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1 Introduction.

One possible measure for the proximity of two strings is the so-called Leven-
shtein distance (known also as edit distance), based on primitive edit operations.
Primitive edit operations are replacement of one symbol with another (substi-
tution), deletion of a symbol, insertion of a symbol and others. The distance
between two strings w and v is defined as the minimal number of the primitive
edit operations that transform w into v.

This master thesis gives a detailed formal review of the so-called universal
Levenshtein automaton. The input word for this automaton is a sequence of bit
vectors i(w, v) which is computed by given two words w and v. The automaton
recognizes i(w,v) iff the distance between w and v is not greater than n.

The greatest advantage of the universal Levenshtein automata AYX is ob-
tained when we have to extract from a dictionary all words v that are close
enough to a given word w. If the dictionary is repesented as a finite determinis-
tic automaton D we can traverse parallelly the two automata A%X and D to find
all these words. Description of this algorithm and its modified version called
forward-backward method, which is extremely fast in practice, can be found in
[MSFASLD].

Short review of the contents

Section 2 - definition of three different Levenshtein distances based on the
number of edit operations. Section 3 - definition of the nondeterministic Leven-
shtein automaton ANPX(w) and proof that the language of ANP:X(w) consists
of all strings = such that the distance between w and z is not greater than n.
Section 4 - definition of the deterministic Levenshtein automaton APX(w) and
proof that the languages of ANPX(w) and APX(w) are equal. The universal
Levenshtein automaton AYX is defined in section 5. Section 6 - the algorithm
for its building. Section 7 - proof that AY-X is minimal. Section 8 - some prop-
erties of AV

Remarks

The aim of this master thesis is to review the deterministic Levenshtein
automata and the universal Levenshtein automata presented by their authors
Mihov and Schulz in [SMFSCLA] and [MSFASLD]. The main efforts in this
master thesis are concentrated on the strict proofs and the details.

This paper is a draft transation of the original text with additional comments
and more figures. The original can be found at [ORIG].

The term Levenshtein distances is used in the text for d$, df and d7**,
although for the words wy = abcd, wos = abdc and ws = bdac the triangle
inequality is not satisfied for d%. d% (abed,abdc) = 1, dY (abdc,bdac) = 2, but
dt (abed, bdac) = 4.



2 Levenshtein distances. Properties.

Let X be a finite set of letters.

Definition 1 df, : ¥* x ¥* = N
Let v,w,v,w’ € ¥* and a,b € X.
Hv=ecorw=c¢

. def
dy (v, w) = max(|v], |w])
2) [v| >1and |w| >1
Let v = av’ and w = bw'.

ds (v, w) = min( if(a=0b,d% (v, w'),00),
14+d5 (v, bw'),
14 dS (av',w'),
1+ dy (o))

Notations Here and in what follows the value of the expression
if(Condition, Valuel fConditionI sTrue, Valuel fConditionIsFalse)
is Valuel fConditionl sTrue if Condition is satisfied and Valuel f ConditionlsFalse
otherwise. |z| denotes the length of x.

The function df is called Levenshtein distance. df(v,w) is called Leven-
shtein distance between the words v and w. The Levenshtein distance between
the words v and w is the minimal number of primitive edit operations that
transform v into w. The primitive edit operations are deletion of a letter, inser-
tion of a letter and substitution of one letter with another.

Definition 2/ —: ¥X* x N — X*
Let ke N, z1,29,...,2, € X and t € N.

def { € ift>k
r1T2...0) — t = .
T41T¢42...T otherwise
Treating the transposition of two letters also as a primitive edit operation
we receive the following definition of Levenshtein distance extended with trans-
position:

Definition 2 df : ¥* x ¥* — N
Let v,w,v,w’ € ¥* and a,b,a1,b; € 3.
Hv=ecorw=c¢
t def
dp, (v, w) = max(|v], |w])
2) [v| >1and |w| >1
Let v = av’ and w = bw'.



d (v, w) = min(  if(a="b,d} (v, w"),0),
1+d5 (v, bw'),
1+ df (av',w'),
1+4dt (v, w'),
if(ar <v' &by <w' &a=b &a; =b1+d\(v— 2w 2),00)

Notations We use ¢ < d to denote that c is a prefix of d if ¢ and d are words.
The function df is called Levenshtein distance extended with transposition.

When merging of two letters into one and splitting of one letter into two
other letters are considered as primitive edit operations we use the following
definition of Levenshtein distance extended with merge and split:

Definition 3 d7"* : ¥* x ¥* — N
Let v,w,v',w" € £* and a,b € X.
Hv=corw=c¢

ms def
dp*(v,w) = maz(|vl, |w|)
2) |v| >1and |w| >1
Let v = av’ and w = bw'.

A7 (v, w) def min(  if(a=b,dP* (v, w'),0),
14+dpe(v, bw'),
14+dpe(av’,w'),
1+dpe(,w'),
if(Jwl > 2,1+d7* (v, w — 2),00),
if(Jv] > 2,1+dP(v—2,w'),00) )

The function d}*® is called Levenshtein distance extended with merge and
split.

Notations We use x as a metasymbol. For example d} denotes dS, d% or
drs if x € {e, t,ms}.

Proposition 1 Let x € {¢,t,ms} and v,w € £*. Then d}(v,w)=0&v=w.

Proof

<) Let v = w = z. Using induction on |z| we prove that d} (z,z) = 0.
1) |z|=0

dY(z,z) =d}(e,e) =0

2) Induction hypothesis: df(z,z) =0

Let a € X. We prove that d (az,ax) = 0:

d(az,ax) = min(  if(a = a,d(z,),00),



min(  if(a = a,0,00),

. )=0

=) With induction on |v| we prove that df (v,w) =0= v = w.

1) v = €. Let df (v,w) = 0. d}(v,w) = maz(|v|,|w|) = 0. Hence w = e.

2) Induction hypothesis: Yw € ¥*(d} (v,w) = 0 = v = w)

Let a € ¥ and w € ¥*. We have to prove that d} (av,w) = 0 = av = w.
Let df(av,w) = 0. From the definition of d} it follows that |w| > 1. Let
beX, w € X* and w = bw'. From the definition of d¥ it follows that a = b and
d¥ (v,w") = 0. The induction hypothesis implies that v = w’. Therefore av = w.

Proposition 2 Let x € {¢,t,ms} and v,w € £*. Then d} (v, w) = df (w,v).
The proof of the Proposition 2 is straightforward.

Remark As we know Proposition 1 and Proposition 2, it remains to prove
the triangle inequality for df ( df(v,w) < df(v,z) + d} (z,w) ) to show that
d¥ is distance. But this property is used nowhere in this paper. That’s why we
don’t prove it.

Definition 4 Let x € {e, t, ms}.
LY, : N xX* — P(X¥)
def
LY en(n,w) = {oldj (v, w) <n}
We can find the definitions of L¢ ., L} . and L7 in [SMFSCLA].

Proposition 3 Let x € {et,ms}. Let a € ¥ and v,w € ¥*. Then
df (v,w) =k = df (av,w) < k+ 1.

Proof Let df(v,w) = k.

Hw=e

d¥ (av,w) = dj (av,e) =k +1

2) ] > 1

Form the definition of d} it follows that d} (av,w) <1+ d} (v,w) =k + 1.

Proposition 4 Let x € {¢,t,ms}. Let a,w; € ¥ and v,w € ¥*. Then
d¥ (v,w) =k = df (av,wyw) < k+1.

Proof Let df (v,w) = k. From the definition of d¥ it follows that d} (av, wjw) <
1+d7*(v,w) =k + 1.

Proposition 5 Let x € {e, t,ms}. Let w; € ¥ and v,w € ¥*. Then
df (v,w) =k = df (v,wiw) < k+1.

Proof Proposition 5 follows directly from Proposition 3 and Proposition 2.



Proposition 6 Let x € {e,t,ms}. Let w; € ¥ and v,w € ¥*. Then
df (v,w) = k = df (wiv, wyw) < k.

Proof Let df (v,w) = k. From the definition of df it follows that d} (wiv, wjw) <
dpe (v, w) = k.

Proposition 7 Let x € {¢,t,ms}. Let w € ¥*, w = wywa...wp, p > 1 and
n > 0. Then

Lfev(”#") 2 2. Lfev( - 1,’LU) U
B.LY,,(n— 1, wows...wp) U
Ly, (n—1,wows..w,) U
wy. LY, (n, wows...wp).

Proof From Properties 3, 4, 5 and 6 it follows respectively that
wmw) DX.LY, (n—1,w),

v( w) D X.LY ., (n— 1, waws...wp) ,
w(n,w) D LY, (n— 1, waws...wp) and

w) D wy.Lf,, (n, waws...wp) .

LY
L
L

Lev(
Therefore

L)LC/C’U(n’ ”LU) 2 E'Lﬁev (Tl - 17 ’U.)) U
Y.L}, (n— 1, wows...w,) U
LY, (n— 1, wows...wp) U
wy.LY ., (0, wows...wp).

We show how to extend

A= X.LY, (n—1w) U
. L’iev( — 1, wows...wp) U
LY, (n— 1, wows...wp,) U
wy.LY,, (n, wows...w,)

to LY., (n,w). First we define RX as an extension of A and afterwards we prove
that RX = L}, .

Definition 5 Let x € {e, t, ms}.

RX: N+ x 9+ — P(2%)

Let w € ¥*, w = wiwa...wp, p > 1 and n > 1.

) x=¢

def
Ré(n,w) = X.Lg,,(n—1w)

Y.L5,,(n— 1, wws.. wp) U
LS .. (n— 1, wows...w,) J
wy.L5 ., (0, wows...wp)



R'(n,w) = X.LY  (n—1w) U

S.LY (n— 1, wows...w,) U

Lt . (n— 1 wows..wp) U

wi. Lt (n, waws...w,) U

if(lw| > 2, wowy.LY,, (n — 1, ws...wp), P).

3) x =ms
ms def ms
R™(n,w) = X.LPS (n—1,w) U

T.LPE (n— 1, wows..wp) U

LT (n—1,wows...wp) U

wi. LT (n, waws...wp) U
XL (n — 1, waws...wp) U

if(jw] > 2,207 (n— 1w — 2), ).

Proposition 8 Let w € ¥*, w = wiwa..wp, p > 1 and n > 1. Then
LY, (n,w) = RX(n,w).

Proof
D)

1) x=¢

From Proposition 7 it follows that LS, (n,w) 2 R(n,w).

2y x=t

We have to prove that

(") Jw| >2= L%  (n,w) 2O wowy.L}  (n— 1 ws...wp).

Let |lw| > 2 and v € Lt  (n — 1,ws...w,). Hence df (v,ws...wp) < n —

1. From the definition of d% it follows that d (wowqv, wiwows...w,) < 1+
dt (v,ws...wp) < n. From (') and Proposition 7 it directly follows that L% (n,w) 2
Rt(n,w).

3) x =ms

We have to prove that

(%) L7, (n,w) 2 BELT (n— 1, wy..wp) and

(x7%) |w| > 2= L7 (n,w) 2 E.LT (n— 1, ws...wp).

3.1) First we prove (x]"%)

Let v € LV (n — 1,wy...wp) and a,b € X. Hence d7**(v, ws...wp) < n — 1.
From the definition of d7** it follows that d7** (abv, wiws...wp) < 14+d7P* (v, wa...wp) <
n.

3.2) We prove (x5"°)

Let |w| > 2, v € LT (n — 1,ws...w,,) and a € . Hence d}** (v, ws...w,) <
n — 1. From the definition of d}*® it follows that d7**(av, wiwaws...wp) < 14
dye (v, ws...wp) < n.

From (+7*%), (x5'°) and Proposition 7 it directly follows that L7 (n,w)
R™*(n,w).

V)



Therefore LY, (n,w) 2 RX(n,w).

<)
Let v € LY, (n,w) and d} (v,w) = k < n.
Hov=e¢

4 (v,0) = ] =

d¥ (v,we..wp) = |lwa..wp| =k —1<n-—1
Therefore v € LY, (n — 1, ws...wp).

2) o] > 1

Let |v] =t and v = v1vg...v;. Hence

df(v,w) = min( if(vy =wi,d} (va...vp, Wa...wp), 0),
1+ df (va...v, w),
1+ df (v, wa...wp),
1+ df (va...v4, wo...wp),

)=k

2.1) v1 = w1 & df (va...vp, wa..wp) =k < n

In this case v € wy.L},, (n, wa...wp).

2.2) df (va..vp,w) =k —-1<n-—1

In this case v € ¥.L}_, (n—1,w).

2.3) df (v,wa..wp) =k —1<n-1

In this case v e L}, (n— 1, wa...wp).

2.4) df (vg..vp, wawp) =k —1<n-—1

In this case v € X.LY,, (n — 1, wa...wp).

Therefore L5, (n,w) C R¢(n,w).

25) x=tand |w| >2&[v|>2& v =ws & ve=w1 &dt (v =2, w—2)=k—-1<n-1
In this case v € X.X.LY, (n — 1, wa...wp).

Therefore Lt (n,w) C R'(n,w).

2.6) x =ms and |w| > 2 & d7*(va..v¢,w3.. wp) =k —1<n—1
In this case v € X.LT2 (n—1,w — 2).

2.7) x =ms and |v| > 2 & dP*(v3..v, wa..wp) =k —1<n-—1
In this case v € B.X.LT (n — 1, wy...wp).

Therefore L2 (n,w) C R™ (n,w).

So LY, (n,w) € RX(n,w).

3 Nondeterministic finite Levenshtein automata
for fixed word.

Notations We denote the tuples << 4,0 >,e >, << 4,1 >, e > and << 4,2 >
,e > with i#¢, i and i#¢ correspondingly.

Definition 6 Let x € {¢,t,ms}. Let w € ¥* and n € N. We define the
nondeterministic finite Levenshtein automaton AYP:X(w).

d *
ANDX () B < 5, QNP X [NDX pNDX* gNDx 5

r'n



Notations Suppose that v : A—e~ B is partial function. We use the expres-
sion !y(7) in order to denote that v(r) is defined and —ly(7) - to denote that
v(m) is not defined. The special expression < 71,a,m >€ SNPX used for the
transition partial function 620X : QNP x S J{e} o= P(QNP:€) means that
ONDX" (101, a) & g € SNPX7 (11, a).

Let |w| = p and w = wiwa...wp.

) x=e¢

QNDwe % fidte|0 < i < p& 0 < e <n)
JND.e def {0#0}

* def

FYPC = {pFel0 < e <n}

Let a € S J{e} and ¢1,¢2 € QY Pe.

< q1,a,q2 >€ VD U«

G =i*&q =i*T &ae X or
G =i &q =i+ 1%t or
qlzi#e&qlzi—&—l#e&a:wiﬂ

2y x=t

QNP QNP fif o <i<p-2&1<e<n)
ND,t def {0#0}

FTJLVD,t* def FTJLVD,e*

Let a € S U{e} and q1,q2 € QNP+

d
< qi,a,q9 >€ NP ief
< q1,a,q2 >€ 6NP< or
=i &g =i &a=wps or
=i &gy =i+ 2% &a=wy
3) x =ms
QN Dms QNP (it |0 <i<p—1&1<e<n}
ND,ms def {0#0)
ND,ms* 4¢f ND,e*
Fn me = Fn ’

Let a € X J{e} and q1,q2 € Q)P ™*.

< q1,a,qy >€ 5,J>'D*m5g

< q1,a,q2 >€ 6NP< or

g =i"&qp=1i+27T &ac ¥ or
qlzi#e&qui—klf‘i&anor
g =i&@p=i+17&acy

The extended transition function 6 PX" for ANPX is defined as usual. First
we define the e-closure Cl, : QNP:¢ — P(QNP-):

d
Cle(q) < (g} {13k = 03n1,m2. i (< @ 6m > < e >,y < 161 >E GNP}



We define e-closure for set of states ( Cl. : P(QYNP¢) — P(QNP-<) ) in the
following way:
cl(a)? | ci(n)
TEA

Let v € ¥* and a € X. We define recursively the partial function
SNDXT L QNP 5 % -5 P(QNP):

NP (q,6) € Cl(g)

! if Sl6NPX" (g, v)

- if 16NPX7 (g, v) &
U‘ITG(S,JXD’X*(q,v) 6N PxX(m,a) = ¢

Cle(Uesyox (g0 SNDX(m,a)) otherwise

SNDX* (g, va)

In what follows we use the expression < m,v,m >€ NPX" to denote that
ONDX" (10, 0) & T3 € SNPX (1, v).

Remark QNPx FNDX*™ and §NPX depend on the word w. When we use
these notations the word w will be clear from the context.

Description of AYP€ can be found in [MSFASLD].

Fig. 1 AéVD’e(wle...’LU5>
(3¢ denotes X | J{e}.)

