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Abstract

A set of natural numbers is generic relatively a set B if and only if it is

the preimage of some set A using a B-generic B-regular enumeration such

that both A and its complement are e-reducible to B:

Introduction

The genericity and set genericity, as de�ned by Copestake in [2], are widely ex-

plored, and have important role in studying the structure of the enumeration de-

grees.

In this paper we consider the genericity relative a set of natural numbers, which

is in fact a set n-genericity: We refer to some well known facts in this area, most

of which can be found in [2] and [1] and can be used to prove similar properties for

the relative genericity.

Further we provide some results concerning regular enumerations of the set of

the natural numbers that we use to prove a characterization theorem. Concern-

ing the regular enumerations, the used notions and results are taken mostly from

Soskov's course on Recursion Theory and the author's Master's Thesis.

Basic notions and de�nitions

By ! we denote the set of all natural numbers, 2! denotes the set of all even and

2! + 1 - the set of all odd natural numbers; by [0::n� 1], where n 2 !, we denote

the set fx 2 !jx < ng. We use N to denote an arbitrary denumerable set.

We use bijective recursive coding of pairs of natural numbers h�; �i; the notation

hx1; x2; :::; xki means hx1; hx2; :::; xkii, and of �nite sets - Dv denotes the �nite

set with code v. By ';  ::: we denote partial functions from ! into ! and let

Gr(') = fhx; yi j '(x) = yg be the graph of the function '. The notation '(x)#

means x 2 Dom('), and '(x) " means x 62 Dom('). The notation � is used

to denote inclusion between sets, extension between functions, !-strings or 0-1-

strings, considered as �nite functions.

By CA we denote the semicharacteristic function of a set A � !, and its char-

acteristic function - by �A; where

�A(x) =

(
0 , if x 2 A

1 , if x =2 A
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If each of P and Q denotes some property of natural numbers we use the fol-

lowing abbreviation:

�y2![Q(y)][P (y)] '

8><
>:
�y2!

�
Q(y)&P (y)

�
, if 9y

�
P (y)&Q(y)

�
�y2!

�
Q(y)

�
, if 9y

�
Q(y)

�
and :

�
P (y)&Q(y)

�
" , if 8y(:Q(y))

;

where �y2![Q(y)] is the least y having the property Q:

Let A;B and C... be sets of natural numbers. We use the following standard

de�nitions and notations:

A �e B if and only if A = 	a(B) for some e-operator 	a; de�ned as follows:

	a(B) = fx j 9v
�
hx; vi 2Wa&Dv � B

�
g, where Wa is the recursively enumerable

set with G�odel code a. A �e B if and only if A �e B and B �e A: The enumeration

degree (e-degree) of the set A is the equivalence class Dege(A) = fB � ! jA �e Bg:

We denote the e-degrees by a; b; c:::

We use the standard join operation of two sets A�B = f2xjx 2 Ag[f2x+1jx 2

Bg having the property that Dege(A�B) is the least upper bound of Dege(A) and

Dege(B):

A set of natural numbers C is said to be total if its complement is e-reducible

to C, i.e. C �e C; (which is equivalent to C �e C
+
; where we de�ne C+ = C �C;

and thus for every set C+
�e Gr(�C)).

1 B-Generic sets

De�nition 1.1 !-string is a �nite function from ! into !, with domain an initial

segment of !: ;! denotes the nowhere de�ned function, considered as empty !-

string ; note that length of �! is lh(�!) = �x
�
:9y(�!(x) = y)

�
;

0-1-string, (or 2-valued string) is an !-string �!, such that Rng(�!) � f0; 1g:

For every 0-1-string �! we de�ne the set �+! = fx j �!(x) ' 0g.

