umame [ = 0, T 4e (y")_.% ¢ nuHeHa QyHKIUA Ha X. THPCEHOTO
nudepeHnaiHo ypaBHEHHE € podee

& ¢, 2
ACKRISL
HJIN B pa3BI/IT BU

Sy///Z _ 3y//y1V =0.

3amaun

1. Hamepere nudepeHnnaiHoTo ypaBHEHHE HAa BCHYKH KOHYCHH CEYEHUS C
o011 GoKyc B Ha4aI0To.
2. CpI10 32 KOHYCHUTE ceueHus ¢ obma oc (octa OX).

d'y
dxz - f(x)

KakTo 3a 00uMKHOBeHHTE AM(EepeHINATHN YPaBHEHUSI OT I'bPBH pell, Thi U
3a TaKkUBa OT MO-BHCOK PEJ HE CHIUIECTBYBAT OOIIM METOAW 3a WHTETPUpPAHE, T. €.
TaKUBa, KOUTO Ja TMO3BOJISABAT J1a C€ U3Pa3u OOIIMAT MHTETPaj u4pe3 KIacCHUeCKH-
Te anreOpUYHU U TpaHCUEHAeHTHH (yHkmu. ETo 3amo Hue Tyk Ie pasriename
caMo TakuBa THUIIOBE MU(EPECHIMAIHN YPaBHEHUS, IPU KOUTO TOBA HMHTEIPUpPaHE
€ Bb3MO)KHO M KOMTO CHIIEBPEMEHHO UMaT 3HaU€HHUe OT DIESAMIIETO Ha MPHIIOXKe-
HusATa. B ciydaii, ue He € Bb3MOXKHO ITBJIHOTO MHTEIPUPAHE Ha €IHO IU(epeHIu-
aJlHO ypaBHEHHE, HUE II[e CE CTPEMHM Ja MOHWXHUM pelia My, T.€. J1a TO CBEIEM
KbM HHTETpHpaHe Ha Ipyro Au(epeHInaniHo ypaBHeHNE OT IO-HHUCHK pefl.

§ 25. UnTerpupane Ha ypaBHEHHETO
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d"y

§ 25. UnTerpupane Ha ypaBHCHHETO i
X

f(x) 87

Haii-mpocroro mudepeHaniHo ypaBHEHHE OT n-TH pPell € YpaBHEHHETO

d'y
dxt

f(x),

KOETO MMa Ta3u 0COOEHOCT, Ue He ChIbpiKa Hemo3HaTa GyHKIMS U HEHHUTE MPo-
m3BoAgHU 10 (n — 1)-BU pen BKIOUMTENTHO. TO MOXE N1a ce WHTErpupa 4upes n
HocJe0BaTeJIH] KBagparypy. M HauctuHa, ako o3Ha4uM c fi(x) eqHa IPUMHUTHUB-
Ha QyHKIUS Ha f(x), T. €. TakaBa (YHKIHS, YUATO TPOU3BOJHA € paBHA Ha f(x),
TO Ype3 €AHAa KBaApaTypa HaMHupaMe

kbseto C| O3HaYaBa MPOU3BOJIHA KOHCTaHTa. Jla o3HauuM cien ToBa ¢ fr(x) eqHa
MpUMUTHBHA QYHKIUSA Ha fi(X) U Ja MHTErpUpaMe OIlle BEAHBK; TaKa IOIydaBa-
Me
dn—Zy
d xn—2
[IponbmkaBaiiky O TO3W HAYHH, HUE e JOWUAEM CIIEA 1 KBaJparypu 0 OOIIHs
HUHTETpai

= fz(x) + Clx + C2.

n—1 xn—2

X
- Tt

y = fu(x)+ Cy e+ Cpoix + G,

Tyk f(x), fi(x),..., fu(x) 03Ha4aBaT (YHKIMK Ha X, BCAKA €IHA OT KOWTO CE IIO-

TydaBa OT TpEAUIIHATA Ype3 €THO HEONpeAeNieHO MHTerpupaHe (KBaaparypa);