The transitions in the automaton ANPX(w) correspond with the defini-
tion of RX: in AND- the transitions < i#¢, a,i#**? > (a € %) correspond to

10






Proposition 9 Let x € {¢,t,ms}. Let n € N and w € X*. Let i#® € QND-X,

Then L(i#¢) = LY, (n — e, w;41...wp).
( L(m) = {w|3r’ € ENPX(< 1w, 7' >€ 6YPXT)})

The properties L(i#¢) = L§

Lev

and L(i#¢) = L (n — e, w;41...w,) are formulated in [SMFSCLA].

Proof Induction on 1.

DHi=p

L(p#®) = {afo € 5 & o] < n— e} = LY, (n - e,¢)

2)0<i<p—1

Induction hypothesis:

(IH1) Vj > WVe(L(i 4 j#°) = LY, (n — e, wiyji1...0p))

We prove with induction on e that L(i#¢) = LY_ (n — e, wj;q1...wp).

21)e=n

L(Z#n) = wi+1.L(i + l#n) =IH; 'LUi+1.L%ev(O,wl‘+2...wp) =
Wig1..wp = LY (0, wig1...wp) = LY, (n — e, wiy1...wp)

22)0<e<n-—1

Induction hypothesis:

(IHz) L(i#et)y =LY (n—e— 1, wii1...wp)

2.2.1) x =€

(n—e,wiy1...w,), L(i#¢) = L _ (n—e, wii1...wp)

L(i#¢) = . LG#e ) | . La+1#e) | L4170 Jwigq L(i+17) =g, ,

Y.LS,,(n—e—1,wity..wp) U
LS, (n—e—1,wite..wp) U
LS,,(n—e—1wiyo..wp)J
Wit1.LG ., (0 — €, Wigo...wp) =

R (n — e, wig1...wp) = Proposition 8
LS., (n—e wiyr...wp)

2.22) x =t

L(i#¢) = S.LEE#TY) UB. L+ 17 ) U LG+ 17 ) Jwiga L+ 17¢) U

if(i < p—2,wippwipr Li + 171Y), ¢) =14, ,

B.LY (n—e—1wi..wp) U

B.LY  (n—e—1wits..w,) U

LY (n—e—1wia..w,) U

wit1.LY (0 — e, wiga..wp) U

zf(|wl+1wp| > 2, wi+2wi+1.Lzev(n — € — 1, wi+3...wp), ¢) =
R (n — e, wit1...wp) ~ Proposition 8

LY (n—e wipr...wp)

2.2.3) x =ms

12



L(i#¢) = S.LE#7H ) US. L0 + 17t U LG+ 17 Jwigr LG+ 176) U
SEL3E+ 1) Jif (i < p— 2, 5.L(0 + 271, ¢) =rp, ,

LS (n—e—1,wipr...wp) U

LY (n—e—1, wips..wp) U

LT (n—e—1,wiyo..wp) U

wit1.LT2 (n — e, wiyo...wp) J

LT (n—e— 1, wipe...wpy)

if(|wigr.cwp| > 2,5.L75 (n — e — 1, wiys...wp), ) =
R™ (0 — €, wit...wp) = Proposition 8

L7 (n— e, Wiy1...wp)

Corollary Let x € {e,t,ms}, w € ¥* and n € N. Proposition 9 implies that
L(ANDX(w)) = L(0#9) = LY _ (n,w).

4 Deterministic finite Levenshtein automata for
fixed word.

In this section we show a special way for determinization of ANPX(w). As a
result we receive the deterministic automaton ADX(w).

Definition 7 Let x € {e,t, ms}.

QNP Y fite)i e € 7}

QND,t déf QND,E U{Zt 6|Z',€ c Z}

QNDms " QNDe | Jfifei,e € 7}

Let n € N. We define §7X : QVPX x {0,1}* — P(QNPX).
Let b € {0, 1}*, ke N and b = b1bs...by.

) x=c¢
{i + 1#¢} if 1<b
{itFetl j 4 1#et1} iFb=0"&b#£e&ke<n
sD(ie ) W ] Loty 1#er 4 pEeio1y 0 < b& g = pefb, = 1]
{iet1} ifb=c&e<n
¢ otherwise

pz[A] denotes the least z such that A is satisfied.

2)
2

xX=t
1)

13



{i+ 1%} if1<b
{a#etl g T#etl g o#erl ety 01 < b

5D (% ) def ) {ifFetl i 1F et gy jHetitly if 00 < b& j = pz[b, = 1]
€ ’ {ietl 4 17e+1) ifo=0"&b#cke<n
{i#et1} ifb=e&e<n
10) otherwise
2.2)
e . #e .
(SD’t(ifée, b) def {i+27°} ifl< b
e 10) otherwise
3) x =ms
3.1)
{i + 1%} if1<b
. {imtetl el g 1#etl jp ot if00<b VvV 01 <b
gDms (gt p) L fi#erl jirerl ;4 qaetly if0o=b&e<n
{ittetly ife=b&e<n
10} otherwise
def

3.2) §Dms(i#e b) = {i +1%¢}
The function §2:X is called function of the elementary transitions.

Definition 8 Let x € {¢,t,ms}. Let w € ¥*, n € N and
ANDX () =< 3, QNP [NDx [NDX* §NDxX

We define wy) Q,,IXD’X — .

Let w = wiws...wp and 7 € QNDX,

1) m=i#e e QNPx

Wii#e] = Wip1Wit2.. Witk Where k =min(n —e+1,p — i)

2) =i} € QNP

w izﬁ#e] = w[i#e]

3) m=itc e QNPms

w[zfu] = w[i#e]

The word wi, is called relevant subword of w for m ([SMFSCLA]).

Definition 9 8:X x ¥* — {0,1}*
Bz, wiws...wp) = brbe...b, where b, =1 < x = w;.

Bz, wiws...wp) is called characteristic vector of x with respect to the word
W1wW3... Wp.

Definition 10 Let x € {e,t,ms}. Let w € ¥*, n € N and
ANDX () =< %, QNP [NDx NDX* §NDx

r n

14



We define 62X : QNPX x 33 — P(QND-x),

5P (m, ) & 6PX (, B(w, wi)

The definitions of 6>¢, §P+* and §P™* are given in [SMFSCLA].

Definition 11 Let x € {e,t, ms}.
We define <XC QNDe x QNDX,

)x=e
ite <t p>eklj—il<f-e
2) x=t

e <t S G e <o j#S

e <t g ps ek jr1—i| < foe
3) x =ms

e <ms j#f "g ite <€ j#f

ite <p gt e <t

The relation <X is defined in such way that m3 <X mg = L(m1) D L(ma).
That’s why, when we determinize ANP:X for each state A of the received de-
terministic automaton it will be true that (*) Vgi,q2 € A(q1 £X g2). As we
take into account that ¢ € 0PX(¢q,z) =< q,x,¢' >€ 6NPX" and ¢ <X
@& < g@,x,¢5 > SYPXT = 3¢; € §PX(q1,2)(q) <X ¢b) and also (*),
we can define the transition function §2X for the deterministic automaton:
SDx(A z) = Lyea §PX(q,x) where | | B removes from |J B each 7 for which
there is such ¢ in |J B that ¢ <X 7.

Remark m <X mo corresponds to m; subsumes mo from [SMFSCLA]. We
don’t define when i © <! 7 or i#¢ <™ 7, i.e. our definition of <X implies that
i £t 7 and i#¢ £™ 7 for each zfrf and w. We don’t define when i ¢ <! 7

or i#¢ <™M* 1 because every ”good” definition of i} © <X 7 or i#¢ <X 7 will

satisfy the property ij ¢ <! 7 = i + 1%¢ <X 7 or i¥¢ <™ 1 = i#¢ <X T cor-
respondingly. If we keep in mind that if © € §2¢(A,z) = i + 17#¢ € §P4(A, ),
ie € §D1(A, x) = i7e € §P(A, x) and look at the definition of | |, we shall see
easily that each "good” definition of i7 ¢ <% 7 or i#® <™ 7 leads to the same
automata ADX and AYX as our definition.

The set {r|r € QY & 3#0 <¢ 1} when
AVP < (wyws..w5) =< E,QéVD’E,IND’E,FéVD’E*,ééVD’E > is depicted on fig. 4.
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Fig. 4 AYP(wiws..ws) =< 5, QYD [NDe pND<® sNDe
The elements of {r|r € QY & 3#9 <€ 7} are bold.

We can easily prove the following proposition.
Proposition 10 Let x € {e,t,ms}. Then <X a partial order.

Definition 12 Let x € {¢,t,ms}. Let w € ¥* and n € N and
ANPX (w) =< B, QX INPX, FNDXT DX >,

L : P(P(QYPX)) — P(QyPX)

LAY (rlr e YA & -3n" € YA <X m)}

| | is defined in [SMFSCLA].

Proposition 11 Let x € {¢,t,ms}. Let w € ¥*, |w| = p and n € N. Then
L(ANDX(w)) = L(< 2, QNPx [NPx FNDX §NDx > where FNPX = {i#¢|p —i < n — e}.

Proof Let i#¢ be such that p —i < n — e. It follows from the definition of
SNDX that

< i€ e i+ 17t > gNDX,

< i+ 1%t e i 4 272 S VDX

;.p _ 1#e+p7i71, 6’p#eerfi >c 5711VD7X.

Hence < i#¢, e, p#etP=i > gNDX",

Therefore L(ANPX(w)) 2 L(< 8,Q)PX, INPX, FNPX §YPX >),
Obviously FNPX" C FNDx,

Hence L(ANPX(w)) C L(< %, QNPx [ND:x FNDx §NDx %),
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Therefore L(ANPX(w)) = L(< 3, QNPx [NDX FNDXx §NDx ),

In what follows we presume that AN P X (w) =< %, QNPx [NDx FND.x §NDx >

. ND,t ND,t ND,t <NDt
Fig. 5 Ay 7 '(wiwg..ws) =< B,Qy ", INPt FyN 7006, >

Definition 13 Let x € {¢,t,ms}. Let w € ¥* and n € N and
ANDX () =< 3, QNDX [NDX FNDx §NDx 5 Let M C QNPX and 7 €
QNP M is called state with base position 7 iff Vr' € M (r <X 7') & Vi, €
M(my £¥ m2).

Definition 14 Let x € {e,t,ms}. Let w € ¥* and n € N. We define the
deterministic finite automaton AZX(w).
ARN(w) < 2, QPX IPX EPX 60X >
Let |w| = p and w = wiws...wp.
p:[0,p] = P(P(QyP))

p(1) = {M|M is state with base position i#°}

D, def
QP

(U r@)\{e}

0<i<p

JDx %t {0#0}

FPx S (0 |M € QDx & 3n € M(r € FNPx)}
SDx QDX x Yo QDX

17



SPX(M, z) def { Ureas 00X (m,2) if Upepy 08 (m,2) # 6

=l otherwise

The finite automata A2-¢(w), AP*(w) and AP"™*(w) are defined in [SMF-
SCLA].

Correctness of the definition
1) We prove that

Mep(i)&0<i<p—1&azeX=VYre M(EPX(r x)ecp(i+1))

Let M € p(i),0<i<p—1,z € Y and 7 € M. We prove that §°X(x,z) €
p(i+1):

1.l)x=¢

Let m = j#f. Hence i#° <¢ j#/ and [j —i| < f.

1.1.1) 6P¢(m,z) = {j + 17/}

li+1—(i+1)| < f. Hence i+1#0 <¢ j+1#f. Therefore §0(r,x) € p(i+1).

1.1.2) §P<(m,z) = {57+, 5 + 1#/+L j 4+ 2#F+2711 for some 2 such that
z>1

Obviously Vi, ma € 62¢(m, ) (w1 £ ma). It follows from |j —i| < f that
G— G+ D < F1, | +1— (G4 1) < Fhland|j+2—(i+1)] < ftz—1
Therefore 7 + 170 <€ j#FH1 4 1#0 <€ j 4 1#F 1 and 4+ 170 <€ j 4 #f+=—1
Hence §2¢(m,z) € p(i + 1).

1.1.3) 6P (7, z) = {j#/ 1, j+1#/+ 1) or 62¢(m, ) = {§#/H1} or 60¢ (7, x) =
¢

Obviously §2-¢(m, x) € p(i + 1).

1.2) x =t

1.2.1) 7 = j#7/

In this case i#? <! j#/ and [j —i| < f.

1.2.1.1) 6Pt (m,2) = {j + 177}

lj+1—(i+1)] < f. Hence i+ 170 <! j + 1%/ and 6P (m,z) € p(i + 1).

1.2.1.2) 6Pt (m,z) = {j#I+1,j + 1#F+1 j 4 o#f+1 jHl+1y

In this case Vr' € 0 (m,z)(n' = ki)l = [ = f+1). Therefore Vry,m3 €
P, x)(my #£L m2). Tt follows from [j —i| < f that [j — (i +1)] < f+1,
1G] < f L 42— (D) < f+Tand [j+1—i] < f+1
Hence i + 170 <! j#/+1 4 4 1#0 <t 5 4 (#7144 1#0 < 5 4 2#/+L and
i+ 1#0 <t G#IFL Therefore 627 (mr, z) € p(i + 1).

1.2.1.3) 6Pt (mr,z) = {5#/*1, 5+ 1#/+1 § 4 2#/+2=1} for some 2 such that
z>2

Obviously Vi, ma € 6P (m, 2)(m #L m2). Tt follows from |j —i| < f that
|7+2z—(i+1)] < f+z— 1. Therefore 62! (7, z) € p(i + 1).

1.2.1.4) 6Pt (m,z) = {j#F+1 5+ 1#/+1) or 6P (mr,2) = ¢

Obviously 62t (7, x) € p(i + 1).

1.2.2) m = i1
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In this case i#0 <! j# and |j +1—i| < f.

1.2.2.1) 6P (m,z) = {j + 2%/}

li+2—(G+1)] < f. Hencei+ 1#0 <! j+ 2%/ and 6P (n,x) € p(i + 1).

1.2.2.2) 6Pt (m,z) = ¢

Obviosly ¢ € p(i + 1).

1.3) x =ms

1.3.1) 7 = j#/

In this case i#? <™ j#/ and |j —i| < f.

1.3.1.1) D™ (mr,2) = {j + 177}

li+1—(i+ 1) < f. Hence i + 1#0 <™ j 4+ 1#f and 6P™*(m,z) € p(i + 1).

1.3.1.2) §Dms(qr,2) = {j#/HL j#/FL G 4 1#7+L 5 4 27 +1)

In this case Va' € 62 (m,z)(n' = k‘(#sg = [ = f+1). Therefore Vmy,ms €
oPms(r x)(my £ m3). It follows from |j —i| < f that |j — (i +1)| < f+1,
j+1—=(i+1)| < f+1and [j+2—(i+1)| < f+1. Hence i+ 1#0 <me j#/
i+ 170 <ms 4 1#/+L and § + 1#9 <ms j 4 2#F+1 Therefore 62 (7, z) €
p(i+1).

1.3.1.3) 607 (m,x) = {j#/+1 jEITL j 4 1#/ 41 or 627 (m,x) = {5#/F1}
or 6P (m,) =

Obviously 62 (mr,z) € p(i + 1).

1.3.2) 7 = j#/.

In this case 70 <™ j#/ and |j —i| < f. 6P™3(m,2) = {j + 17/} |j+1—
(i+1)| < f. Hence i + 1#0 <™ j + 1#/ and 6P™% (7, x) € p(i + 1).

2) We prove that

M 1is state with base position p#e &0<e<n—-1&ze¥ =
V€ M(§PX(m, x) is state with base position p?et1).

Let M be state with base position p#¢, 0 <e<n—1and x € ¥. Let 7 € M.
We have to prove that 67:X(r, ) is state with base position p#etl.

21) x=¢

Let m = j#f. Hence p#® <¢ j#f |j —p| < f—eand f >e.

2.1.1) §P<(m,x) = {j + 17/}

It follows from |j — p| < f —e that |[j+1—p| < f — (e +1). Therefore
pretl <€ i+ 1%/ and §P<(r,z) is state with base position p#etl.

2.1.2) 6P¢(m,x) = {j#FL 5 + 17+ j 4+ 2#F+2711 for some z such that
z>1

Obviously V1, ma € §2¢(m, z) (w1 £ m2). It follows from |j —p| < f —e that
=l < fH1—(e+1), [j41—p| < fH1—(e+1) and |j+2—p| < f+2—1—(e+1).
Hence p#etl <& j#fHL pifetl <c i 4 1#/+1 and pretl <€ j 4+ #/+=-L1
Therefore §2+¢(7, ) is state with base position p#e+l.

2.1.3) §P¢(m, ) = {j#HL, j+H1#/ 1Y or 6D (mr, w) = {7/} or 6P (7, 2) =
¢

Obviously d2+¢(r, z) is state with base position p#etl.

22) x =t

2.2.1) = j#f

In this case p#® <% j#/ |j —p| < f —eand f > e.

2.2.1.1) 6Pt (m,z) = {j + 17/}
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It follows from |j —p| < f —e that [j+1—p| < f — (e +1). Therefore
pretl <t i+ 1%/ and 6P (7, x) is state with base position p*etl.