De�nition 1.2 The set A is B-generic, for B � !; if and only if for every set S,

such that S is a set of 0-1-strings and S �e B

9�! � �A

�
�! 2 S _ 8�! � �!(�! 62 S)

�
:

The set A is quasi-minimal over B, if and only if

(1) B �e A, but A 6�e B; and (2) If C is a total set such that C �e A, then C �e B:

The set A is minimal-like over B, if and only if

(1) B �e A, but A 6�e B; and (2) For every partial function ', such that ' �e A,

there exists partial function  , such that ' �  and  �e B:

In analogue to the de�nitions in [1], an e-degree containing such set is said to

be strongly minimal-like over B:

Here we mention some of the properties of the B-generic sets, that we will need

later: A is B-generic if and only if A is B-generic; if A is B-generic, there is no
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in�nite e-reducible to B, subset of A; every B-generic set A is in�nite and not

e-reducible to B:

Concerning the existence of a B-generic set, a minimal like set over any set B

and the existence of a quasi-minimal set over any set B; see [1], [2], it is proven that

for an arbitrary B-generic set A, the set A �B is minimal like and quasi-minimal

over B:

Theorem 1.3

Let B0; B1; : : : ; Bn; : : : be a sequence of sets of natural numbers. There exists

a set of natural numbers A; which is minimal-like over this sequence, i.e. such that

the next two conditions hold:

1) 8n(Bn �e A);

2) For every partial function ', such that ' �e A, there exist a partial function

 and natural number n; such that ' �  and  �e B0 � : : :�Bn:

Proof:

In the following proof the notation
1

8 x P (x) is equivalent to 9y8x(x � y )

P (x)): We de�ne a set A, satisfying two requirements:

(a) 8n
1

8 x
�
hx; ni 2 A, x 2 Bn

�
; and

(b) 8e
�
	e(A) is a function ) 9 

�
	e(A) �  & �e B0 � : : :�B2e+1

��
;

building �nite sets A0 � : : : � As � : : : :::; having the next property:

8s
�
hx;mi 2 As+1 nAs&m � s) x 2 B

�
; for all x and m:

Stage 0 : Let A0 = ;:

Stage 2e+1 : As is built, where s = 2e: We have two cases:

Case 1: There exists hx; ni; such that x 2 Bn and hx; ni 62 As: Then we can

de�ne As+1 = As [ fhx; nig; for the �rst such hx; ni = �hx; ni:

Case 2: Otherwise, de�ne As+1 = As:

Stage 2e+2 : As is built, where s = 2e+ 1: Again we have two cases:

Case 1: There exists a �nite set Dv; such that As � Dv and 	e(Dv) is not a

function (i.e. 9x9y9z such that y 6= z& hx; yi 2 	e(Dv)& hx; zi 2 	e(Dv)) and

such that 8t8m
�
ht;mi 2 Dv nAs&m � s) t 2 Bm

�
?

De�ne As+1 to be the least Dv (i.e. having the least code v), with this property.

Case 2: Otherwise, de�ne As+1 = As:

End.

Finally de�ne A =

1[
s=0

As:

For this set we can prove the properties (a) and (b); from which our theorem

follows.

The interesting direction of the proof of (a) is ()): We can prove that 8n
1

8

x
�
hx; ni 2 A ) x 2 Bn

�
: Assume it is not true, i.e. there exist n and in-

�nitely many x0 < : : : < xi < : : : ; such that hxi; ni 2 A and xi 62 Bn: Therefore

8xi9si

�
hxi; ni 2 Asi+1 nAsi

�
: But at every stage s the set As+1 nAs is �nite, then

there exist in�nitely many xs0 ; : : : ; xsi ; : : : from this sequence, such that at stages

s0 < : : : < si < : : : we have hxsi ; ni 2 Asi+1nAsi : But xsi 62 Bn and then the stages
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si + 1 must be even (i.e. si + 1 = 2ei + 2), and we have Case 1, i.e. Asi+1 = Dv;

where Dv � Asi and 8t8m
�
ht;mi 2 Dv n Asi &m � si ) t 2 Bm

�
: Therefore for

every si � n if hxsi ; ni 2 Asi+1 nAsi ; then xsi 2 Bn; which is a contradiction.