C1,Cy,...,C, ca IpOW3BOJIHA KOHCTAHTH, HE3aBHCEIIM eaHa oT npyra. OTTyk
n

CJIeqIBa, Ye ako MpUOaBUM KbM €IWH MHTErPall HA YPaBHECHUETO d—i = f(x) emun
MPOU3BOJIEH MOJIMHOM Ha X OT (n — 1)-Ba WJIM MIO-HHUCKA CTETIEH, T)(g Taka IoJyde-
Hata QYHKIMS € TTaK UHTerpajl Ha YPaBHEHUETO; TOBA C€ MPOBEPsBa U HEMOCPEI-
CTBEHO, KaTo B3€MEM IIPEABUJ, Ye n-TaTa NMPOU3BOJHA HA €IUH TaKbB IOJMHOM
€ THXKIECTBEHO paBHA Ha Hyja. Ta3u 3a0ee)kKa MOoKa3Ba, Y€ OOIIUAT WHTETpa
Ha pa3mIekKIaHOTO Au(epeHIInaIHO ypaBHEHNE MOXE J]a CE TIOMyYH, KaTo mpubda-
BHM KBbM €JIMH HETOB YaCTECH MHTErPajl SIUH MPOU3BOJICH MOJUHOM OT (1 — 1)-Ba
crenieH Ha x. KoeduimeHTuTe Ha TO3W MOJMHOM (HA OpOM 1) WIrpasT pojs Ha
TIPOU3BOJTHU KOHCTAHTH.

Oyukmuure fi(x), f2(x),..., f,(x) He ca HAITBIHO OINpENeIeHH, HO TE CTaBaT
TaKWBa, aKO T'M TIOAYNHAM HAIlpHMep Ha YCIOBHETO BCHYKH TE JIa CE aHyJIMpar 3a
X = a. B TakpB cimydail, KakTo 1€ BUIUM, f,(x) MOXe Ja ce TOJIY4Yd camo 4pe3
€THa KBajparypa.
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Karo o3nauaBame HUHTCTPAaiUOHHUTE IPOMEHIINBU C 6YKBI/I, pa3JIM4Hu OT TEC-
31, C KOUTO OeeKuM TOPHUTE I'PaHULIU HAa UHTCTPAJIUTEC, HUC MOKEM [a HAITUIIIEM

Hx) = / fiadu,  fi(u) = / o,

OTKBIETO
X u
f(x) = / du / f(nde.
a a
Ho mocieqHusT MHTETpa € OYEBUIHO PaBeH HA
ty JIBOMHHUS HMHTETpal f f(R) f(®)dudt, xpaero uH-

TerpanroHHara 00JacT R mpencTaBs eauH TPHU-
BI'BJIHUK B paBHUHATa (u,f), 3arpajeH OT Ipa-
BUTC u = X, t = a, u = t. CTOHHOCTTA Ha Ch-
IIUSI UHTETPajl, ak0 M3BBPIIMNM HWHTETPUPAHETO
Mo-HampeJl OTHOCHO U, a CJieJ] TOBa OTHOCHO £, €
paBHa Ha

Yepr. 12 /x dt/xf(t) du = /x(x -0 f(tr)dr.

£ = / (= 0f () dr

W Taka

Ilo ChIIUA HAYMH UMaMe€

A = / Ay du = / Cdu / -0 di = f (u— () dr du
a a a (R)

MJIM KaTO MHTECTpUpaMe MO-Hapea OTHOCHO U U CJIEJ TOBA OTHOCHO /,

X X X _ 2
f3(x):/ dt/ (u—t)f(t)du:/ %f(t)dz.