2.2.1.2) 60 (m ) = {F#IHY 4+ 1Ty o#I G

In this case Vr' € 6P (m,z)(n' = sz)l = [ = f+1). Therefore Vmy,my €
SD(m, x) (w1 £L o). Tt follows from |j —p| < f—ethat [j—p| < f+1—(e+1),
lj+1-pl < f+1—(e+1), [j+2—p| < f+1—(e+1)and [j+1-p| < f+1—(e+1).
Hence p#ett <l j#/41 phetl <L j 4 1#7+,
p#e+1 Si j+ 9#f+1 and p#e+1 Sg j;#f‘i‘l-

Therefore 62+ (m, x) is state with base position p#*e+.

2.2.1.3) 0Pt (m,x) = {j#/+1 5+ 17+ j 4 #4271 for some z such that
z>2

Obviously V1, ma € 27 (m, ) (11 #% ma). It follows from |j —p| < f —e that
j+z—pl<f+z—-1-(e+1).

Therefore 6P (m, x) is state with base position p#*e+?.

2.2.1.4) 6Pt (m,z) = {7/ j+ 171 or 6Pt (m2) = ¢

Obviously 62+t (w, x) is state with base position p#et1.

2.2.2) 7 = 7.

Therefore p#¢ <t j#/ |j+1—p| < f—eand f>e.

2.2.2.1) 6Pt (m,z) = {j + 27/}

It follows from |j +1—p| < f —e that |[j +2 —p| < f — (e + 1). Therefore
pretl <t j 4+ 2% and §P* (7, x) is state with base position p*et.

2.2.2.2) 6Pt (m x) = ¢

Obviously ¢ is state with base position p#e+!.

2.3) x =ms

2.3.1) © = j#7

In this case p#® <™ j#f and |j —p| < f —e and f > e.

2.3.1.1) §Pms(w,2) = {j + 1%/}

It follows from |j — p| < f —e that |[j+1—p| < f — (e +1). Therefore
pretl <ms 54 1#F and 6P™%(w, x) is state with base position p?*etl.

2.3.1.2) 08 (m,x) = (I GEITL G+ 1FIHL G 4 o# )

In this case V' € 62 (m, x)(r' = kzté = [ = f +1). Therefore Vmy, 7 €
§Dms (7 ) (my £ m3). Tt follows from |j—p| < f—ethat [j—p| < f+1—(e+1),
li+1—p| < f+1—(e+1) and |j+2—p| < f+1—(e+1). Hence p#et!l <ms jzt)fﬂ,
pretl <ms g #7141 and p#etl <ms j 4 2% 41 Therefore §P™* (7, z) is state
with base position p#ett.

2.3.1.3) 60 () = {FEIH JFIN 4 1RI1) or 5D(m ) = {7A141)
or 6£’m8(7r7x) =¢

Obviously 62 (r, x) is state with base position p*eT1.

2.3.2) = j#f

In this case p7® <™ j#f |j—p| < f—e, f > eand §P™ (7, 2) = {j+17/}.
It follows from |j —p| < f—e that |j+1—p| < f — (e+ 1). Therefore
prett <ms 5 1 1%/ and 6P (nr, x) is state with base position p?etl.

3) We prove that

A C{M|M is state with base position i*¢} =
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|| A is state with base position i%°.

Let A C {M|M is state with base position i#°}.
It follows from the definiton of | | that | | A C [J A. Therefore Vrr € | | A(i#¢ <X
7). It follows from the definiton of | | that Vmy, me € | | A(m1 £X m2). Therefore
|| A is state with base position i7°.

1), 2) and 3) imply that 62X is well defined.
The properties for correctness of §2-¢, 62+ and §2:™* can be found in [SMF-
SCLA].

Proposition 12 Let x € {e,t,ms}. Let w € ¥* |w| = p, n € N and
ANDX () =< B, QNDX, [NDX FNDX §NDX 5 Then i#¢ € FNPX & 1 <X
i*e = me FNDx,

Proof Let i#*¢ € FNPX and m = j#/ <X i#°. Hence |j —i| < e — f and
p—i <n—e. Thereforep—j <n—f—(e—f—(i—j)). Thereforep—j <n—f
and T € FVDPx,

Proposition 13 Let x € {e,t,ms}. Let w € ¥*, |lw| = p, n € N and
ANDX () =< 5, QNDx [ND.x FNDx §NDX > Tetz e X, s € N, & = jgﬁ{
and &, &...65,mh € QNPX. Then
J<p&
< &o,6,& >ENPXE& < &,6,& >€ SNPX& .. & <& 1,6,& >€ 6VPX&
<&, x,75 >€ 60X =
J+ 1 <xp.

Remark Proposition 13 does not hold for & = jff because we may have
< ¥z, j+2# >e NPt and j+ 1#1 £t j 4+ 2%

Proof

Let j < p, < jiif 6,6 >€ 6YPX, < &1,6,6 >€ 8PN, < & 1,6, >€
SNDX and < &, x,mh >€ SNPX,

11) x=e¢

&o = j#/

It follows from the definition of 6N that n, € {j + s#/T1+s 5 + 1 +
s#IHI+s § 41 4 5745}, Therefore j + 175 <€ 7).

1.2) x =t

&o = j#7

It follows from the definition of 6P+ that nh € {j + s#*/1+s 5 +1 +
sHITIHs G4 1 4 gl 4 g#HIHITSY Therefore j 4 1#f <t nl

1.3) x = ms

1.3.1) & = j#f

It follows from the definition of 6YP™s that n) € {j + s#*/t1+5 j +1 +
stIHIEs G 14 s# IS g s HIEs 424 g#T+Ss) Therefore j + 1%/ <™ p).

1.3.2) & = j#/
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In this case we have that s = 0 and 1} = j+1#/. Therefore j + 1%/ <7 p}.

Proposition 14 Let x € {e,t,ms}. Let w € ¥*, n € N and
ANDX () =< 3, QNP X [NDX FNDX SNDX > Tetn,m € QNPX x e X, s €
N, gO =12 and 51752'“5377’/2 € QiLVD’X' Then
m<yrmé&
<&, 6,8 SENPXE& < & 6,6 >ENPXE& .. & < & 1,66 >ENPX K
<&, mymh >€ SNPX =
Iy € 6PX(ny,x)(n) <X ).

< SS’X (111 , X)

Fig. 6

Remark Using Proposition 14 we can easily prove that n; <X no = L(n1) D
L(ng).

Proof Let |w| =p and n; = i**°.

1) x=¢

Let 1y = j#7.

1.1) 6Pe(i?e, o) = {i + 1%}

L11)j<p

We have from Proposition 13 that j+ 17/ <¢ n}. It follows from i#¢ <¢ j#/
that 4 + 17¢ <¢ j + 1%/, Therefore i 4+ 17¢ << ).

1.1.2) j=p
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We have from the definition of 5V € that f < n, e = p*f and n, = p*f+1.
Therefore |p—i| < f —e and f > e. Hence |[p— (i+1)| < (f +1) —e. Therefore
P4 17#e < p#f+1 _ 77'2~

1.2) 6D-€(i#e, ) = {i#et i+ 1%t 4 2#et=1} and 0 < B, w}i#*]) and
2 = ' [B(w, wite]) = 1]

121)j<p

We have from Proposition 13 that j+ 17 <¢ n}. Tt follows from i#¢ <¢ j#/
that ¢ + 1%¢ <¢ j 4+ 1#/. Therefore i + 1%¢ <¢ ny. 0 < B(z, w(i#¢]) implies that
i + 17¢ # ). Therefore i + 17¢ <€ 1.

Obviously Vy € QNP€(i +17#¢ <€y <Sph & —Ir(i + 17 <S 7 <Sy) = €
{i#e+1,i + 1#e+1’ i+ 2#6—}-1})-

1.2.1.1) 3y € QNPe(i + 17 < v <E mh & ~Im(i + 17 < 1 < 7) &7 €
{i#eJrl,i + 1#e+1}).

{iretl i 4 1#et1Y C gDc(i#e z). Therefore there is v € 62¢(i#¢, z) such
that v <g 5.

1.21.2) ¥y € QNP<(i+1 <S vy <Emh & —3m(i +17° <S m <S ) = v ¢
{i#e+1,i + 1#6-"—1}).

Therefore Vy € QNP<(i + 1 <€ v <€ nh & —3r(i + 17¢ <& 7w <€ ) =
v =i+ 2#tL). Therefore nj = i +m*™~! for some m such that m > 1 and
Bz, wi#e))m = 1. z = p2'[B(x,w}i#°]),, = 1] implies that z < m. Therefore
i+ 2#etEml <E

1.22)j=p

We have from the definition of 5V P-€ that f < n, e = p*f and n, = p*/+1.
It follows from i#¢ <¢ p#/ that i#ett <¢ p#/+L,

1.3) 6D-c(i#e, ) = {i#eT i+ 1%} and Sz, w}i#*]) = 0F for some k such
that k& > 0.

We prove that 3n € §2<(n1,z)(n} < nb) in a way analogous to 1.2).

1.4) §Pe(i**e, x) = {i#°T!} and i = p and e < n.

1.4.1) my =p*f and f <n

Obviously i#et <€ p#i+l = .

1.4.2) m <S g and np = j7/ and j < p

We have from Proposition 13 that j+1#F <¢ n}. It follows from p#e <€ j#f
that |[j —p| < f—e and f > e. Therefore |[j+1—p| < f— (e+ 1) and
p#e+1 Sg _7 + 1#f S; 77’2

1.5) §D<(i*e x) = ¢

Obviously e = n and 71 = 2 and (i = p or 0 = f(x,w}i#*]) ). Therefore
_Elné(< 50763 51 >c 67]LVD’€ & < glae,é-? >€ 61]1VD’E L. & < 55—136755 >€
SND€ & < &, x,mh >). Contradiction. (This case is impossible.)

2y x=t

2.1) mg = j*/

2.1.1) 6Dt (i*e, x) = {i + 1%}

2.1.1.1) j < p

We have from Proposition 13 that j+ 17 <! n). Tt follows from i#¢ <! j#/
that i + 17¢ <! j + 1#f. Therefore i + 17¢ <! n}.

2.1.1.2) j=p

23



We have from the definition of 5V P+ that f < n, o = p*f and n, = p#f+1.
Therefore |p—i| < f —e and f > e. Hence |[p— (i+1)| < (f +1) —e. Therefore
i 17#e SZ p#f+1 _ 7/2.

2.1.2) §Dms (e x) = {iter] jp1#ert jpotetl i #et and 01 < B(e, wiite))

2.1.2.1) j < p

We have from the Proposition 13 that j+ 1%/ <t n}. Tt follows from i#¢ <!
§#7 that i + 1#¢ <! j + 1%/, And from 01 < 3(x, wi#*]) - that nj # i + 1#7.
Therefore i + 17¢ <! n). Let 7} € QNP:* be such that i +1 <% n} <! 1}
and —37(i + 17¢ <! 7 <! n}) (obviously such 7} exists). It follows from the
definition of <! that 7} € {i#et1 i 4 1#etl j 4 o#etl j#t IV (if we suppose
that ) € {i — 27T i — 17T} then s = 0, ny € {i — 2#¢,i — 1#¢}, ny £ g,
contradiction).

2.1.2.2) j = p

We have from the definition of 6P+ that f < n, 1y = p*f and n}, = p#f+1.
It follows from i#¢ <! p#/ that i#et! <t p#/+1,

2.1.3) 6P H(i#e, x) = {i#eTl i + 17Tl i 4 2#eTa71) and 00 < B(z, wi¥€))
and z = p2'[B(z, wi*€)). = 1]

The proof that In] € 621 (n1,z)(n} <L nb) is analogous to the proof in 1.2).

2.1.4) §Pt(i*e x) = {i#etl i 17t}

The proof that 3n; € §P:*(n1, ) (ny <! nb) is analogous to the proof in 1.2).

2.1.5) 6P:t(i#e ) = {i**t!} and i =pand e <n

In this case the proof is analogous to the one in 1.4).

2.1.6) 6Pms(i#e, x) = ¢

Like in 1.5) we prove that this case is impossible.

2.2) o = ji’

We have from the definition of 637 that s = 0, b = j + 2%/ and 1 <
ﬁ(x,w[jt#f]). It follows from i#¢ <t j#/ that [j+1—i| < f—e and f > e.

2.2.1) 6Pt (i7e x) = {i + 17¢}

We have from |j+1—14| < f —e that [j+2 — (i + 1)] < f — e. Therefore
i+ 17e <t j 4 2#7,

2.2.2) §DA(#e g) = [#et] jy 1#e+] | o#etl j#etly

It follows from |j+1—4| < f—ethat [j+2—i| < f—(e+1) (j+1<14)or
j+2=(+1)] < f=(e+1) (i =j+1) or [j+2=(i+2)] < f—(e+1) (i <j+1).
Therefore i# et <t j 4 2#F or j 4 1#e+L <t j 4 2%/ or 4 + 2#etl <t j 4 2%/,

2.2.3) 6D (i#e, x) = {iftetl i 4 1% i 4 2#etam1Y and 00 < B(z, wii**])
and z = p2'[B(x, wi*®]). = 1]

It follows from |j+1—4i| < f—ethat [j+2—(i+1)] < f —e. Hence
i+ 17¢ <! j + 2#F. The proof that In] € 62*(n1,x)(n; <! nb) is analogous to
1.2).

2.2.4) 0Pt (i#e x) = {i#eT i + 1%} and Bz, wi#€]) = 0* for some k
such that k£ > 0

Like in 2.2.2) we prove that i#¢+1 <t j 4+ 2#f or j + 1#e+1 <t j 4 2%F (It
follows from ((z,w;i#¢]) = 0F and 1 < ﬁ(x,w[jff]) that j +1 <1).

2.2.5) 6D:t(i#e ) = {i*T andi=p < n
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We have from |j+1—4| < f—ethat |j+2—4 < f—(e+1)

2.2.6) 6Pt (i7e x) = ¢

Obviously this case is impossible.

3) x =ms

Let ny = ]Zt)f

3.1) §Pms(i#e ) = {i + 17¢}

31.1)j<p

We have from Proposition 13 that j + 1%/ <™ p). Tt follows from i#¢ <™
j(#;)f that i + 17 <7 j 4+ 1#/. Therefore i + 17¢ <™ p},.

3.1.2) j=p

We have from the defintion of §Y 2™ that f < n, 7o = p#/ and g, = p#/+1.
Therefore |p—i| < f—e and f > e. Hence |p—(i+1)| < (f 4+ 1) —e. Therefore
i+ 17¢ <ms p#f+1 _ 775

3.2) 6L ms (i#e, ) = {i#ett q# et ip1#et 49t} and (00 < B(x, wii*])
or 01 < B(z, wji#*]))

321)j<p

We have from Proposition 13 that j + 1%/ <™ n}. It follows from i#¢ <™
j(#:)f that i+ 1% <™ j +1#/. And from 00 < B(z, w(i#*]) or 01 < B(z, w(i#¢])
- that n} # i + 17/, Therefore i + 1%¢ <™ pb. Let 5} € QNP"™* be such
that i +1 <™ n} <™* nh and —37(i + 17¢ <™ 7 <™ ) (obviously such
1} exists). It follows from the definition of <™ that n} € {i#etl j#etl i +
1#etl j 4 2#et1  (if we suppose that 1} € {i — 171 i + 1#¢T1} then s = 0,
no € {i — 17, i + 1#¢}, n; £™° 1y, contradiction).

322)j=p

We have from the definition of 5V P-™* that f < n, ny = p#/ and n, = p#f+1.
It follows from i#¢ <™ p#f that i#etl <ms p#/+1,

3.3) oD ms(itte, x) = {itFetL ifFetl i 4 1#eT1} and 0 < B(z, wi#€))

The proof that In; € §2™%(n, z)(n; <™ nb) is analogous to the proof in
3.2).

3.4) §Pms(i#e 2) = {i#*1} and i = p and e < n.

Like in 1.4) we prove that 3nj € 62 (n1, z)(n) <™ n}).

3.5) §Pms(i#e 1) = ¢

Obviously this case is impossible.

Proposition 15 Let x € {¢,t,ms}. Let w € ¥*, n € N,
AND X () =< 3, QNPx [NDX pNDX §NDX > and ADX(w) =< %, QDX 1PX FDx §DXx >
Then L(ANDPX(w)) C L(APX(w)).

Proof

Let 1.z, € L(AYPX(w))

1) z1..xp = €.

Let mg, 71, ..., 7 € QTJYD’X, r € N be such states that mo = 0%9, < 1, €, m >€
SNDX <y e,m >€ SNPX L < w6, >€ SNPX and 7, € ENDX (it
follows from e € L(AND-X(w)) that such states exist). The definition of §YP:x
implies that m; = i#* for 0 < ¢ < 7. Therefore r#" ¢ FTILVD’X. Obviously
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070 <X r#7. We have from Proposition 12 that 0%#° € FND-X_ Therefore
{070} = [Px € FPX and € = xy...7;, € L(APX(w)).