The proof of (b) consists in the following: supposing 	e(A) to be a graph of some

function, at Stage 2e+2, for s=2e+1 we have Case2. De�ne the set G = fhx; yi j

9Dv

�
Dv � As & hx; yi 2 	e(Dv) & 8ht;mi(ht;mi 2 DvnAs &m � s) t 2 Bm)

�
g:

Therefore the following conditions hold:

� G �e B0 � : : :�Bs;

� G = Gr( ), i.e. G is a graph of some function  ; since assuming it not

true, there exist x and y1 6= y2; such that hx; y1i 2 G and hx; y1i 2 G . Therefore

there exist �nite sets Dv1 and Dv2 ; both extending A; s.t. hx; y1i 2 	e(Dvi) and

8ht;mi(ht;mi 2 Dvi n As&m � s ) t 2 Bm): Then for Dv = Dv1 [ Dv2 ; 	e(Dv)

is not a function and 8ht;mi(ht;mi 2 Dv nAs&m � s ) t 2 Bm); which is a

contradiction with Case 2.

� 	e(A) � G ; since assuming there is hx; yi 2 	e(A)nG ; there exists As+p �

As; such that hx; yi 2 	e(As+p) and 9ht;mi (ht;mi 2 As+pnAs&m � s& t 62 Bm):

It follows that there is i; such that 0 � i < p and ht;mi 2 As+i+1 n As+i; and

thereforem � s+i: Since As+i+1nAs+i 6= ;; we have Case 1 at Stage s+i = 2ei+1

or Case 1 at Stage s+ i = 2ei. But in both cases it follows that t 2 Bm; which is

a contradiction.

This proves our proposition. �

As a corollary of the above theorem we obtain the existence of strongly minimal-

like e-degree over an in�nite ascending sequence of e-degrees.

2 B-Generic regular enumerations

In this paragraph we illustrate brie
y some results obtained using the relative

generic regular enumerations and many of the proofs will be only sketched.

De�nition 2.1 Let B � ! be a non-empty set of natural numbers.

1) The total and surjective function f : !!!; is calledB-regular !-enumeration,

if f(2!) = B; where f(2!) = ff(2x) jx 2 !g:

2) An !-string �! is B-regular, if �!(2!)�B; where �!(2!)=fy j 9x (�!(2x)=

y)g:

3) The B-regular !-enumeration f is called B-generic if for every e-reducible to

B set of !-strings F; the following holds:

9�! � f
�
�! 2 F _ 8�! � �!(�! 62 F )

�
:

For every non-empty set B one can iteratively build a B-generic B-regular

enumeration f at stages, using !-strings to satisfy the requirements in the de�nition

of f:

It is true that f 6�e B; for every B-generic B-regular enumeration f: This can

be proved assuming f �e B; and de�ning the e-reducible to B set of !-strings

S = f�! j �!(2!) � B& �! 6� fg; that will lead to the contradiction.
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Proposition 2.2

For everyB-generic B-regular enumeration f; for every set R; such that R �e B;

R �e B; R \ B 6= ; and R \ B 6= ;; the set f�1(R) is B-generic.

Proof:

Since f�1(R) = fx j f(x) 2 Rg; we have that �f�1(R) = �R � f: Assume f�1(R)

is not B-generic, i.e. there is e-reducible to B set of !-strings, such that

(1) 8�!
�
�! � �f�1(R) ) �! 62 F & 9�!(�! � �! &�! 2 F )

�
:

De�ne S = f�! j 9�!(�! 2 F &�R ��! = �!)g; where �R ��! = �! if and only

if
�
lh(�!) = lh(�!)&8x < lh(�!)

�
�!(x) = 0 , �!(x) 2 R

��
; therefore S is a set

of B-regular !-strings and S �e B: But f is B-generic B-regular enumeration, so

there is �! � f; such that either �! 2 S; either 8�! � �!(�! 62 S):

Assuming �! 2 S; there is �! 2 F; such that �R � �! = �!; but �! � f and

then �R � f � �!; i.e. �! � �f�1(R); which is a contradiction with (1): Therefore

for that �! the following holds:

(2) 8�! � �!(�! 62 S):

De�ne �! = �R � �!: Since �! � f; then �! � �R � f = �f�1(R); and from

(1) it follows that there exists �!; such that �! � �! and �! 2 F: Therefore

�! � �R � �! = �! and lh(�!) � lh(�!): If we �x two elements of B - a 2 R \ B

and b 2 R \ B; we can de�ne an !-string �!; such that �! � �!; lh(�!) = lh(�!)

and 8x
�
lh(�!) � x � lh(�!) ) (�!(x) = 0 , �!(x) 2 R)

�
; i.e. �! = �R � �! �

�R��! = �!: Since �! 2 F and �R��! = �!; then �! 2 S; which is a contradiction

with (b): Therefore f�1(R) is not B-generic set.

