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Abstract

A set of natural numbers is generic relatively a set B if and only if it is
the preimage of some set A using a B-generic B-regular enumeration such
that both A and its complement are e-reducible to B.

Introduction

The genericity and set genericity, as defined by Copestake in [2], are widely ex-
plored, and have important role in studying the structure of the enumeration de-
grees.

In this paper we consider the genericity relative a set of natural numbers, which
is in fact a set n-genericity. We refer to some well known facts in this area, most
of which can be found in [2] and [1] and can be used to prove similar properties for
the relative genericity.

Further we provide some results concerning reqular enumerations of the set of
the natural numbers that we use to prove a characterization theorem. Concern-
ing the regular enumerations, the used notions and results are taken mostly from
Soskov’s course on Recursion Theory and the author’s Master’s Thesis.

Basic notions and definitions

By w we denote the set of all natural numbers, 2w denotes the set of all even and
2w + 1 - the set of all odd natural numbers; by [0..n — 1], where n € w, we denote
the set {z € w|z < n}. We use N to denote an arbitrary denumerable set.

We use bijective recursive coding of pairs of natural numbers (-, -}, the notation
(z1, %2, ...,xx) means (xi,{x2,...,xt)), and of finite sets - D, denotes the finite
set with code v. By ,4... we denote partial functions from w into w and let
Gr(p) = {{(z,y) | ¢(z) = y} be the graph of the function ¢. The notation p(z)J
means ¢ € Dom(yp), and ¢(x) 1T means x ¢ Dom(p). The notation C is used
to denote inclusion between sets, extension between functions, w-strings or 0-1-
strings, considered as finite functions.

By C'4 we denote the semicharacteristic function of a set A C w, and its char-
acteristic function - by x4, where

(z) = 0 ,ifzed
XA =1 Jifeg A



If each of P and () denotes some property of natural numbers we use the fol-
lowing abbreviation:

1yes [QW)&P(y)]  if Jy(Py)&Q(y))
1Yew [ QWP )] ~ § myew Q)] ,if Jy(Q(y)) and =(P(y)&Q(y))
1 ,if Yy (=Q(y))

where puyec,[Q(y)] is the least y having the property Q.

Let A, B and C... be sets of natural numbers. We use the following standard
definitions and notations:

A <. B if and only if A = ¥,(B) for some e-operator ¥,, defined as follows:
¥, (B) = {z|3v((z,v) € W, & D, C B)}, where W, is the recursively enumerable
set with G6del code a. A =, Bif and only if A <. B and B <, A. The enumeration
degree (e-degree) of the set A is the equivalence class Deg.(A) = {B Cw|A =. B}.
We denote the e-degrees by a, b, c...

We use the standard join operation of two sets A®B = {2z|z € A}U{2z+1|x €
B} having the property that Deg.(A @ B) is the least upper bound of Deg.(A) and
Deg.(B).

A set of natural numbers C is said to be total if its complement is e-reducible
to C, ie. C <. C, (which is equivalent to C' =, C*, where we define C* = C & C,
and thus for every set CT =, Gr(x¢)).

1 B-Generic sets

Definition 1.1 w-string is a finite function from w into w, with domain an initial
segment of w. (J, denotes the nowhere defined function, considered as empty w-
string; note that length of o, is lh(oy) = pa[-Jy(ow(z) = y)];

0-1-string, (or 2-valued string) is an w-string a,,, such that Rng(«,) C {0,1}.
For every 0-1-string «a,, we define the set o) = {z | a,,(z) ~ 0}.

Definition 1.2 The set A is B-generic, for B C w, if and only if for every set S,
such that S is a set of 0-1-strings and S <., B

Jday, C XA(aw €ESVVB, 2 aw(ﬂw gs))

The set A is quasi-minimal over B, if and only if
(1) B <. A, but A £, B; and (2) If C is a total set such that C' <, A, then C' <, B.
The set A is minimal-like over B, if and only if
(1) B <. A, but A £, B; and (2) For every partial function ¢, such that ¢ <, A,
there exists partial function ¢, such that ¢ C ¢ and ¢ <. B.
In analogue to the definitions in [1], an e-degree containing such set is said to
be strongly minimal-like over B.