2) xy...x% # €.
Let mp,7m1,...,mw € QNDPX ¢/ € N be such states that my = 079, <
o, P1, M1 >E€ ONDPX < 1y py e >E SNPX < mu g, pp, e >E SNPX

pi € SU{e} for 0 < i < 7', mw € ENPX and pips..p = x109..73 (it fol-
lows from z175...7;, € L(ANPX(w)) that such states exist). Let 7 be such
that » < 7 and p, = z; and p,o1 = Praa = ... = p = €. Obviously
7. <X . It follows from Proposition 12 that m,. € FNDPX. Let My = {0#0}
and My, = 6PX(M;,z;41) for i = 0,1,....k — 1. We have to prove that
M, € F,?’X. Let j1 < j2 < ... < ji be such that p; pj,..p;, = T122...2; and
pj, € ¥ for 1 < i < k. Using induction on i we prove that 3m € M;(m <X 7;,) if
1<i<k.

21)i=1

My = 67X({0%0}, 21) = 62X(0%0, 1)

Let 91 = no = 070 and s = j; — 1. Therefore < 070 ¢, m; >€ SNPX,
< T, 6T >E SNPX L < me_q, 6,75 >€ SNPX and < my, 21,7, >€ SNPX.
It follows from Proposition 14 that 3m € My (7w <X 7, ).

2.2) Induction hypothesis: I € M,;(r <X m;,). We have to prove that
Jr’ S Mi+1(7T/ S;( 7Tj7’+1). Let m S MZ and m S?g( ;- Let T2 = Ty, Ob-
viously we can find such s € N that < na,¢,mj,41 >, < Tj,41,6 Tj,42 >, ..o,
< Tjids—1,6 Tjigs > < Tjqs, Titl, Tj,, >€ (S{,LVDO(. Let 7' € (SeD’X('I]h.’EZ'Jrl) be
such that 7" <X 7;,., (it follows from Proposition 14 that such 7" exists).

"€ U 52X(q, wis1)
qeM;

Mgy = || 62%(q wit1)
qeEM;

Therefore 37" € M1 (n" <X 7). Therefore 3’ € M (7" <X 7j,,,).

We proved that 3m € M;(m <X 7;,) if 1 <4 < k. So Im € My(m <¥ 7;,).
mj, = m € FNDX. Hence 3r € My (7 € FNPX). Therefore My, € FPX and
T179..7) € L(ADX(w)).

Proposition 16 Let x € {¢,t,ms}. Let w € ¥*, n € N,
ANDX () =< B, QNPx [NDX FNDX §NDX > and 7 € QNPX, z € ¥ and
q € 6PX(r,z). Then 3s € NIngni..ns € QNPX(ny = 7 & < no,e,m >€

SNDX & < my,e,mg >€ NPX & .. & < me_1,6,m5 >€ SNPX & < g, m,q >€
SNDx ),
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e 5.7 (m, x)

e'x

Fig. 7

Proof Proposition 16 follows directly from the definitions of 67X and 62X,

Proposition 17 Let x € {e,t,ms}. Let w € ¥*, n € N,
ANDX () =< 2, QNDX [NDPx FpNDx §NDX > and AP X(w) =< %, QDX [Px FDX §Dx >
Then L(ANDPX(w)) D L(APX(w)).

Proof Let z179...7) € L(ADX(w)). Let Mo = {0#°}, M; 1 = §DX(M;, 2541)
for 0 < ¢ < k—1and M, € Ff’x. We prove with induction on ¢ that
V€ Mi(< 070 zymy..my, m >E 5711\/D’X*) if0<i<k.

1H)i=0

< 079 €,070 > VDX

2) Induction hypothesis: Vi € M;(< 0%0, z1xy..25, 7 >€ SNPXT)

We have to prove that Vr' € M1 (< 0%, zy29...2 1,7 >€ 5,]LVD7X*).

Miy, = |_| 52X (g, wi1) € U 52X (g, wita)

qeEM; qeEM;

Let 7' € M;,1. Therefore 3¢ € M;(n’ € 6PX(q,z;11)). Let g be such that
q € M; and ' € §PX(q,x;11). Therefore < 070 2 35...75,q¢ >€ (571:[D7X*.
It follows from Proposition 16 that < q,z;41,7 >€ 5,JLVD’X*. Therefore <
O#O, xlxg...l’i+1,7f, >c 51]1\/'D,X*'

We proved that Vr € M;(< 070 xy2q...25, 7 >€ STTD’X*) if 0 <i<k. Let
7 be such that 7 € M, (| FNPX (since My € FPX such 7 exists). Therefore
< 0#0 gy 20..xp, m >€ SNPXT and zy20...1, € L(APX (w)).

Corollary Let x € {e,t,ms}. Let w € ¥*, n € N,
ANDX () =< 3, QNP X [NPX FNDX §NDX > and APX(w) =
It follows from Proposition 17 and Proposition 15 that LY (n,w)
L(ADX(w)).

< B, QX IPX FPX, 670X >,
= L(AFPx(w) =
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In [SMFSCLA] we can also find proof that L} _ (n,w) = L(ADX(w)).

Proposition 18 Let x € {e, t, ms} Let n € N and b € {0,1}*. Then
1) 60X (i + t#eb) = {j +tms)|g(t| € DX (i#e b)}

2) §0X (i +t7°,b) = {j + ¢ |ify) € sPx(if< )}

3) 60x(i +t#,b) = {j +tzi{ |azf:ff € 6P (ite,0)}

Proof Proposition 18 follows directly from the definition of §P-X.

5 Universal Levenshtein automata.

We show that for each n € N we can build finite deterministic automaton AYX
in such way that:

1) when Y = e every nonfinal state of AY'X is finite set that consists of
elements of the type I 4+ i#¢ and every final state is finite set that consists of
elements of the type M +;#/. (When y = ¢ there are in the states also elements
of the type I; + i#¢ and M, + j#f, when x = ms - of the type I, + i#¢ and
M, + j#9);

2) each symbol from the input alphabet for AY>X is binary vector, i.e. word
from the language {0, 1}*;

3) for every two words vjvy...v, and w from X* we can build b = bybs...by
such that b; € {0,1}* and b € L(AYX) & v € L(APX(w)), i.e. b € L(AYX) &
v € LY, (n,w) (v; is called symbol corresponding to the word b;). Let g, g, ...,
g} be the states of AYX that we visit traversing AYX with b and let ¢f’, ¢P, ...,
qP be the states of APX(w) that we visit traversing APX(w) with v. We build
AYX in such way that we receive qJD when we replace the parameters I in qJv
with j (if qJv is nonfinal) or the parameters M in qJv with & (if q}’ is final). And
also: q}’ is final only if qu is final.

Notations We use expressions of the type F'(I)#¢, F(I;)%¢, F(I,)#¢, F(M)#°,
F(My;)#¢ and F(M,)#¢ to denote correspondingly tuples of the type << A\.F(I),0 >
e > << ALF(I),1 > e > << AL.LF(I),2 > e > << AM.F(M),3 >, e >,
<< AM.F(M),4>,e > and << AM.F(M),5 >,e >.

Definition 15 Let x € {e,t,ms}. Let n € N. We define the finite automaton
AYX,

d.
AYx ]

<UL QUNITXEDX 60 >
S (e € {0,11F & |2 < 20 + 2}

We define IX:
1) x=e
I T+ t#0 ||t < k& —n<t<n&0<k<n}
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Fig. 8 ISn=2

2) x=t
Y e L+ t#% | t+ 1 +1<k& —n<t<n-2&1<k<n}

s

Fig. 9 Iin=2

3) x =ms
Ims e L+ #5 [t 41| +1<k& —n<t<n—-2&1<k<n}
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A

Fig. 10 1™ n=2

We define MX:
x=ce
M (M4 t# k> —t—n& —20n<t<0&0<k<n}

Fig. 11 M n=2
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MU MM, + 175 k> —t—n& —2m<t<-2&1<k<n}

Fig. 12 M! n=2

3) x =ms
Mms N M+t | k> —t—n& —2m<t<—1&1<k<n}

o
o
[y
w
=
3
K
[N}

S

We define <XC (IX|J MYX) x (IX|J MX):
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1) x=e

I tite <€ T4 j#1 G e << s

M +i#e <€ M + j#f G e << j#1

2) x=t

I 4ite <t [ 4 j#7 G e <t j#o

I+ ite <t I, 4 j#1 & j#e <t 35

M +ite <t M 4 j#1 & j#e <t j#s
M+ ite <t M, + j#1 E e <t j#]
3) x =ms

I 4itte <ms [y j#f & e cms

I ite <o I, 4 4 G e <me j#S
M + itte <ms M 4 jif e cms
M + it <ms M, 4 j#1 G e cms s

We are ready to define I%,;., and MX ;...
def

I;Ctates = {Q|Q g I;C &VQ1,(12 S Q(ql %? QQ)}\{¢}
de .
M res 2 {QIQ € MX & Vg1, 42 € Qa1 £X g2) &g € Qg <X M#M) & Ti €

[—n,0)¥g € Q(M +i#0 <X ¢)}
def
QZ)X = I;Ctates UMthates

IV7X d;f {I#O}

def
F7Y7X = M;sfates
We define r,, : (IX|JMYX) x X7 -~ {0,1}*. r,(S, ) represents the char-
acteristic vetor determined by the state of ANPX corresponding to S and the

symbol corresponding to x.
1)S=1+i*or S=1+i" or S = I, +i*®

Tn+i+1Ln4i+2---Tn+i+h ifh>0
€ ith=0
l ifh<0

de;

rn (S, 2129...21)

where h = min(n —e+ 1,k —n — 1)
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R N N T T
OO000O000O0O00O0O
OOO0000O00
Ol0100) 1010
OO0000O ™.
OO0

O

Fig. 14 r5(1 + 173 2129...012) = 272879

2) S =M +i#¢or S = M; +i#¢ or S = M, + i*¢

Tht it 1Tk 44542+ Lhtit+h if h>0

7 (S, x122...7k) def ). ifh=0
=l if h<0

where h = min(n —e + 1, —)

v oox on [xn owm %] N
00000000000
0000000000
000080000
00000000
e Q000000
000000

Fig. 15 r5(M — 473,
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P (T itelije € ZYU{M + i#<|ie € Z}
Pt peLI, + i#<li,e € ZY U{M, + i#<li,e € Z}
prs L pe (I, +i#°)i e € ZY UM, +i#°Ji, e € 2}

We define m,, : PX x N — PX. When from some nonfinal state with word
biby...by € E\ZL we have to reach final state, we use the function m,, to convert
the elements of the type I + i#¢ into elements of the type M + i#¢. And also,
when from some final state we have to reach nonfinal state, we convert with the
function m,, the elements of the type M + %€ into elements of the type I 4 i#°.

)x=¢e

(S, ) % M+i+n+1—k#e if S=1+i#°
PSR T4i—n— 14k if S =M + i

2)x=t

M4i4+n+1—k#e if S=1+i#e
(Sk)dif IT+i—n—1+k#* if S =M+ i¥e
MR = Y M, 4itn+1—k#e if S =1, +i#e
Ii+i—n—1+k#* if S =M, +i#e
(Sk)def{

3) x =ms

M+i+n+1—k#e if S =14 #e

I+i—n—1+k#* if § =M +i#e
M,+i+n+1—k# if § =1, + i#e
I,+i—n—1+k# if S = M, +i#ec

We define m,, : P(PX) x N — P(PX):

mn (A, ) = {mn(a,z)|a € A}

We define also f, : (IX|JMX) x N — {true, false}. Let A be some nonfinal
state. We want to find the state A’ reached from A with the symbol b = b1 bs...by.
First using A and b we find new set B that consists of elements of the type
I +i#¢. B is a candidate to be A’. But if f,(S,k) = true for some element
S from B, B is not good candidate and A" = m, (B, k). If for each element
S from B we have that f,(S,k) = false B is good candidate and A’ = B.
In ANDX(w) a state i#¢ is final if e <= i — (Jw| — n) i.e. if the state is on
the right of the diagonal y = x — (Jw| — n). For nonfinal state in AYX(w) the
diagonal corresponding to y = z — (jw| —n) is I +k —2n +t#* (0 < t < n),
if K < 2n + 2 (k is the length of the input symbol b). In APX(w) there is no
nonfinite state that has an element on the right of the diagonal y = z— (Jw|—n).
Analogously in AY°X the transition function §7°X is not defined for nonfinal state
and symbol bibs...by, if the nonfinal state has an element of the type I + i#¢
on the right of the diagonal I + k — 2n + t#*. (The candidate B has such an
element S only if £, (S, k) = true.) The only one exception is {I#%} - the initial
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state of AYX. This state is nonfinal but in APX(w) its corresponding state
{0#°} may be final. For each final state of AYX the diagonal corresponding to
y = x — (Jw| — n) consists of the elements M — n + t#* (0 < ¢t < n) and the
transition function 67X is not defined for a final state whose elements of the
type M + i#¢ are on the right of the diagonal M — n + t#*. (S is on the right
of the diagonal M — n + t#* only if f,,(S, k) = true.)

1)S=1+i*or S=1+i" or S =I, +i*®

f(Sk)dEf true k<2n+1l&e<i+2n+1-k
AT false  otherwise

2) S =M +i#¢or S = M; +i#¢ or S = M, + i*®

def | true ife>i+n
fn(S, k) = { false otherwise

We define IX : P(QNPX) — P(PX):

)x=e
I(A) {1 40 — 1#e)ite € A}
2y x=t
THA) Y (T 40— 1#efite € AV (T, + i — 1#)if € A}
3) x =ms
def

Ims(A) = {I +i— 17¢|i#e € AYU{I, +i — 17¢]ie € A}

We define MX : P(QNPX) — P(PX):

x=c¢

Me(A) Y (M + itelite € A}

2) x=t

MUA) (M + itelite € AY UM, + i#elift® € A}
3) x =ms

M™s(A) (M + i#elite € AV (M, + i#e|ite € A}

We define rm : I%,,. U MX

tates

— I\ ME:

rm(A) % { T+ite  fAelX,  &e—i=pzlz=¢ —i &I+i'# € A]
M+i*e i Ae MY, &e—i=pzlz=¢ —i' &M +i'#° € A
The element rm(A) is called right-most element of A. To know whether we
have to convert with the function m,, the candidate B that we receive from some
state and input character b1bs...bg, it is suffice to check the value f, (rm(B), k)
because for each nonfinal state A and each k it is true that f,(rm(A4),k) =
false & VS € A(S = I + i#¢ for some i and e = f,(S,k) = false) and for
each final state C it is true that f,(rm(C), k) = true < VS € C(S = M + i#¢
for some i and e = f,(S, k) = true), i.e. it’s no matter whether the type of the
elemets of the candidate B is I + %€ or it is M + i#¢ - if f,(rm(B),k) = true
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then B is not good candidate and if f,,(rm(B),k) = false then B is good.

We define the function of the elementary transitions
5:»{ : (Izc UMGX) X ZYL%_) [thates UM;Ctates U{¢}
1) Let S =TI+i#¢or S =1, +i#¢ or S = I, +i#°. We define 67 X(S, z):
1.1) =lrp (S, x)
=167X(S, z)
1.2) Ir, (S, )
IX(6Px(i#e r,(S,x))) if S =1+i%

57X (8,z) < { IX(SPX(iFe v (S, 2))) i S = I, + it

IX(Px(ite r,(S,x))) if S = I, +i*e

2) Let S = M +i#¢ or S = My +i#¢ or S = My +i#°. We define §7X(S,z):
2.1) =lr, (S, z)

—ddg*x(s, (ﬂ)
2.2) Ir, (S, x)
MX(§Px(i#e r, (S, x))) if S =M +i*e
5Yx(S, ) L MX(OPX (i, (S, 2)) if S = M, + i#
MX(§Px(i#e r, (S, x))) if S = M, +i#e
We define | | : P(P(IX))|J P(P(MX)) — P(IX)|J P(MX):

LAY {rlr e A& -3n' € YA <x m)}

We difine Vg @ I2%400s U ME410s — P(N). This function is used for checking
whether the length of the word b1bs...b; is suitable to define the transition
function 67X, If k & 7,(Q) then —!167X(Q, bybs...by).

1) Let Q € [thates

1'1) @ = (1%

V(@) {kln <k <2n+2)

1.2) Q # {19}

Let rm/(Q) = I + i#¢

V(@) Y {k2n+i-et 1<k <2 +2)
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B N TEE S S S

00000000000
000000000
O000@O0
00 0O
000 -

v
@ rm({I =27 117, 1+17}) =1 +17

Fig. 16 n =5, v, ({I — 2721 —1#2 1 +1#3}) = {9,10,11,12}
The length k of the input charcter x1xs...x; must be such that all elements
of the type I +i#¢ to be on the left of the diagonal I + k — 2n + t#1.