�

The following corollary follows directly from Proposition 2.2 and from the prop-

erties of relative generic sets in x1.

Corollary 2.3

For everyB-generic B-regular enumeration f; for every set R; such that R �e B;

R �e B; R \ B 6= ; and R \ B 6= ;; the set f�1(R)�B is quasi-minimal over B.

Lemma 2.4

Let A be B-generic. Let R � !; such that R �e B; R �e B; R \ B 6= ; and

R \ B 6= ;: Let �! be an !-string, having the properties (1) and (2):

(1) �! is B-regular;

(2) 8x < lh(�!) (x 2 A, �!(x) 2 R):

For every S; such that S is e-reducible to B set of !-strings, there exists !-string

�! ; having the properties (a); (b); (c) and (d) :

(a) �! � �!;

(b) �! is B-regular;

(c) 8x < lh(�!) (x 2 A, �!(x) 2 R);

(d) �! 2 S _ 8�!(�! � �! ) �! 62 S):

Proof:
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Let us denote by �! �R �! the property 8x 2 Dom(�!)
�
�!(x) = 0, �!(x) 2

R
�
; where �! is a 0-1-string, �! is a !-string and R � !:

De�ne the set P = f�! j 9�!

�
�! 2 S & �! � �! & �!(2!) � B & lh(�!) =

lh(�!) & �! �R �!

�
g; that is e-reducible to B: Since A is B-generic, we have two

possibilities:

Case 1. 9�! � �A (�! 2 P ):

In this case there exists �! - a B-regular extension of �! in S with the same

length as �!; such that �! �R �! : But �! � �A; then 8x < lh(�!)
�
x 2 A ,

�!(x) 2 R
�
; i.e. �! has the properties (a); (b); (c) and (d):

Case 2. 9�! � �a8�! � �!(�! 62 P ):

In this case 9�! � �A

�
lh(�!) � lh(�!) & 8�! � �!(�! 62 S)

�
: Fix two elements

a in R \ B 6= ; and b in R \ B 6= ;: Now we can de�ne an !-string �!; such that

�! � �! and lh(�!) = lh(�!); such that for the arguments x; s.t. lh(�!) � x <

lh(�!); �!(x) ' a if �!(x) = 0; and �!(x) ' b if �!(x) = 1: Since �! is B-

regular, �! is B-regular too. And from (2) and �! � �A follows that 8x < lh(�!)

(x 2 A , �!(x) 2 R): So, �! has the properties (a); (b) and (c): It remains to

verify (d):

First, notice that �! �R �!: Assume that there exists �!; such that �! � �! �

�! and �! 2 S; (then �! isB-regular). Therefore there exists 0-1-string �!; such that

�! � �! and lh(�!) = lh(�!); such that for the arguments lh(�!) � x < lh(�!);

�!(x) ' 0 if �!(x) 2 R; and �!(x) ' 1 if �!(x) 62 R: Since �! �R �! for this �

follows that 8x < lh(�!) (�!(x) = 0 , �!(x) 2 R); i.e. �! �R �! and therefore

�! 2 P; which is a contradiction with Case 2, then the property (d) holds.

In both cases we found an !-string satisfying (a); (b); (c) and (d):

�

Proposition 2.5

Let A be B-generic and R be such that R \ B 6= ;; R \ B 6= ;; R �e B and

R �e B: There exists B-generic B-regular enumeration f; such that A = f
�1(R):

Proof:

Since f�1(R) = fx j f(x) 2 Rg; A = f
�1(R) is equivalent to 8x(x 2 A ,

f(x) 2 R):

We build a sequence of !-strings �0! � �
1
! � : : : �

q
! � : : : ; such that each �q!

has the properties (1) and (2):

(1) �q! is B-regular, i.e. �q!(2!) � B;

(2) 8x < lh(�q!) (x 2 A, �
q
!(x) 2 R):

If (1) holds for all �q! ; then f(2!)�B: If (2) for each �
q
! and from (3) it follows

that A = f
�1(R):

At Stage (2e+ 1) we insure f to be total, surjective and f(2!) � B; i.e.