Here we mention some of the properties of the B-generic sets, that we will need
later: A is B-generic if and only if A is B-generic; if A is B-generic, there is no



infinite e-reducible to B, subset of A; every B-generic set A is infinite and not
e-reducible to B.

Concerning the existence of a B-generic set, a minimal like set over any set B
and the existence of a quasi-minimal set over any set B, see [1], [2], it is proven that
for an arbitrary B-generic set A, the set A ® B is minimal like and quasi-minimal
over B.

Theorem 1.3

Let By, B1,...,B,,... be a sequence of sets of natural numbers. There exists
a set of natural numbers A, which is minimal-like over this sequence, i.e. such that
the next two conditions hold:

1) Vn(B, < A);

2) For every partial function ¢, such that ¢ <. A, there exist a partial function
1 and natural number n, such that ¢ C ¢ and Y <, By & ... ® B,.

PROOF:

In the following proof the notation Ve P(z) is equivalent to IyVz(x > y =

P(z)). We define a set A, satisfying two requirements:

(a) Vn oV<’Jﬁv((ar:,n> cAszxe Bn), and

(b) Ve(\Ife(A) is a function = (Ve (4) CYP &P <. By P ... D BQQ_H)),
building finite sets Ag C ... C A; C ... ..., having the next property:
Vs((z,m) € Asy1 \ As&m < s =2z € B), for all z and m.

Stage 0 : Let Ag = 0.

Stage 2e+1 : A, is built, where s = 2e. We have two cases:

Case 1: There exists (z,n), such that x € B,, and (z,n) ¢ As;. Then we can
define A5 = A5 U {(z,n)}, for the first such (z,n) = p(z,n).

Case 2: Otherwise, define Ay = As.

Stage 2e+2 : A is built, where s = 2e + 1. Again we have two cases:

Case 1: There exists a finite set D,, such that A; C D, and ¥.(D,) is not a
function (i.e. JzIy3z such that y # z& (z,y) € V(D) & (z,2z) € U.(D,)) and
such that ViVm ((t,m) € D, \ A;&m < s =t € By,)?

Define A1 to be the least D, (i.e. having the least code v), with this property.

Case 2: Otherwise, define Ay = As.

End.

o0
Finally define A = | J A,.
s=0
For this set we can prove the properties (a) and (b), from which our theorem
follows. -
The interesting direction of the proof of (a) is (=). We can prove that Vn V¥
z ((z,n) € A = z € B,). Assume it is not true, i.e. there exist n and in-

finitely many zy < ... < x; < ..., such that (z;,n) € A and x; ¢ B,. Therefore
Vz;3s; ((ws,n) € As, 41\ As, ). But at every stage s the set A, \ A, is finite, then
there exist infinitely many z,, ... ,xs,,... from this sequence, such that at stages

S0 < ...<8; <...wehave (z,,,n) € As,11\As,. But 5, € B,, and then the stages



s; + 1 must be even (i.e. s; +1 = 2¢; + 2), and we have Case 1, i.e. A5, 41 = D,,
where D, D A, and Vth((t,m) €D, \A;, &m < s; =t € Bm). Therefore for
every s; > n if (zs,,n) € A, 41\ As,, then z,, € B, which is a contradiction.