2) Let Q S Ms)gtates
Va(Q) Y {k € NI¥r € Q(if(k < n, M#n=* M + n — k#0) <X 7)1\ {0}

V,({M—-4" M -2 M -17}) ={7,89}
4

00000000000

0000
O

00000000
SISISISIeY Y 16
s]elel Jelolele

0000000
slelelolere
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Fig. 17 n=5, v ({M —4%2 M —2#3 M — 1#3}) = {7,8,9}

We are ready to define the transition function 67X : QX x XV —o+ QV-X.
Let Q € QYX and z € 3.

1) |z| € Va(Q)
187X (Q, @
2) 2] € Va(Q)

2.1) quQ 5X7X(an) =¢
—16X(Q, )

2.2) Uyeq 00 X(q,2) # ¢
Let A =[]0 89X(q, ).

’ def [ A if fr,(rm(A),|z|) = false
Q) = { mu (A |z]) if fro(rm(A), |z|) = true

states — {A|E|.’E € EZ*((;Z’X*({I#O})"E) =
A) & A C Ix} and Mg, = {A]3z € T;7 (6% ({I#0),2) = 4) & A € My},
i.e. we cosider that AY-X has no state that cannot be reached from {I#°}.

In what follows we suppose that I

Definition of AY“ is given in [MSFASLD).

The three automata AY’E, AVt and AY’mS are depicted resp. on fig. 18, fig.
19 and fig. 20. In these figures x can be interpreted as 0 or 1 and the expressions
in brackets are optional. For instance from {I#!, I 4+ 1#!} with 210(z) we can
reach {I#!}. This means that from {I#1 I + 1#1} we can reach {I#'} with
010, 110, 0100, 0101, 1100 and 1101.
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sn s TF x Nt e (TULS))*

N def [ Wi_qWipiiw, ifv>i—n
sn(w,0) =1 ifv<i—n

where v = min(|w|,i + n + 1).
D YIS Y

T déf{ iagxl,sn(w,1))5(3:2,sn(w,Q))...ﬂ(:ct,sn(w,t)) EE}ZHZ

We give an example how AYX can be used. Let w = abcabb and = = dacab.
We want to know whether z € L}, (3,w). We find b = hg(w,z) = bybs...bs.
by = fB(x1,s3(w,1)) = B(d,$$$abcab) = 00000000, by = [(z2,ss(w,2)) =
B(a, $$abcabb) = 00100100, b3 = [B(x3,s3(w,3)) = B(c, $abecabb) = 0001000,
by = B(z4,s3(w,4)) = B(a,abcabb) = 100100 and b5 = [(zs,s3(w,5)) =
B(b, beabb) = 10011. = € LX_ (w,3) & b e L(AyY).

Proposition 19 Let x € {¢,t,ms}. Let w € ¥*, z € X7, n € N, lh,(w,x),
b= h,(w,z) and |b] = |z| =t. Let

VoX _ [T#0

gy = {I7"} and

v SIX (g7 X bigr) i 1g) X & 167X (g, biv) :

W= no T i e DT for 0 < <t — 1.
=l otherwise

Let |w| = p. Let s: [0,t] — N and

ol {7 e R
i if gl X ¢ FYx

Let ADPX(w) =< 5, QDX, [DX, FDxX §DX >, Let

qd* = {0#°} and
D,x(,D:x ... e 1, DX 18D x (DX .
DvX — 6n (ql 7371—1-1) if -q; & 6n (ql 7xz+l) f <i<t—1
Gl = { =l otherwise or0si<t—L
Let d: (IX|UMX) x N — QNPX and
1) when x =€
d(I +i#e,2) < - 4 i#e and
A(M + i#e,2) % o 4 i#e
2) when x =t
(I +i#e,2) < oy ite,
d(M +i*#e, 2) “oy ire,
(
(

U

d(I; + i€, 2) = z+i° and

d(M, + i, 2) & 5 4 e

42



)
(
. def .

d(M +i#e 2) "= z4ie
d(I, +i#°,2) 2 2 4 i#° and
A(M, + it 2) < o 4 ite.
Let d : P(IX|JMX) x N — P(QVPX) and
d(A, 2) “ {d(n, )| € A},
Then
1) lg) X ©lg”X and
I0) Vi € [0, ](1q7X & 1P = d(q7X, 5(i)) = ¢”X) and
1) Vi € [1,8](lq) X & 1gPX = (¢7 € FYX & ¢PX e FPx)).

Proposition 19 is formulated in [MSFASLD] for x = e.

Proof
IT) induction on 4
1)i=0
v, D,
s(0) = 0. d(gy™X, s(0)) = {070} = gy *.
2) Induction hypothesis !qu,x & !q?’x = d(qiv’x,s(z')) = qlp’x. We have
v, D, v, . D, v, D,
to prove that !¢/} & l¢;F = d(q3y,s(i + 1)) = ¢ Let !¢y and lg; 7.
Therefore !ql-v’x and !qiD X, Applying the induction hypothesis we receive that

d(q]X, s(i)) = ¢

Lemma 1If ¢ € ¢)* and 7 = d(q, s(i)) then
- if qj_ﬁ C IX < 67X(q,bi+1) C IX then
(1%) (80X (g, biv1), s(i + 1)) = 67X(m, wi11)
- (g C IX 4 07X(g, biy1) C IX) then
(2%) d(mn(6X(g, bit1); [bisal), s(i + 1)) = 62X(m, wit1)

Proof Let g € ¢)'X and m = d(q,s(i)). Let @ = j#¢ or m = j#° or m = j#e.

We prove that r,,(q, bi11) and 7,(q, biv1) = B(Tit1, Win)):

1) g * C Iy

In this case s(i) = i and (¢ = [+u™® or ¢ = I;+u®® or ¢ = I,+u?*®) for some
u such that j =44 u. (j =i+ u because d(q, s(i)) = w.) Let bit1 = y1y2.--Yk
(k > 0). Therefore

d Yn+ut+1Yn+u+2--Ynt+u+h if h = mzn(n —e+ 1, k—n— U) >0

€ . .

(g, Y1y yg) = € if h=minln—e+1Lk—n—u)=0
-l otherwise

B(Tit1, Wit1+uWit2 - Withtu) if >0

= € ifh=0
-l otherwise
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E=min(p,i+1l4+n+1)—(G+1-—n)+1=min(p,i+n+2)+n—i

h=min(n—e+1,min(p,i+n+2)+n—i—n—u)=

min(n —e+ 1,min(p,i+n+2)—i—u)=

min(n —e+1,p—j,n—u+2)

q € IX. Hence ju| <eandn—e+1<n—u+2.

Therefore h = min(n—e+1,p—j) > 0. Hence !r,(q, biy1) and (g, biy1) =
B(Tiv1, Win))-

2) ¢/ C MX

In this case s() pand (¢ = M +u#® or ¢ = My +u? or ¢ = M, + u?®)
for some u such that j = p + u. Let bjr1 = y192...yx (k > 0). Therefore

Yktut1Yktut2---Yotutn Lh=min(n—e+1,—u)>0
€ . .

Tn(q, Y1y2--Yk) = € ifh=min(n—e+1,—u)=0
=l otherwise

B(Zit 1, Wimng kw1 Wi—ng ket ut 2 Wientktuth) if b >0
= € ifth=0

=l otherwise

qOV’X C Ix, qj"x C M. Let i’ be such that i’ € [0,i— 1]&(]21,’)‘ - I}&q;’fl -
MX. Therefore f, (¢, |bi41|) = true for some ¢’ € IX. Hence |byy1] < 2n +1
and |by 11| =n+p —4'. Therefore |bj1] =k =n+p—iand

B(Tit1; Wptut1Wptut2 - Wprutn) i h>0
Tn(q7y1y2”~yk) = € ifh=0
=l otherwise

h = min(n —e+ 1,—u) = min(n —e+ 1,p — j) > 0. Hence r,(q,bi+1) =
B(Tiy1, Wia])-

‘We prove that

if qVX C IX < 67X(q,bi11) C IX then 1* and

if - (qH_1 C IX & 67X(q,biy1) C IX) then 2*:

1) ¢ C I

In this case s(i) =i and (¢ = I +u?® or ¢ = I; +u”® or ¢ = I, + u?®) for
some u such that j =14 4 u.

Let
55”‘(“#67%(% bi+1)) ifg=1+ ue
Ap=9 0PXWl ra(q,bivr)) if g = I, + ute
SPX(u#e, ry(q,bip1)) if ¢ = I, + u®e

Let

6DX(U+Z# 'rn(qv z+1)) ifq:[+u#e
AP =q 0PX(u+if (g b)) if ¢ = I +ue
5D X(u =+ Z# Tn(‘]a H—l)) ifg=1,+ uie
B(

It follows form i+u = j and r,, (g, bi+1) =

Lit1, w[‘ﬂ']) that A} = 5eD’X(7r7 B(Eit1, w[‘fr])) =
58D’X(7T7 -Tz+1)~
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J (g = IX(AS) € I3

1.1) 7% C IX

In this case s(i+1) =i+ 1. We have to prove 1*. d(67%(q,bi1),s(i+1)) =
A (A7), i+ 1) = d({Tgg +a— 19002l € Arki+ 1) = {a+ it |l
Ar} Pmposztzon 18 A7 = 0X(m, $Z+1)

1.2) ¢7% € M

In this case s(z + 1) = p and |bj11] = p — i + n. We have to prove 2*.
A (69X (g,bisn), i), 56 + 1)) =
d(mn(IX(AI)7p —i+ n)vp) =
d(my({Te) = 1+ ol € Ard,p—i+n),p) =
d({M(slt) +tn+tl-(p—it+n)ta-— 1#b|a(t\ y € Arkp) =A{a+ Z(s|t)|a(t|
Ar}y = = Proposition 18 87X (m, Tit1).

2) qu C MX

In this case s( )=pand (g = M +u”® or ¢ = M; +u?® or ¢ = M, + u**)
for some w such that j = p+ u.

Let
SPx(u#e ry(q,biv1)) if g =M +ut®
AM = 5D’X( # (Q7bz+1)) if q= Mt + u#e
60X (u? # (g biv1)) if ¢ = My + u?®

Let

SPX(p+u®e,ry(q,big1)) if ¢ = M + u#®
M= 5£’X(P+ufe,rn(q, bit1)) if ¢ = M, +u#®

02X (p+ufe ra(g,bigr)) if ¢ = My +u?e
It follows from p+u = j and r,,(q, biy1) = B(2it1, wix)) that Al = SPX (7, B(wiyq, Wia])) =
82X (m, wig1).

5§’X(q7bz+1) MX(Apr) © M.

2.1) ¢7:X C MY.

In this case s(i + 1) = p. We have to prove 1*. ((Wx(q,blﬂ) (z +
1)) = d(MX(AM)v ) - d({M t|s) + CL# ‘a(t‘é) € AM} p) - {p+ a(t‘é)la(ﬂé) €
A} _Pmposition 18 Ay = 07X(7, i)

2.2) "X C I

It follows from ¢"X C MX that |biy1| = p—i+mn. s(i+1) =i+ 1. We have
to prove 2*. d(mn,(67X(q,biy1), |bix1]),s(i+1)) = d(mn(MX(AM), |bit1]), s(i+

1) = d(mn({M(ﬂé) +attlaly) € Anbp—i+n) i+ 1) =d({Iys +p—i+
n—n-— 1+a#b|a y EAM}i+1) = {p+a(t\s)|a ) € Am} =Proposition 18
Ay = 62X (m, mz+1)

The Lemma is proved.

We prove that d(qx’ﬁ, s(i+1)) = qz+i< Let A = |_|qeq X(q,bit1)
1) fu(rm(A), [biy1]|) = false
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d(q;3Y, s(i 1)) =

+
AL yegr 07(a,bign). (0 4+ 1)) =
x(q,

)s
Lyeqrx A2 +1), 800+ 1)) =1 g gV s(i))=gP
I—lﬂ'qu X 5 ( x’LJrl) qz—i—l
) fvn(rm( ), |big1]) = true

d(g; 1y, s(i+1)) =
Al (e v 8950, bi1). s, s+ 1)
I_lqeq_vv d(mn(ég X(qa bi-‘rl)a |bi+1|)7 S( + 1)) Tox & d(qj’x)s(i)):qiD'X
Lreqrx SPX (7, wiq1) = gy

II) is proved.

I) Induction on i

1)i=0

!qj’x and !qiD’X
2) Induction hypothesis 'q qD

We have to prove that 'qz % @'qzﬂ

2.1) —dqi X and —dqi

Therefore —lg; 7% and —lg; X

2.2) !q;f’x and !qiD’X

We prove that |biy 1] € Va(g™):

2.2.1) ¢/* C IX

2.2.1.1) ¢ X = {I#0}

In the proof of the lemma we showed that if ¢ € qu,x then !y, (¢, b;41). Hence
lr,, (I#9,b;11). Therefore |bi1] > n and |bi1| € Va(q) ).

2.2.1.2) ¢)X # {I#0}

Therefore i > 0 and !g)"%. Let us suppose that |biy1| & Va(g)™). Hence
lbis1| < 2n+i—e+1 where rm(q) ™) = I +i#¢. e > |i|. Therefore |bi11] < 2n
and |b;| < 2n+ 1.

2.2.1.2.1) ¢/ C IX

It follows from the definition of 67X that —\fn(rm( X, 10i]) e —fn (I +
i€ |b;]). But b < 2n+1and e <i+2n+1—|bl Hence T (I + 72, |by)).
Contradiction.

2.2.1.2.2) g% C MX

It follows from the definition of 57X and m,, (M +i+n + 1 — |b;|7¢, |b;]) =
I+ 7€ that f,(M +i+n+1— |b;|#¢|b;]). But it also follows from |b; 11| <
2n+i—e+1, |biy1| < 2nand |b;| <2n+1 that e <i+n+1—1|b;|+n. Hence
—fn(M +i+n+1— b7 |b;|). Contradiction.

2.2.2) ¢)* C MX

Therefore s(i) = p and |bj11] = p — i+ n. Let us suppose that |b;y1| &
va(qi X). Let ¢ be such that ¢ € ql- Xand if(|bip1] < n, MFPIbl AL 4o —
b1 |#0) £X q. (It follows from |biy1| & V(g X) that such g exists.) Let
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= d(q,s(i)). It follows from II) that d(q;"X, s(i)) = ¢”**. Hence 7 € ¢”** and
Zf(p < z,p#Z P i#0) £X 7. Tt follows from the proof of correctness of 62X that
v e P X(if (p < i, p#iP i#0) <X 77) Contradiction.

We proved that |bii1] € V(g X). It follows from |biy1| € Valg ™), 1)
and the definition of 87X that if Vq €q; ’XVﬂ'(ﬂ' = d(gq,s(i)) = (67 X(q,le) =
¢ & 6PX(m,241) = ¢)) then 'qu qu We prove that Vq € ¢, VXyr(n =
d(g,5(1)) = (67X(¢,bit1) = ¢ & 62X(m,xi41) = ¢)). Let ¢ = Iyq) +u¥e €
g* or q = Mysy + ue € ¢/ and © = d(q,s(7)). In the proof of the
lemma we showed that !r,(q,b;y1) and r,(q,bi41) = 5(xz+17w[ﬁ]) Therefore
80X(q,biv1) = ¢ & 67X (u #u) (g bit1)) = ¢ & 60X (uts(i )( 1ty (g, bi1)) =
¢ < 6PX(m,2401) = ¢. 1) is proved.

IIT) Let ¢ > 0, 'qV’X and 'q X
=) We prove that qV X e FYX = gPX e FPx

Let ¢ VX g FYX. Therefore s(i) = p and 3q € qiv’x(q <X M#"). Let
M+u# € ¢/* and M +u#f <x M#"_ Tt follows from IT) that p+u#/ <X p#n
and p + u#f € qlD’X. Therefore qu’X € FPx,

<) We prove that ¢/ X ¢ FYV'X = ¢PX ¢ FPx

Let qu:X ¢ FYX. Tt follows from i > 0 that !qj;’i. And it follows from IT) and
the definition of 62X that Vq € quiflw(w =d(q,s(i—1))&3PX(r, ;) & FPX) =
¢’ ¢ FPX. We prove that Vg € ¢/ X 3n(r = d(q,s(i — 1)) & 0P X(m, z;) ¢
FPX) Let g € ¢% and 7w = d(q, s(i — 1)).

1) g=1+u”®orq=1I +u”® or q=I, +u”®

In this case qj;’i cIx.

11) 67%(g,b) = 6

It follows from the lemma in the proof of II) that §PX(w, ;) = ¢ & FPx

1.2) 6X(q,b;) # &

Let

5ED7X ro(I +u#e x)) if =1+ u?®
dbx u#e,r (It—f—u#e x)) if ¢ = I +u?®
z))

(u?
(uj

SPx(u#e r, (I + ue, if ¢ = I, +u”®
)

Therefore ﬂf,L(rm(IX(AI) ,|bil). (X fro(rm(IX(A7)), |b;|) then
Jn(rm(L, e vx 87X (n,b;)), |bi]) and ¢/X € FYX. Contradiction.)