Cnen n — 1 nogoOHu npeoOpasyBanus goOuBame 3a f,(x), KAKTO JIECHO MOXeE Jia
ce MPOBEepH Upe3 METOJa Ha IThTHATa MHIYKIINS, HHTETPaTHUI U3pa3

B X (x _ t)n—l
Jn(X) —/a mf(f)df-

UYe nocneaHusT UHTErpaja HaucTUHA JAeuHupa eaHa GyHKIMS HA X, YUSITO n-Ta
MPOM3BOIHA € paBHA Ha f(Xx), MOXKeM Ja ce yOeAuM M HampaBo, Karo ro aude-
peHILUpaMe MOCIEA0BATeNIHO 7 IIBTH 110 IPAaBIIIOTO 3a JudepeHiupaHe Ha eAuH



n

d
§ 25. UnTerpupane Ha ypaBHeHl/IeTO — = f(x) 89

OTIpEeJIeJIEH MHTErpall OTHOCHO MapaMeThbpa X, OT KOWTO 3aBHCH KaKTO TropHara
rpaHulla, Thil U oAuHTErpaHara QyHkuus. CiaeoBaTeIHO OOLIMST HHTErPal Ha
TaACHOTO Mu(epeHITNAIHO ypaBHEHUE €

y= ity | o wars P,

KbjeTo P,_1(x) 03HauaBa eIMH MPOU3BOJIEH MOJIMHOM Ha X OT (n — 1)-Ba cTemneH.

Ipumep. [la pasriename mudepeHINATHOTO YpaBHEHUE

d"y
dx"

=Inx.

HHTerpanbT Ha TOBa ypaBHEHHE, KOWTO ce aHyIHpa IpH X = 1 3aeqHO C TPOU3-
BOAHUTE cu 10 (n — 1)-BU pell BKIIOUUTEIHO, €

fu(x) = 1)'/(x—t)” Unrds

WJIN KaTO MHTETpUpaMe IO 4aCTHu,

1 [ &x=-0)" 1 [ &x=-0)"
+/ @)dt:/ G-0"
1 I’l’ 1 t I’l' 1 t

[TocinemuuaT UHTErpaT MOXKE J1a CE MPEACTABH TaKa:

X — " X — " — X . n X — " —x"
/ (xt)dt:/ (x)tde/ xtdtz/ wdt+xnlnx,
1 1 1 1

TBU 4Ue

fuy =~y
n

X" 1 [ (x-0"=x"
fux)=—=Inx+ — — dr
n! n! Jy t
Axo mpubaBUM KBM JSICHATA YacT HA TOCICAHOTO PaBEHCTBO MHTETpaia

1
1 (x=0"—=Xx" dr,
n! 0 1t
KOMTO (JIECHO € Ja ce BHUIM) MpencTaBs MOJWHOM Ha x oT (n — 1)-Ba crermeH, e
MOJIyYMM OYEBHJIHO APYT MHTErpasl Ha AU(EPEHIUATHOTO ypaBHEHHE, KOUTO IIe
03HAYUM C V.
x" I fx-0)"—-x"

Yon=—Inx+—
n!

dr.
n! 0 t
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CroiiHOCTTa Ha OIIPEACIICHUS UHTErpal OTASICHO C€ HaMHpa, KaTO MOJIOXKHUM [ =
X — UXx, KbA€TO 4 € HOBAa UHTCIpallMOHHA IIPOMCHIIMBA, I10JydYaBaMe

X 1
(x=0"-x" / u'x" — x"
/0 t 0 X—ux S

: . 11 1
X" [ (I+u+---+u"")du=—-x" <1+2+---+>;

0 n
CJIETOBATEITHO
x" In 1 1 1
n = — X—— — — — o0 — —
Y= 172 "
A oOmmsT MHTETPAN Ha AaJICHOTO YPaBHECHUE €
X" 1 1 1
Y= (lnx_1_2_”'_n> + Pp1(x),

KbJIeTO Pp,_1(Xx) 03HauaBa MPOU3BOJICH MOJWHOM Ha X OT (1 — 1)-Ba cTemeH.

§ 26. Ilonm:xeHue Ha pena Ha eqHO AudepeHINATHO yPaBHEeHUe

B MHoro cimyuail, Makap U a HE 3HaeM J1a UHTErpUpaMe HAlbJIHO €QHO AU-
(hepeHIIAIHO YpaBHEHUE OT MO-BUCOK eI, HUE MOXXEM J1a MU3IOJI3yBaMe HIKOU
HETOBH 0COOEHOCTH, 32 J1a MMOHKHM pPefia My, T. €. Jla CBeJIeM
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