The proof of (b) consists in the following: supposing ¥.(A) to be a graph of some
function, at Stage 2e+2, for s=2e + 1 we have Case2. Define the set Gy = {(z,y) |
3D, (D, 2 A, & (z,y) € ¥.(D,) & V(t,m)((t,m) € D,\A; &m < s=t€ By))}.
Therefore the following conditions hold:

.Gw Se B()EBEBBS,

e Gy = Gr(y), i.e. Gy is a graph of some function 1, since assuming it not
true, there exist  and y1 # y», such that (z,y1) € Gy and (z,y1) € Gy. Therefore
there exist finite sets D,, and D,,, both extending A, s.t. (z,y1) € ¥.(D,,) and
Y({t,m)((t,m) € Dy, \ As&m < s =t € By,). Then for D, = D,, UD,,, ¥.(D,)
is not a function and Y(t,m)((t,m) € D,\As&m < s = t € By,), which is a
contradiction with Case 2.

e U (A) C Gy, since assuming there is (z,y) € ¥.(A)\ Gy, there exists As4p D
Ag, such that (z,y) € ¥ (Asyp) and 3(t,m) ((t,m) € Agyp\As&m < s&t & By,).
It follows that there is i, such that 0 < i < p and (t,m) € Asyit1 \ Asti, and
therefore m < s+i. Since Agyiy1\ Asti 7# 0, we have Case 1 at Stage s+i = 2e;+1
or Case 1 at Stage s + i = 2e;. But in both cases it follows that ¢t € B,,,, which is
a contradiction.

This proves our proposition. a

As a corollary of the above theorem we obtain the existence of strongly minimal-
like e-degree over an infinite ascending sequence of e-degrees.

2 B-Generic regular enumerations

In this paragraph we illustrate briefly some results obtained using the relative
generic regular enumerations and many of the proofs will be only sketched.

Definition 2.1 Let B C w be a non-empty set of natural numbers.

1) The total and surjective function f : w—w, is called B-regular w-enumeration,
if f(2w) = B, where f(2w) = {f(2z) |z € w}.

2) An w-string 7, is B-regular, if 7, (2w) C B, where 7, (2w)={y | 3z (7, (2z) =
v}

3) The B-regular w-enumeration f is called B-generic if for every e-reducible to
B set of w-strings F, the following holds:

Jo,, gf(aw € FVV7, Do,(1 €F))

For every non-empty set B one can iteratively build a B-generic B-regular
enumeration f at stages, using w-strings to satisfy the requirements in the definition
of f.

It is true that f €. B, for every B-generic B-regular enumeration f. This can
be proved assuming f <. B, and defining the e-reducible to B set of w-strings
S ={r,|1w(2w) C B& T, Z f}, that will lead to the contradiction.



Proposition 2.2
For every B-generic B-regular enumeration f, for every set R, such that R <, B,
R<.B,RNB#0and RN B # 0, the set f~'(R) is B-generic.

PROOF:

Since f~'(R) = {z| f(z) € R}, we have that xy-1(g) = xro f. Assume f'(R)
is not B-generic, i.e. there is e-reducible to B set of w-strings, such that
(1) vaw(aw - Xf-1(R) = Quw ¢ F&3B,(By D au & By, € F))

Define S = {o,, | Ja,(aw € F& xroo, = o)}, where xgoo, = a if and only
if (Ih(aw) = h(o,) &V < lh(aw)(w(z) = 0 < o, (z) € R)), therefore S is a set
of B-regular w-strings and S <. B. But f is B-generic B-regular enumeration, so
there is o, C f, such that either o, € S, either V7, D 0, (7, &€ S).

Assuming o, € S, there is o, € F, such that xyg oo, = ay, but g, C f and
then xg o f D ay, i.e. a, C xf-1(R), Which is a contradiction with (1). Therefore
for that o, the following holds:

(2) V7, Dou(tw €5).

Define o, = xg 0 0,,. Since o, C f, then a, C xgr o f = Xxy-1(r), and from
(1) it follows that there exists 8,, such that 8, D «, and 83, € F. Therefore
By D XRo 0, = a, and [h(B,) > lh(ay). If we fix two elements of B -a € RN B
and b € RN B, we can define an w-string 7,,, such that 7, D o, lh(7,) = lh(B.)
and Vz (lh(o,) < z < Ih(1,) = (Bu(z) =0 & 7u(z) € R)), i.e. By = XROTw 2
XROO, = Q. Since 3, € F and yYgoT, = B, then 7, € S, which is a contradiction
with (b). Therefore f~!(R) is not B-generic set.