1.2.1) |bi| = 2n + 2

In this case i +n + 1 < p. It follows from II), I#% <X g and s(i — 1) =i — 1
that i — 1#0 <X 7. We have from the proof of correctness of §2°X that Va €
SPX(m, 2;) (70 <X x). Therefore 6§PX(m, z;) ¢ FP-x.

1.2.2) |bi| < 2n+1

In this case |b;| =p+mn —i+ 1. Let rm(IX(Ay)) = I + a?®. Therefore b >
a+2n+1—(p+n—i+1) and b > a+n+i—p. Obviously if d(I+a??, s(i)) ¢ FNPx
then 62X(r,x;) ¢ FPX. We prove that d(I + a™? s(i)) ¢ FNPX. s(i) = i.

Ar =
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d(I+a™?, s(i)) = i+a®b. If follows from b > a+n+i—p that i +a#® ¢ FNDX,
Therefore §PX(r, 2;) ¢ FP-X.
2) ¢ = M 4 u*¢ or ¢ = M; + u™® or ¢ = M, + u*®
In this case qfﬁ C M)
2.1) 0%(q,b;) = ¢
It follows from the lemma in the proof of II) that §0X(m, x;) = ¢ ¢ FP-x
2.2) 0(q,b;) # ¢
Let D . . . .
SDx(i#e v, (M +i#¢ x)) if = M + i7"
App =1 0PX(E#e r (M, +i#¢ 1)) if g = M, + i#®
SDx(itte v, (M, + i, ) if ¢ = M, +i7®

Therefore fy (rm(M*(Anr)). b]). (1= fo (rm(MX (Axg). bi]) then = f (rm(LL, v 37 (n,bi)). bi])

n€q;”
and ¢/ € FYX. Contradiction.)

Let rm(IX(Ar)) = M + a*®. Therefore b > a + n. Obviously if d(m, (M +
a™®, |b;|),s(i)) & FNPX then 6PX(m,z;) ¢ FPX. We prove that d(m,, (M +
a?,|b;|), s(i)) & FNPX. s(i) = i. |b;| = ntp—i+1l. d(mn,(M+a®®, |b;]),s(i)) =
d(I+a—n—1+|b;|#" s(i)) = d(I+a+p—i7° s(i)) = a+p#°. It follows from
b> a+n that a + p#® ¢ FNP:X. Therefore 6PX(r, z;) ¢ FP-X. TII) is proved.

6 Building of A7, A" and AY™s.

We are ready to present an algorithm that builds AY-X. We use breadth first
search strategy to generate all the states of AYX. AV-X is cyclic. That’s why we
use the function HAS_NEVER_BEEN _PUSHED (nextSt) to guarantee that
the state nextSt is generated for the first time. This function returns true only
if the state nextSt has not been pushed in the queue.

6.1 Summarized pseudo code

procedure Build_Automaton( n, x );
begin
PUSH_IN_QUEUE( {I#%} );
while( not EMPTY_QUEUE() ) do begin
st := POP_FROM_QUEUE(Q);
for b in ¥V do begin
if ( LENGTH(b) € /,( st ) ) then begin
nextSt := 5}X( st, b );
if ( not EMPTY_STATE( nextSt ) ) then begin
if ( HAS_NEVER_BEEN_PUSHED( nextSt ) ) then begin
PUSH_IN_QUEUE( nextSt )
end
ADD_TRANSITION( < st, b, nextSt > )
end
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end
end
end
end;

6.2 Detailed pseudo code

I) Types

1) STATE is the type of each finite set whose elements are POSITION .

2) POSITION is the type of each tuple < parameter, type, X, Y > where
parameter € {I, M}, type € {usual,t,s}, X, Y € Z (I =0,M = 1,usual =
0,t=1,s=2).

3) SETOFPOINTS is the type of each finite set whose elements are POINT's.

4) POINT is the type of each tuple < type, X, Y > where type € {usual,t, s},
X, YeZ

II) API
1) PROCEDURE PUSH_IN_QUEUE( st : STATE );

PUSH_IN_QUEUE pushes st in QUEUE. (QUEUE is the queue that we
use.)

2) FUNCTION EMPTY_QUEUE() : BOOLEAN;

EMPTY _QUEUE returns TRUFE only if QUEUF is empty.

3) FUNCTION POP_FROM_QUEUE() : STATE;

POP_FROM _QUEUE pops an element from QUEUE.

4) FUNCTION HAS_NEVER_BEEN_PUSHED( st : STATE ) : BOOLEAN;

HAS NEVER BEEN_PUSHED returns T RU E only if st has not been pushed
in QUEUE.

5) FUNCTION NEW_POSITION( parameter : { I, M };
type : { usual, t, s };
x,y : INTEGER ) : POSITION;

NEW _POSITION returns new POSITION determined by parameter, type,
x and y.

6) FUNCTION GET_POSITION_PARAM( pos : POSITION ) : { I, M };
GET_POSITION_PARAM returns the parameter of the POSITION pos.

7) FUNCTION GET_POSITION_TYPE( pos : POSITION ) : { usual, t, s };
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GET_POSITION_TY PE returns the type of the POSITION pos.
8) FUNCTION GET_POSITION_X( pos : POSITION ) : INTEGER;
GET_POSITION _X returns the X of the POSITION pos.

9) FUNCTION GET_POSITION_Y( pos : POSITION ) : INTEGER;
GET_POSITION_Y returns the Y of the POSITION pos.

10) FUNCTION EMPTY_STATE( st : STATE ) : BOOLEAN;

EMPTY _STATE returns TRUFE only if st is empty.

11) FUNCTION GET_FIRST_POSITION( st : STATE ) : POSITION;

GET_FIRST_POSITION returns some of the elements that are in the ST AT Est.
It doesn’t matter which element is chosen.

12) PROCEDURE ADD_TRANSITION( st : STATE; b : STRING; nextSt : STATE );

ADD_TRANSITION adds the transition < st, b, nextSt >in AUTOMATON.
(AUTOM ATON is the output automaton.)

13) FUNCTION EMPTY_SET_OF_POINTS( set : SETOFPOINTS ) : BOOLEAN;
EMPTY _SET_OF_POINTS returns TRUFE only if set is empty.

14) FUNCTION NEW_POINT( type : { usual, t, s }; x,y : INTEGER ) : POINT;
NEW _POINT returns new POINT determined by type, x and y.

15) FUNCTION GET_POINT_TYPE( pt : POINT ) : { usual, t, s };
GET_POINT_TY PFE returns the type of pt.

16) FUNCTION GET_POINT_X( pt : POINT ) : INTEGER;

GET_POINT_X returns the X of pt.

17) FUNCTION GET_POINT_Y( pt : POINT ) : INTEGER;

GET_POINT.Y returns the Y of pt.

18) FUNCTION SUB_STRING( s : STRING; startPos : INTEGER; length : INTEGER )
STRING;

SUB_STRING returns the string s[startPos]s[startPos + 1]...s[startPos +
length — 1].

19) VAR CHI : { epsilon, t, ms };
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epsilon =0,t =1, ms = 2.

procedure Build_Automaton( n : INTEGER );
VAR st, nextSt : STATE;
b : STRING;
begin
1 PUSH_IN_QUEUE( { NEW_POSITION( I, usual, O, 0 ) } );
2 while( not EMPTY_QUEUE() ) do begin
3 st := POP_FROM_QUEUEQ) ;
4 for b in { sym | sym : STRING and
1 <= LENGTH(sym) <= 2n+2 and
for all i( i in [1, LENGTH(sym)] =>
( sym[i] = 0 or sym[i] = 1 ) ) } do begin
5 if ( Length_Covers_All_The_Positions( n, LENGTH(b), st ) ) then begin
6 nextSt := Delta( n, st, b );
7 if ( not EMPTY_STATE( nextSt ) ) then begin
8 if ( HAS_NEVER_BEEN_PUSHED( nextSt ) ) then begin
9 PUSH_IN_QUEUE( nextSt )
10 end
11 ADD_TRANSITION( st, b , nextSt )
12 end
13 end
14 end
15 end
end;

function Length_Covers_All_The_Positions( n : INTEGER, k : INTEGER; st : STATE )
BOOLEAN;
(* Length_Covers_All_The_Positions( n, k, st ) = true <& k € {/,( st ) *)
VAR pos, pi, q : POSITION;
begin
16 pos = GET_FIRST_POSITION(st);
17 if( GET_POSITION_PARAM( pos ) = I ) then begin
18 if( st = { NEW_POSITION( I, usual, O, O ) } ) then begin
return( k >= GET_POSITION_X( pos ) + n ) end
else begin
for pi in st do begin
if( k < 2*n + GET_POSITION_X( pi ) - GET_POSITION_Y( pi ) + 1 ) then begin
return( false )
end
end
end
else begin
if( k < n ) then begin
q := NEW_POSITION( M, usual, O, n - k ) end
else begin
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q := NEW_POSITION( M, usual, n - k, 0 )
end
for pi in st do begin
if( pi <> q and ( not Less_Than_Subsume( g, pi ) ) ) then begin
return( false )
end
end
end
return( true )
end;

function Delta( n : INTEGER; st : STATE; b : STRING ) : STATE;
(* Delta( n, st, b ) con@spondsto<ﬁ?x( st, b ) *)

VAR bAdd : BOOLEAN;
nextSt, deltaE : STATE;
q, pi, p : POSITION;
begin

nextSt := {};
for q in st do begin
deltakE = Delta_E( n, q, b );
if ( not EMPTY_STATE( deltaE ) ) then begin
for pi in deltaE do begin
bAdd := true;
for p in nextSt do begin
if ( Less_Than_Subsume( pi, p ) ) then begin
nextSt := nextSt \ {p} end
else begin
if( p = pi or Less_Than_Subsume( p, pi ) ) then begin
bAdd := false;
goto LABEL1
end
end
end
LABEL1
if ( bAdd ) then begin
nextSt := nextSt U {pi}
end
end
end
end
if( F( n, RM(nextSt), LENGTH(b) ) ) then begin
nextSt := M( n, nextSt, LENGTH(b) )
end
return( nextSt )
end;
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function Less_Than_Subsume( ql : POSITION; g2 : POSITION ) : BOOLEAN;
(* Less_Than_Subsume( ql, g2 ) = true & ql <X g2 *)
VAR m : INTEGER;
begin
if ( GET_POSITION_TYPE(ql) <> usual or GET_POSITION_Y(q2) <= GET_POSITION_Y(ql) )
then begin
return( false )
end
if ( GET_POSITION_TYPE(q2) = t ) then begin
m = GET_POSITION_X(q2) + 1 - GET_POSITION_X(ql) end
else begin

m = GET_POSITION_X(q2) - GET_POSITION_X(q1)
end
if(m < 0 ) then begin
m= -m
end
return( m <= GET_POSITION_Y(q2) - GET_POSITION_Y(ql) )

end;

function Delta_E( n : INTEGER, q : POSITION, b : STRING ) : STATE;
(* Delta_E( n, g, b ) COUESpOHdSiK)5?X( g, b ) *)
var deltaED : SETOFPOINTS;

st : STATE;
pi : POINT;
begin

deltaED := Delta_E_D( n,
NEW_POINT( GET_POSITION_TYPE(q),
GET_POSITION_X(q),
GET_POSITION_Y(q) ),
R(n, q, b) );
if ( EMPTY_SET_OF_POINTS( deltaED ) ) then begin
return( {} )
end
st := {};
if ( GET_POSITION_PARAM( q ) = I ) then begin
for pi in deltaED do begin
st := st U { NEW_POSITION( I,
GET_POINT_TYPE( pi ),
GET_POINT_X( pi ) - 1,
GET_POINT_Y( pi ) ) }
end end
else begin
for pi in deltaED do begin
st := st U { NEW_POSITION( M,
GET_POINT_TYPE( pi ),
GET_POINT_X( pi ),
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GET_POINT_Y( pi ) ) }
end end
end
return( st )
end;

function M( n : INTEGER; st : STATE; k : INTEGER ) : STATE;
(x M( n, st, k ) corresponds to m,( st, k ) *)
VAR m : STATE;
pi : POSITION;
begin
m = {};
for pi in st do begin
if ( GET_POSITION_PARAM(pi) = I ) then begin
m :=m U { NEW_POSITION( M,
GET_POSITION_TYPE(pi),
GET_POSITION_X(pi) + n + 1 - k,
GET_POSITION_Y(pi) ) } end
else begin
m :=m U { NEW_POSITION( I,
GET_POSITION_TYPE(pi),
GET_POSITION_X(pi) - n - 1 + k,
GET_POSITION_Y(pi) ) } end
end
end
return(m)
end;

function R( n : INTEGER; pos : POSITION; b : STRING ) : STRING;
(* R( n, pos, b ) corresponds to r,( pos, b ) *)
VAR len : INTEGER;
begin
if ( GET_POSITION_PARAM( pos ) = I ) then begin
if( n - GET_POSITION_Y(pos) + 1 < LENGTH(b) - n - GET_POSITION_X(pos) ) then begin
len := n - GET_POSITION_Y(pos) + 1 end
else begin
len := LENGTH(b) - n - GET_POSITION_X(pos)
end
return( SUB_STRING( b, n + GET_POSITION_X(pos) + 1, len ) )
end
if( n - GET_POSITION_Y(pos) + 1 < -GET_POSITION_X(pos) ) then begin
len := n - GET_POSITION_Y(pos) + 1 end
else begin
len := -GET_POSITION_X(pos)
end
return( SUB_STRING( b, LENGTH(b) + GET_POSITION_X(pos) + 1, len ) )
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end;

function RM( st : STATE ) : POSITION;
(x RM( st ) corresponds to rm( st ) *)
VAR pi, rm : POSITION;
begin
for pi in st do begin
if ( GET_POSITION_TYPE(pi) = usual ) then begin
rm := pi
end
end
for pi in st do begin
if ( GET_POSITION_TYPE(pi) = usual and
GET_POSITION_X(pi) - GET_POSITION_Y(pi) >

GET_POSITION_X(rm) - GET_POSITION_Y(rm) ) then begin

rm := pi
end
end
return( rm )
end;

function F( n : INTEGER; pos : POSITION; k : INTEGER )
(* F( n, pos, k ) corresponds to f,( pos, k ) *)
begin
if( GET_POSITION_PARAM(pos) = I ) then begin
return( k <= 2*n + 1 and

: BOOLEAN;

GET_POSITION_Y(pos) <= GET_POSITION_X(pos) + 2*n + 1 - k )

end
return( GET_POSITION_Y(pos) > GET_POSITION_X(pos) + n )
end;

function Delta_E_D( n : INTEGER; pt : POINT; h : STRING )
(* Delta_E_D( n, pt, h ) conﬁspondsto<ﬁlx( pt, h )
CHI corresponds to the metasymbol x *)
VAR x,y,j,posOfFirstl : INTEGER;
begin
x := GET_POINT_X(pt)
y := GET_POINT_Y(pt)
if ( CHI = epsilon ) then begin
if( LENGTH(h) = 0 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual) } )
end
return( {} )
end
if( h[1] = 1 ) then begin
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return( { NEW_POINT(x+1, y, usual) } )
end
if ( LENGTH(h) = 1 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual),
NEW_POINT(x+1, y+1, usual) } )
end
return( {} )
end
posOfFirstl := 0;
for j := 2 to LENGTH(h) do begin
if( h[j] = 1 ) then begin
posOfFirstl := j;
goto LABEL2
end
end
LABEL2 :
if( posOfFirstl = 0 ) then begin
return( { NEW_POINT(x, y+1, usual),
NEW_POINT(x+1, y+1, usual) } )
end
return( { NEW_POINT(x, y+1, usual),
NEW_POINT(x+1, y+1, usual),
NEW_POINT(x+j, y+j-1, usual) } ) end
else begin
if( CHI = t ) then begin
if ( GET_POINT_TYPE(pt) = t ) then begin
if( h[1] = 1 ) then begin
return( { NEW_POINT(x+2, y) } )
end
return( {} )
end
if ( LENGTH(h) = 0 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual) } )
end
return( {} )
end
if( h[1] = 1 ) then begin
return( { NEW_POINT(x+1, y, usual) } )
end
if ( LENGTH(h) = 1 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual),
NEW_POINT(x+1, y+1, usual) } )
end
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return( {} )
end
if( h[2] = 1 ) then begin
return( { NEW_POINT(x, y+1, usual),
NEW_POINT(x+1, y+1, usual),
NEW_POINT(x+2, y+1, usual),
NEW_POINT(x, y+1, t) } )
end
posOfFirstl := O;
for j := 3 to LENGTH(h) do begin
if( h[j] = 1 ) then begin
posOfFirstl := j;
goto LABEL3
end
end
LABEL3 :
if ( posOfFirstl = 0 ) then begin
return( { NEW_POINT(x, y+1, usual),
NEW_POINT(x+1, y+1, usual) } )
end
return( { NEW_POINT(x, y+1, usual),
NEW_POINT(x+1, y+1, usual),
NEW_POINT(x+j, y+j-1, usual) } )
end
end
if ( GET_POINT_TYPE(pt) = s ) then begin
return( { NEW_POINT(x+1, y) } )
end
if ( LENGTH(h) = 0 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual) } )
end
return( {} )
end
if( h[1] = 1 ) then begin
return( { NEW_POINT(x+1, y, usual) } )
end
if ( LENGTH(h) = 1 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual),
NEW_POINT(x+1, y+1, usual),
NEW_POINT(x, y+1, s) } )
end
end
return( { NEW_POINT(x, y+1, usual),
NEW_POINT(x+1, y+1, usual),
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NEW_POINT(x+2, y+1, usual),
NEW_POINT(x, y+1, s) } )
end;

6.3 Complexity

In this section we give some rough evaluations for the number of the states of
AYX and the time and the space complexity of the algorithm that builds AY-X.
1) x=c¢
1.1) We evaluate |1 05
foIe—[1,2n+1]
FU+#*) Y iter
We define g : IS q0es — {0,1,...,2n + 1}*. Let for each A € I
each j € [1,2n + 1] it is true that |g(A)| = 2n + 1 and

tates and for

0 ifANA = ¢
9(A>j—{ fr) ifre ANA,

where A; = {I —n+j—1—t#710 <t <n}.