(3) 8q = 2e+ 1
�
lh(�q+1! ) > lh(�q!)

�
;

(4) 8x 2 ! 9q = 2e+ 1
�
x 2 Rng(�q!)

�
;

(5) 8x 2 B 9q = 2e+ 1
�
x 2 �

q
!(2!)

�
:

At Stage (2e+ 2) we insure f to be B-generic, i.e.
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(6) 8q = 2e+ 2
�
If 	e(B) is a set of B-regular !-strings, then�

�
q
! 2 	e(B) _ 8�! � �

q
!(�! 62 	e(B) )

� �
:

Stage 0: De�ne �0! = ;!:

Stage 2e+1: At this stage �q! is built, with q = 2e:

Let x0; x1; x2 and x3 be the �rst numbers, greater or equal to lh(�q!); that

belong to 2! \ A; (2! + 1) \ A; 2! \ A and (2! + 1) \ A respectively. Such xi

exist, because assuming for example 8x (x � lh(�q!) & x 2 2! ) x 62 A); the set

C0 = fx j x � lh(�q!) & x 2 2!g is in�nite and recursively enumerable and C0 � A;

which is a contradiction with the properties of the B-generic sets.

Let m = maxfx0; x1; x2; x3g De�ne �
q+1
! ; such that �q+1! � �

q
! and lh(�q+1! ) =

m+ 1 > lh(�q!); and for the arguments lh(�q!)� x� m; de�ne as follows:

�
q+1
! (x) '

8>>><
>>>:
�y[y2R \ B][y =2Rng(�q!)] ; x22!&x2A

�y[y2R \ B][y =2Rng(�q!)] ; x22!&x 62A

�y[y2R][y =2Rng(�q!)] ; x 622!&x2A

�y[y2R][y =2Rng(�q!)] ; x 622!&x 62A

Stage 2e+2: At this stage �q! is built, with q = 2e+ 2:

De�ne G = f�! j�!(2!) � B & 8x < lh(�!) (x 2 A , �!(x) 2 R)g; i.e.

G = f�! j for �! (1) and (2) hold true g: We have two possibilities:

Case 1. 9�! � �
q
!

�
�! 2 G &

�
�! 2 	e(B) _ 8�! � �!(�! 62 	e(B) )

��
: De�ne

�
q+1
! to be the least such �! :

Case 2. 8�! � �
q
!

�
�! 2 G )

�
�! 62 	e(B) & 9�! � �! (�! 2 	e(B) )

��
: De�ne

�
q+1
! = �

q
! :

End.

De�ne f =

1[
q=0

�
q
! :

Using induction on q one can prove that for each �q! the conditions (1) and (2)

holds. At Stage 2e+1 we satisfy the requirements (3), (4) and (5). It follows that

f is B-regular enumeration and A = f
�1(R):

From (1) and (2) for �! it follows, that for every e 2 !; if 	e(B) is a set of

B-regular !-strings, then there exists �!; having the properties (a); (b); (c) and (d)

of Lemma 2.4, i.e. �! � �
q
! ; �! is B-regular, 8x < lh(�!) (x 2 A , �!(x) 2 R)

and
�
�! 2 	e(B) _ 8�! (�! � �! ) �! 62 	e(B) )

�
: This means that if 	e(B) is a

set of B-regular !-strings, at Stage 2e+1, we never have Case 2, i.e the requirement

(6) is satis�ed.

Therefore our f is B-generic B-regular enumeration, such that A = f
�1(R):

�
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Theorem 2.6

Let B be a non-empty set of natural numbers. Any set A � ! is B-generic if

and only if there exist a set R and B-generic B-regular enumeration f; such that

R �e B and R �e B; and A = f
�1(R):

Proof:

(() The Proposition 2.2.

()) If A is B-generic and there exists at least two di�erent elements in B (otherwise

B is recursively enumerable and therefore e-equivalent to a set containing at least

two di�erent elements) a 6= b: Then for R = fag the conditions in Proposition

2.5 hold and therefore there exists B-generic B-regular enumeration f; such that

A = f
�1(R); and for the existence of B-generic B-regular enumeration we need

only B 6= ;:

�
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