O

The following corollary follows directly from Proposition 2.2 and from the prop-
erties of relative generic sets in §1.

Corollary 2.3
For every B-generic B-regular enumeration f, for every set R, such that R <, B,
R<.,B,RNB# 0 and RN B # (), the set f~'(R) ® B is quasi-minimal over B.

Lemma 2.4

Let A be B-generic. Let R C w, such that R <, B, R <, B, RN B # () and
RN B # 0. Let 8, be an w-string, having the properties (1) and (2):

(1) 0, is B-regular;

(2) Vo < lh(d,) (x € A& d,(x) € R).

For every S, such that S is e-reducible to B set of w-strings, there exists w-string
0w, having the properties (a), (b), (¢) and (d) :

(a) 0w, 2 du;

(b) o, is B-regular;

(c) Yz < lh(oy,) (x € A & 0,(x) € R);

(d) o, €S V V7,(1, Do, = 7w €95).

PROOF:



Let us denote by a,, ~g o, the property Vo € Dom(o,,)(a,(z) =0 < oy (2) €
R), where a,, is a 0-1-string, o, is a w-string and R C w.

Define the set P = {a,, | Jo., (aw €eS&o, D0, & 0,(2w) C B & lh(ay,) =
lh(oy) & ay, ~gr ow)}, that is e-reducible to B. Since A is B-generic, we have two
possibilities:

Case 1. Ja, C xa (ay, € P).

In this case there exists o, - a B-regular extension of d, in S with the same
length as a,, such that a, ~g 0,. But a, C x4, then Vo < lh(s,) (z € A &
0.(z) € R), i.e. o, has the properties (a), (b), (¢) and (d).

Case 2. Ja, C xaVBu D au (B, & P).

In this case da, C x4 (lh(éw) <Ih(ay) & Y8, D au(Bu & S)) Fix two elements
ain RNB # (0 and bin RN B # (. Now we can define an w-string o, such that
o, 2 0, and lh(o,) = lh(ay), such that for the arguments z, s.t. [h(d,) < z <
Ih(ay), ou(x) ~ a if ay,(z) = 0; and o,(z) ~ b if a,(z) = 1. Since ¢, is B-
regular, o, is B-regular too. And from (2) and «,, C xa follows that V& < lh(o,)
(r € A < o,(x) € R). So, 0, has the properties (a), (b) and (¢). It remains to
verify (d).

First, notice that a,, ~g o,. Assume that there exists 7, such that 7, D o, D
0, and 7, € S, (then 7, is B-regular). Therefore there exists 0-1-string 3,,, such that
Bu 2 a, and lh(B,) = lh(1,), such that for the arguments lh(a,) < z < lh(7,),
Bu(z) = 0if 7,(x) € R; and B, (z) = 1if 7,(x) ¢ R. Since oy, ~g 0, for this 3
follows that Vo < [h(B,) (Bu(z) =0 < 7,(x) € R), i.e. B, ~r T, and therefore
B. € P, which is a contradiction with Case 2, then the property (d) holds.

In both cases we found an w-string satisfying (a), (b), (¢) and (d).

(|

Proposition 2.5 .
Let A be B-generic and R be such that RN B # 0, RNB # 0, R <, B and
R <. B. There exists B-generic B-regular enumeration f, such that A = f~1(R).

Proor:

Since fY(R) = {z | f(z) € R}, A = f~!(R) is equivalent to Vz(z € A &
f(z) € R).

We build a sequence of w-strings 6% C ol C ...0% C ..., such that each o¢
has the properties (1) and (2):

(1) 0% is B-regular, i.e. 0% (2w) C B;

(2) Yz < Ih(c?) (x € A& ol(x) € R).