Obviously g is inective function and Vk € [1,2n + 1)VA € Igates(9(A)r #
0&1<r<k=g(A)yr>g(A),).

Therefore |I5,,,0s] < |W/| where W = {w|w € {0,1,....2n + 1}* & |w| =
2n+1&VE € [1,2n+ 1]Vr € [1,k — 1](wr # 0 = wi, > w,)}.

|W|:2§:1< o+ 1 )2: < 2(2n +1) ) . Ren+)

P k 2n +1 2n+1D)!(2n+1)!

Applying the following extension of the Stirling’s formula:
ok kFe Fe T < kI < V2rk kke_keﬁ(Robbins 1955, Feller 1968)

we have
(2n + 1) (4n + 2)in+2e=(n+2)

(2n +1)(2n + 1)4n+2e—(4n+2)

W] <C

for some constant C. Therefore |I¢,,,.,| = O(24" 1082 V2n+l)
1.2) We evaluate |M¢
We have

tates ‘

Msetates = U {Ak}
k=0

Where Ak = {AlA € Msetates
Obviously Vi € [0,n](JAk| < |An]) and |An| < [ISates
|Msetates| = O(n24”*10g2 \/m)

&0 <t < k&rm(A) = M — k + t7)}.
|. |Aog| = 1. Therefore

2) x=tor x =ms
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It follows from Proposition 21 that in this case

2n+1 2 2n+1 2

| < Z < 2nl;|—1 ) ok < 92n-+1 Z ( 2n]j1 >
k=1 k=1

Therefore |IX,,.,| = (2671982 VZ+1) Obviously | M725,..| = O(n26n—10g2 vV2nFT),
The space complexity of the procedure Build_Automaton is O(|I% ;05| +

IMZX tes]). (We don’t take into account the memory that the algorithm uses to

write the output.) The time complexity is O(n2 (|1 es] + [MEaies]))-

6.4 Some final results

| X=c¢ |

n |I§tates| |Ms€tates| ‘{< a1, b, q2 > | !6n’€(Q17 b) & q2 = 6Z’€<Q15 b)}l

1 8 6 163

2 50 40 5073

3 322 280 144133

4 2187 2025 4067325

5 15510 15026 116976045

6 | 113633 113841 3445035693

| X=t |
n |I.§tates| ‘Mgtates‘ |{< qi, bv g2 > | !6n,t(Q17 b) & q2 = 5n7t(q17 b)}‘
1 9 7 187
2 66 54 6805
3 508 448 229025
4 4155 3884 7730973
5 35584 34711 267593313
6 | 315199 317409 9515031337
| = )

n |I;?;tes| ‘M;?;tes‘ |{< qi, b, q2 > | !6n,ms((h’ b) & q2 = 5n,ms (Qh b)}l
1 9 8 197
2 76 75 8307
3 676 725 317039
4 6339 7214 12126471
5 61914 73566 476227735

7 Minimality of A7, A" and AY"™,

Proposition 20 Let x € {e,t,ms}. Let n € N and A € I, cs-
Jb € TV (107X (A, b) & 67X(A,b) € MY 1es)-

states

Then
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Proof Let k be the least element of 57, (A). Obviously 67X(A,1%) € MY ;.-

Proposition 21
1)Ae]ﬁtutes&l‘}'ite€A§I+i+1#e€A
Ae M, &M+if*c A= M+i+1#cc A

2)
3 Aelly, &I+itce A=T+itce A
4)

states

Ae M, &M+itce A= M+itce A

states

Proof

1) Let A € I,,,., and I + i?°. Therefore 3B € I,  \UM!,, .3z €
SV(TH(B,x) = A). Let B € Ilyyes UMt s and @ € XY be such that
8V (B, x) = A. Therefore I € B(I+i] ¢ € 67 (m,x)VI+i] ¢ € m, (07t (m, z), |z])).
Let m € B be such that I +i] ¢ € 67! (m,x) or I +i] ¢ € m, (67 (m, x),|z])).
Therefore [ +i+1%¢ € §7(mr,z) or I +1i+1#¢ € m, (67 (7, z), |z|)). It follows
from I +i ¢ € Athat =31’ € A(n’ <! I[+i+1%¢) (if we suppose that 7/ € A and
7 <t I+i+1%¢ then ' <! I +i] - contradiction). Therefore I +i+1%¢ € A.

2), 3) and 4) can be proved analogously.

Proposition 22 Let x € {e,t,ms}. Let n € N. Then VA, B € I,,.s(L(A) =
L(B)= A= B).

Proof
We define y : IX — N:

y(I + i) e

y(I + 1 e) L e

y(I+ite) = e

We define min : P(IX) — P(IX):

min(X) “ {x|r € X &' € X(y(r') > y(m))}

OOOO0OOOO0OO e
OCO000O000O00 |
‘O 1+5%




Fig. 21 n =5,
min({I — 2#2 [ — 1#2 T + 1#3 [ + 2#3 [ 4 5#5}) = {I — 2#2 | — 1#2}

Lemma YA,B el (L(A) = L(B) = min(A) = min(B))

states

Proof Let A,B € I% ;.5

MIN (X —ec{EIWEmm( X)(y (Tr) e)
(The deﬁmtlon of MIN is correct becaus
) =y(m
n(B

m € min(X) & my € min(X) = y(m |
1) MIN(A) < MIN(B)

Let us suppose that min(A) # min
Using induction we build the rows {4;}5°, and {B;}$2, such that

and L(A) = L(B). We define MIN : I

states

— N:

e X € IXa1es = min(X) # ¢ and
2))

Vi e N(
A 6'Z-states&g
B; € I &

states
MIN(A;) = MIN(A) +i &

MIN(B;) = MIN(B) +i &

L(A;) = L(By)).

Ay = A, By = B. Let us suppose that A; and B; are built such that
Ay € 1Yy, Bi € I yposs MIN(A;) = MIN(A) + i, MIN(B;) = MIN(B) +
and L(A;) = L(B;). We have to build A;y; and B;y1. Let by = 02"+2 € EV
We have MIN(A;) < MIN(B;) < n.

1.1) x =

Therefore 167¢(A;, b1) (MIN(A;) <n), 85 (As, b1) € IS 0108
MIN(A;)) +1 = MIN(A) +i+ 1. Let Ajy1 = 87°(A;,b1). We prove that
167:€(Bi,b1). Let us suppose that —!67¢(B;,b1). Let b’ € XY be such that
167€(Aip1,0) and 67¢(Ai11,b) € M ppes- (It follows from Proposition 20 that
such b exists.) Therefore b1’ € L(A4;) but byd’ ¢ L(B;). Hence L(A) #
L(B;). Contradiction. Therefore !67¢(B,b;). Obviously 67¢(B,b1) € I 05
and MIN(5%¢(B;,by)) = MIN(B;) +1 = MIN(B) + i+ 1. Let Biy, =
87¢(Bi,b1). We have L(A;11) = L(B;y1) (otherwise L(A;) # L(B;)).

1.2) y =t

It follows from Proposition 21 that 3j3e(I + j#© € min(A;)). Therefore
1674 (Ai b1), 600 (Asb1) € ILuyes and MIN(67(A;,b1)) = MIN(A;) +1 =
MIN(A)+i+1. Hence !67(B;, by), 674 (Bi,b1) € Ity p0s and MIN (674 (B;, b)) =
MIN(BJ-F]. = MIN(B)+Z+1 Let Az+1 = 5X t(Al,bl) and Bi+1 = 5Z7t(Bi, bl)

1.3) x = ms

Let b’ = 1272, Obviously 107 (A, b'), 67 (A, b') € ITS,., MIN(67™5(A;, b))
MIN(A;), =3m € §7™3 (A, b)3j3e(m = I + j7¢), 167™5(B;, V), 6™ (B;, b)) €
s MIN(S™(Bi, b)) = MIN(B;) and —3n € 8%ms(B,,v/)3j3e(r —
I+j7¢). Let A’ = 57 (A;,b') and B’ = 67 (B;, ). Therefore 167™5(A’, by),
89 (A by) € 5, and MIN(8%™(A',by)) = MIN(A') + 1= MIN(A;) +
1= MIN(A)+i+1. Obviously L(A") = L(B’). Hence !67™%(B’,by) (otherwise
L(A") # L(B")). Tt follows form 67 (B’ by) and =37 € 7™ (B;,b')3jIe(r =
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I+ j7¢) that 67™%(B’,by) € I, and MIN(67™%(B’, b)) = MIN(B')+1 =
MIN(B)+i+1. Let Ajyy = 67™%(A’,by) and B;yq = 67™%(B', by).

The rows {4;}52, and {B;}$2, are built. But such rows cannot exist. Con-
tradiction.

2) MIN(A) > MIN(B)

Like in 1) we receive contradiction.

3) MIN(A) = MIN(B) =m

3.1) 37 € min(A)(m € min(B))

Let m € min(A) and 7 & min(B).

311) x=c¢

Let 7 = I +#™ and ¢ = Q" #1017,

00000000000
000000000

D000 @00
00000

A\

OO0  wmnr
O

Fig. 22 n=5,m=1+1#% c¢=0°%10°

3.1.11) m<n

It follows from the definition of 67 that M IN (67:¢(A, c)) = m and MIN(67¢(B,c)) =
m 4 1. And it follows from 1) that 3¢ € XV (¢ € L(67(A,¢)) & ¢ ¢
L(6Y¢(B,c))). Hence we find cc’ such that c¢’ € L(A) and cc ¢ L(B) i.e.
L(A) # L(B). Contradiction.

3.1.1.2) m=n

It follows from the definition of 87 that !67¢(A,c) and —!167¢(B,c), i.e.
L(A) # L(B). Contradiction.

3.1.2) x =t
3.1.2.1) 7 = I +#™
Let ¢ = 0"T410"+1=% Obviously 167¢(A,c) and 671(A,c) € It s Let

A" = 671(A, ). Obviously MIN(A') = MIN(A) = m, =3’ € min(A")3j(x’ =
I+ ™) and 7 € A’. We have also !67*(B,c) (otherwise L(A) # L(B)). Let
B’ = §7Y(B,c). Therefore L(A") = L(B’). Hence MIN(B') = m (if we suppose
that MIN(B') > m then it follows from 1) that L(A") # L(B’)). Obviously 7 ¢
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B’ and -37" € min(B")3j(r' = I + ). Since m € A’ we have !67*(A’, c) and
MIN(67t(A’,¢)) = m. Hence 167*(B’,c) and L(67*(A’,c)) = L(67*(B’,c)).
Since 7 € B’ and =37’ € min(B')3j(r' = I + j*) we have MIN (67*(B’,c)) =
m + 1. Tt follows from 1) that L(67*(A’,¢)) # L(6%'(B’,c)). Contradiction.

3.1.22) 7 =1+if™

Let ¢ = 0?1071 =%, Obviously 167*(4,¢), (A ¢) €It poss MIN(5Y ’t( 7c)) =
m, [+i+1#™ € §%4(A, c), 167 (B, c), 5\“( ,c) IYiess MIN(6Y4(B, c)) =
I+i+1#m & §%4(B,c) and L(67%(A,c)) = L(674(B,c)). Like in 3.1.2.1 )
receive contradiction.

3.1.3) x =ms

3.1.3.1) = I +i#™.

It follows from Proposition 21 that I+i#™ ¢ B (otherwise m = I+i#™ € B).
Let ¢ = 0"+10"+1 =% Obviously 167™(A, ¢) and 67 (A, c) € I, Let A’ =
87ms(A,e). Obviously MIN(A') = MIN(A) = m, =37’ € min(A")3j (7’
I+ j™) and m € A’. We have also 167™%(B,c) (otherwise L(A) # L(B)).
Let B’ = 67™%(B,c). Therefore L(A’) = L(B'). Hence MIN(B') =
(if we suppose that MIN(B’) > m then it follows from 1) that L(A’)
L(B")). Obviously 7= ¢ B’ (I +i#™ ¢ B) and —37’ € min(B")3j(x’
I+ j7). Since m € A’ we have '5V ms(A’ ¢) and MIN(87™(A',e)) = m.
Hence !67™%(B’, ¢) and L(§Z’mS(A/,c)) = L(67™3(B',¢)). Since m ¢ B’ and
-3’ € min(B")3j(n’ = I +j7) we have MIN(67™%(B’,¢)) = m+1. It follows
from 1) that L(67™%(A’,c)) # L(67"™*(B’,c)). Contradiction.

3.1.3.2) m =1 +i#™.

Let ¢ = 02"+2. Obviously 167™%(A, ¢), §7™3(A,c) € IT5,.., MIN(67™%(A,c)) =
m, T+ € 695 (A, ¢), 1895 (B, ¢), 537 (B, ¢) € gy MIN(SL™(B,c)) =
m, I +i#™ & 5% (B, c) and L(67 mS(A €)) = (5X mS(B ¢)). Like in 3.1.3.1)
we receive contradiction.

3.2) 31 € min(B) (7 € min(A))

Like in 3.1) we receive contradiction.

The Lemma is proved.

II‘H\S‘-’H

We define floor : P(IX) x Nt — P(IX):
floor(X,1) = min(X)

floor(X,i+1) = min( X\ ( U floor(X, 7))

1<<i
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000 -

v
floor(X 1) ={I -2, 1-1"} @ floor(X.2) = {I+17,1+27

Fig. 23 n=>5, X = {I — 2#2 ] — 1#2 [ 4 1#3 ] 4 2#3 [ 4 5#5}

We define FLOOR : I x Nt o+ N:

states

def [ e it Im € floor(X,s)(y(m) =e)
FLOOR(X,s) = { =l if floor(X, s) = ¢

We prove with induction on i that ViVA, B € N, es
floor(A,i) = floor(B,1)).

)i=1

Let A, B € I%,,..
floor(B,1)

2) Induction hypothesis: Vj < iVA, B € I},,.,(L(A) = L(B) = floor(A,j) =
floor(B, j)).

We have to prove that VA, B € IX,,..(L(A)
floor(B,i+1)). Let A,B € I, 1es
floor(A,i+ 1) # floor(B,i+1).

2.1) I € floor(A,i+ 1)(mw & floor(B,i+ 1))

2.1.1) 31 € floor(A,i+1)3t3r(n & floor(B,i+ 1) &7 = I +t#7)

Let m = [+t#" € floor(A,i+1) and 7 € floor(B,i+1). Hence |FLOOR(A, i+
1) and ![FLOOR(A,1). Let f = FLOOR(A,i+ 1) — FLOOR(A,1) and =z =
0" +t17 1=t We build rows {A}_, and {B,}/_, in such way that

(L(A) = L(B) =

and L(A) = L(B). floor(A,1) = min(A) = min(B) =

= L(B) = floor(A,i+ 1) =
and L(A) = L(B). Let us suppose that

Vo € [0, f](
Ap, Bo € IN 1o &
L(Aa) = L(Ba) &
TeAL&TE B, &
—Inl(r’ <Xw&n' € Ay UBa) &
MIN(A,) = MIN(By) = MIN(A) + a).
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Ao = A, By = B. Tt follows from the induction hypothesis that =37’ (7" <X
m& 7" € Ag|J Bop). Let us suppose that A, and B, are built in such way that

a< f&
ACwBOé € I;Ctates &

L(Aa) = L(Ba) &

TEAL&TE B, &

—In'(n' <X r &' € Au|UBa) &
MIN(Ay) = MIN(B,) = MIN(A) + «a.