If (1) holds for all 0%, then f(2w)C B. If (2) for each o2 and from (3) it follows
that A = f~1(R).

At Stage (2e + 1) we insure f to be total, surjective and f(2w) C B, i.e.

(3) Vg =2e+ 1 (lh(c&t") > h(0Y));

(4) Ve € w Ig=2e+ 1 (z € Rng(c?));

(5) Ve e BIg=2e+1 (z € 07 (2w)).

At Stage (2e + 2) we insure f to be B-generic, i.e.



(6) Vg =2e+2 ( If U.(B) is a set of B-regular w-strings, then
(04 € We(B) VVr, 2 ot (r, € We(B))) ).

Stage 0: Define 02 = 0.
Stage 2e+1: At this stage o2 is built, with g = 2e.

Let zg, 1, x2 and x3 be the first numbers, greater or equal to lh(c?), that
belong to 2w N A, (2w +1)N A, 20N A and (2w + 1) N A respectively. Such z;
exist, because assuming for example Yz (z > [h(c%) & = € 2w = x ¢ A), the set
Co ={z|z > Ih(0%) & z € 2w} is infinite and recursively enumerable and Cy C A4,
which is a contradiction with the properties of the B-generic sets.

Let m = max{xo, 21,72, 73} Define 04! such that 62! D 0% and lh(cdT!) =
m+ 1> 1h(c?), and for the arguments [h(c%) < < m, define as follows:

uylye RN Blly¢ Bng(c%)] ,xc€2w&zeA
ST (1) = pyly€ RN Blly ¢ Rng(of)] ,x€2w&adA
N | myly € Rlly ¢ Rng(ad)] Tf2w&reA
myly € R][y ¢ Rng(of)] 2wk g A
Stage 2e+2: At this stage of is built, with ¢ = 2e + 2.

Define G = {0, |0,(2w) C B & Vo < lh(o,) (2 € A & o,(z) € R)}, ie.
G = {o, | for o, (1) and (2) hold true }. We have two possibilities:

Case 1. Jo, D 0 (Uw eG& (Uw € U (B)VV7, Doy(t, & \Ife(B)))) Define

097! to be the least such o, .

Case 2. Yo, D o] (aw eG=> (Uw ¢ V.(B) & 31, Doy, (1, € ¥.(B) ))) Define

it =g,
End.
oo
Define f = U ol.
q=0

Using induction on ¢ one can prove that for each 0% the conditions (1) and (2)
holds. At Stage 2e+1 we satisfy the requirements (3), (4) and (5). It follows that
f is B-regular enumeration and A = f~(R).

From (1) and (2) for o, it follows, that for every e € w, if ¥,(B) is a set of
B-regular w-strings, then there exists o, having the properties (a), (b), (¢) and (d)
of Lemma 2.4, i.e. 0, D 0l, o, is B-regular, Vx < lh(o,) (z € A & o,(z) € R)
and (0, € ¥.(B)V V7, (1w, 2 0w = 7w € ¥.(B))). This means that if ¥.(B) is a
set of B-regular w-strings, at Stage 2e+1, we never have Case 2, i.e the requirement,
(6) is satisfied.

Therefore our f is B-generic B-regular enumeration, such that A = f~*(R).

d



Theorem 2.6
Let B be a non-empty set of natural numbers. Any set A C w is B-generic if

and only if there exist a set R and B-generic B-regular enumeration f, such that
R<.Band R<, B,and A= f (R).

PROOF:
(<) The Proposition 2.2.
(=) If Ais B-generic and there exists at least two different elements in B (otherwise
B is recursively enumerable and therefore e-equivalent to a set containing at least
two different elements) a # b. Then for R = {a} the conditions in Proposition
2.5 hold and therefore there exists B-generic B-regular enumeration f, such that
A = f7Y(R), and for the existence of B-generic B-regular enumeration we need
only B # 0.

O
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