We have to build A1 and Bgy1.

2.1.1.1) x = ¢

It follows from the definition of 67€ that 107 (A4, ). Let Aqy1 = 07¢(Aq, ).
Obviously Aa+1 € ISatess ™ € Aqy1 and =37/ (7" < m& 7’ € Ayy1). We have
also 167¢(By, ) (otherwise L(A,) # L(Ba)). Let Bot1 = 87¢(Ba,x). Obvi-
ously Boy1 € IS41es and L(Aqt1) = L(Ba+1). It follows from © ¢ B, and
—In'(r" < m& 7' € B,) that m1 € Byy1 and —37' (7" <& w & 7' € Byy1).
Obviously MIN (Aa41) = MIN(Bgy1) = MIN(Ay)+1=MIN(A) +a+1.

2.1.1.2) x =t

It follows from the definition of 67! that 167! (Ay, z). Let Agt1 = 67 (Aqy, ).
Obviously Aat1 € Ilipres- It follows from m € Ayyq and =3’ (7' <t n & 7’ €
A,) that m € Apy1 and —37/ (7" <! 7 & 7’ € Aay1). (If we suppose that
I+ tfﬁb € A, and b < r then it follows from Proposition 21 that I 4+t + 1#? ¢
Ay. But I+t +1#% <! 7. Contradiction.) We have !67*(B,, ) (otherwise
L(A,) # L(B,)). Let Bot1 = 67%(Ba,z). Obviously Bay1 € If,.s and
L(Auy1) = L(Bay1). It follows from m ¢ Byyq and —37' (7’ < 7 & 7’ € B,)
that m € Bay1 and =37/ (7’ <t 7 & 7' € Bay1). Obviously MIN(Ayiq1) =
MIN(Byy1) = MIN(Ag) +1 = MIN(A) +a+ 1.

2.1.1.3) x =ms

It follows from the definition of §7"™* that 167™% (A, z).

2.1.1.3.1) In’ € min(Ay)Jide(r' = I + i#®)

Obviously 167" (Ay, zx). Let Aqy1 = 07 (Ag,zz). We have also
16715 (By, xx). Let Bay1 = 067 (Bg, 2x).

2.1.1.3.2) =31’ € min(Ay)Jide(r’ = I +i#°)

Let Agr1 = 07 (Ay, ). Obviously 167 (B, ). Let Bot1 = 07 (By, z).

Obviously Aas1 € IM%,. ., Bag1 € 175,00 L(Aat1) = L(Baq1) and MIN(Agyy) =

states?

MIN(Bgy1) = MIN(A,) +1 = MIN(A) + a+ 1. It follows from m € Aq41
and =37 (7' <7 &7’ € Ay) that m € Agyq and —3n’ (7" < &’ € Agt1).
(If we suppose that I +a?’ € A, and I +a?”® <™ 1 then it follows from Propo-
sition 21 that I + a#® € A,. Contradiction.) It follows from 7 ¢ B,41 and
—3n’ (7' < w& 7' € B,,) that m ¢ Boq1 and -3’ (7! < & 7' € Byy1). (If
we suppose that I +t#" € B, then it follows from Proposition 21 that m € B,,.
Contradiction.)

2.1.2) x =t and 37 € floor(A,i+1)3H3r(x & floor(B,i+1)&m = I +tF")

Let 7 = I +t7", = € floor(A,i + 1) and © & floor(B,i + 1). It fol-
lows from Proposition 21 that I +t + 1#" € A. Hence —3r'(7’ <! I +t +
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1#7 & ' € A). Tt follows from the induction hypothesis that —37/ (7' <% I +t+
1#7 & 7' € B). Obviously 107¢(A, 0" 1"+t and 1674(B, 0" 11" +H1=1). Let
Al = §THA, 0 I ) and B! = 67 4(B, 0nH 17 HLt). Obviously MIN(A') =
MIN(B'), I+t+1#" € A\, I+t +1#" ¢ B’ and -3/ (7' <, [+t +1#" &' €
A'UB). Let f =r — FLOOR(A',1) and x = 0"**+117~t, Like in 2.1.1.2) we
build rows {Aq}/_, and {B,}._, (40 = 4’ and B, = B').

2.1.3) x = ms and 37 € floor(A,i+1)3t3Ir(x & floor(B,i+1)&n = [+t7#")

Let m = I +t7#", 7 € floor(A,i+ 1) and m & floor(B,i + 1). It follows
from Proposition 21 that I 4+ t#7 € A. Hence —37/(7' <™ [ +t#" & 7’ € A).
It follows from the induction hypothesis that —37/(7’ <™ [ +t#" & 7' € B).
Obviously 167™%(A, 027*2) and 167™%(B,0%"*2). Let A’ = §7"™%(A,0%"*2) and
B’ = §7™(B,02"+2). Obviously MIN(A’) = MIN(B'), [+t#7 € A’ [+t#" ¢
B’ and -37/(n' <™ [ +t#" & 7' € A'\|JB'). Let f =r — FLOOR(A’,1) and
z = 07171t ke in 2.1.1.3) we build rows {44} _, and {B,}/_, (49 = A’
and By = B’).

The rows { Ay} _, and {B,}/_, are built. Therefore MIN(As) = MIN(By) =
MIN(Ao)+ f = MIN(Ap) +r — FLOOR(Ap,1) = y(m). Hence m € min(Ay),
m & min(By) and L(Ay) = L(By). Contradiction. Therefore floor(A,i+ 1) =
floor(B,i+1).

2.2) 3 € floor(B,i+ 1)(w # floor(A,i+ 1))

Like in 2.1) we recive contradiction.

We proved that ViVA, B € I%,,..(L(A) = L(B) = floor(A,i) = floor(B,1)).

Therefore VA, B € I,

states

(L(A) = L(B) = A = B).

Proposition 23 Let x € {¢,t,ms}. Letn € N. ThenVA,B € M},,..(L(A) =
L(B) = A= B).

Proof We define y : MY — N:
y(M +ite) < e
y(M +if) < e
y(M + ite) =

We define min : P(MX) — P(MX):

S

min(X) < {rlr € X &' € X(y(r') > y(m))}

Lemma VA,B e MY

states

(L(A) = L(B) = min(A) = min(B))

Proof Let A,B ¢ M

states

and L(A) = L(B). We define MIN : MX .. —
MIN(X) = e ‘4 3r € min(X)(y(7) = ¢)

Let us suppose that min(A) # min(B).

1) MIN(A) < MIN(B)

Using induction we build rows {4;}3°, and {B;}$°, such that
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Vie N(
Ai € M;Ctates
Bi € Mz’(tates
MIN(Biy1) > MIN(B;) &
MIN(A;)) < MIN(B;) &
L(Ai) = L(B)).

Ay = A, By = B. Let us suppose that A; and B; are built such that

Ai € MY ates, Bi € MY pess @ > 0= MIN(A;) > MIN(A;_1), i >0 =
MIN(B;) > MIN(B;_1), MIN(A;) < MIN(B;) and L(4;) = L(B;).

We have to build A;,; and B, 1. Let by = 0F where k is some element of
Va(A;). We have MIN(A;) < MIN(B;) < n.

11) x=e¢

Therefore 167¢(A;,b1) (MIN(A;) < n)and MIN(57¢(A;,b1)) = MIN(A;)+
1. Let Ai+1 = 5X’C(Ai,b1). We have !6Z’E(Bi7bl) (otherwise L(Al) 7é L(Bl))
Therefore MIN (67¢(B;,b1)) = MIN(B;)+1. Let B;y1 = 6,¢(B;,b1). We have
also L(A;+1) = L(B;41) (otherwise L(A;) # L(B;)). Obviously MIN(A;+1) <
MIN(B;11). We prove that A;41 € M4 and Biy1 € M., We have
Ait1 € Miptes < Biv1 € M., (otherwise L(A4;) # L(B;)). Let us sup-
pose that A1 € IS and B;y; € IS It follows from MIN(A;11) <

states states*

MIN(B;4+1) that A;41 # B;11. Applying Proposition 22 we receive that

&
&

L(Ai+1) # L(Bjt+1). Contradiction. Therefore A;11 € MS 405 and Biyy €
Msetates'
1.2) y =t

It follows from Proposition 21 that Jjde(M + j#¢ € min(A;)) (if M +
j#¢ € min(A4;) then M + j + 1#¢ € min(A;)). Therefore 16%t(A4;,b;) and
MIN(5%H(A;,by)) = MIN(A;) + 1, 16%4(B;,by) (otherwise L(A;) # L(B;))
and MIN((SZ’t(BZ,bl)) = MIN(Bl) + 1. Let Ai+1 = 6Z’t(Ai,b1> and Bi-i—l =
8YY(B;,b1). Obviously L(A;11) = L(Bit1) and MIN(A;11) < MIN(B;y)
Like in 1.1) we prove that A;41 € ML, and Bi1q € M, ;...

1.3) x =ms

1.3.1) min(A;) # {M#MIN(A)L

Let b/ = 1% where k; is some element of v/, (4;). Obviously 167™%(A;,b).

Let A" = §7™(A;,b'). Obviously MIN(A’) = MIN(A;) and =37 € min(A')3j3e(r =
M + j#¢). We have 167™%(B;,b') (otherwise L(A;) # L(B;)). Let B’ =
8%ms(B,;,¥). Obviously MIN(B') = MIN(B;) +1 or (MIN(B') = MIN(B;)

and =3I € min(B’)3jIe(r = M+;7¢)). Like in 1.1) we prove that A’ € M7?

states

and B’ € M5, .. Let b = 0%2 where ky is some element of \/4(A’). There-
fore 167™3(A’ b") and 167™%(B',b"). Let A;11 = 67™%(A’,0") and Biy, =
8% (A’ ). We have MIN (A1) = MIN(A;)+1, MIN(Biy,) > MIN(B;)+
L, Ai+1 € M;thes and Bi+1 € M;Ttlastes'

1.3.2) min(4;) = {M#MIN(Ai)}
In this case maxz(vVq(As)) = MIN(A;) +n < maz(q(B;)) (fig. 23).
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Fig. 24 n=4, A; = {M#2 M — 2#3 M — 473},
B; = {M — 1#3 M — 4#3 M — 5#3 M, — 4%#3},
maz(Va(Ai)) = 6, maz(va(Bi)) = 8
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1.3.2.1) B; = {M#"}

Obviously L(A;) # L(B;). Contradiction.

1.3.2.2) B; # {M#"}

Let b = 1ma®(Va(Bi))  We have !67™%(B;,b) and —167™(A;,b). Hence

L(A;) # L(B;). Contradiction.

The rows {4;}°, and {B;}$°, are built. But such rows cannot exist. Con-
tradiction.

2) MIN(B) < MIN(A)

Like in 1) we receive contradiction.

3) MIN(A) = MIN(B) = m

3.1) 37 € min(A)(r ¢ min(B))

Let m € min(A) and 7 & min(B).

3.1.1) x =

Let m = M + i#™,

3.1.1.1) i <0

Let ¢ = 0¥7910~"~! where k is some element of \/,(A). Obviously 167¢(A, c)
and MIN(57¢(A,c)) = m. Therefore 167¢(B,c) and MIN(67(B,c)) = m+1.
We have MIN(67¢(A,c)) < MIN(5%¢(B,c)). Obviously 6%(A,c) € M& e
89€(B,c) € MSupes and L(67¢(A,c)) = L(067¢(B,c)). Like in 1) we receive
contradiction.

3.1.1.2)i=0

We prove that m < n. Let us suppose that m = n. Hence M#" ¢ min(B).
Hence —=3r € B3j3f(r = M + j#/ & f < j +n). Therefore B ¢ M 1es-
Contradiction. So m < n. Obviously maz(74.(4)) = m +n < maz(Vq(B)).
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Let b = 1me®(Va(B)  Therefore 167¢(B,b) and —!67¢(A,b). Hence L(A) #
L(B). Contradiction.

3.1.2) x =t
3.1.2.1) 7 = M + i#m
31.1.1.1) i <0

Let ¢ = 0¥+9107"~! where k is some element of \7,(A). Obviously !67*(4, c)
and MIN(67*(A,c)) = m. Therefore !07¢(B,c) and MIN(57*(B,c)) = m
(otherwise L(A) # L(B)). Therefore M + i]™ € B. Hence i < —2. Let
A" = 5% A, e) and B = §71(B,c). Obviously A’ # B’ and L(A") = L(B’).
Hence A’ € M, ;.. and B’ € M!, ;... Obviously M + i+ 1#™ € A’ M +i +
1#m ¢ B" and -3r'3j(7’ = M + 7™ & 7' € min(A’)|Jmin(B")). Let ¢/ =
0F+i+110=1=2. Obviously 1671(A’,¢’). Hence !67¢(B’,¢') (otherwise L(A’) #
L(B")). Obviously MIN(67H(A',c')) = m, MIN(67Y(B’,c')) = m + 1 and
L(6YH (A, ")) = L(67*(B',¢')). Like in 1) we receive contradiction.

3.1.1.1.2) i =0

Like in 3.1.1.2) we receive contradiction.

3.1.2.2) m = M +if™

Let ¢ = 0F¥7107"~! where k is some element of \/,(A). Obviously 167(A, ¢),
MIN (57 (A,c)) = m, 167 B,c), MIN(674(B,c)) = m, 67t (A,c) € MYuress
SVHB,¢) € MYypress M +1i 427%™ € §94(A,c), M + i+ 2%™ & §7*(B,c) and
L(6YY(A,c)) = L(67*(B,¢)). Like in 3.1.2.1) we receive contradiction.

3.1.3) x = ms

3.1.3.1) 7= M + i#m

3.1.3.1.1) i < 0

Let ¢ = 0F+10~*~! where k is some element of 7, (A). Obviously !67™(A, c)
and MIN(57™(A,¢c)) = m. Therefore !67™(B,c) and MIN(67™*(B,c)) =
m (otherwise L(A) # L(B)). Let A’ = 67™*(A,c) and B’ = §7™*(B,c). Ob-
viously A’ # B’ and L(A’) = L(B’). Hence A’ € M, . and B’ € M15,...
Obviously M +i+1#™ € A, M+i+1#™ ¢ B’ (if we suppose that M +i#™ € B
then it follows from Proposition 21 that M +i#™ = 7 € B - contradiction) and
=3n' (7' = M + 7™ & 7' € min(A") Umin(B')). We have i + 1 < 0 (if we
suppose that ¢ + 1 = 0 then like in 3.1.1.2) we receive contradiction). Let ¢ =
0F+i+110=1=2. Obviously 167™5(A’, ), 169™ (B, '), MIN (§7™ (A’ ') = m,
MIN(5Y™(B',¢")) = m+1 and L(67™%(A’,c')) = L(67™(B’,¢)). Like in 1)
we receive contradiction.

3.1.3.1.2) i = 0

Like in 3.1.1.2) we receive contradiction.

3.1.3.2) = M + i#m

Let ¢ = 0% where k is some element of v/,(A). Obviously !67™(A,c),
MIN(57™3(A,c)) = m, 167™(B,c), MIN(67™%(B,c)) = m, §7™(A,c) €
M, 035 (BLe) € My, M+ i+ 1#7 € §9ms(A,c), M + i+ 1#m ¢
57ms(B,c) and L(67™(A,c)) = L(67"™%(B,c)). Like in 3.1.3.1) we receive
contradiction.

3.2) 3r € min(B)(m & min(A))

Like in 3.1) we receive contradiction.
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The Lemma is proved.
We define floor : P(MX) x N* — P(MX):
floor(X,1) = min(X)

Ffloor(X,i+1) E min(X\( | floor(X,)))

1<j<i

We define FLOOR : MX x Nt -+ N.

states

def [ e, if Im e floor(X,s)(y(m) =e)
FLOOR(X,s) = { =l if floor(X,s) = ¢

We prove with induction on i that ViVA, B € MZX ;..
floor(A,i) = floor(B,1)).

)i=1

Let A, B € MY,,..
floor(B,1)

2) Induction hypothesis: Vj < iVA, B € MX ;..
floor(B,j)).

We have to prove that VA, B € MY,,..(L(A) = L(B) = floor(A,i+1) =
floor(B,i+1)). Let A,B € MJY,,., and L(A) = L(B). Let us suppose that
floor(A,i+ 1) # floor(B,i+1).

2.1) Ir € floor(A,i+ 1)(m & floor(B,i+ 1))

2.1.1) 3 € floor(A,i+ 1)3t3r(w & floor(B,i+1) & ™= M +t#7)

Let 7 = M +t#" € floor(A,i+ 1) and © ¢ floor(B,i+ 1). We build rows
{Au} L, and {B,},L, in such way that

(L(A) = L(B) =

and L(A) = L(B). floor(A,1) = min(A) = min(B) =

(L(A) = L(B) = floor(A,j) =

Va € [0, —t)(
Ap, Bo € MY, 10 &
L(A,) = L(B,) &
MAt+a#*" € Ay & M +t+a# ¢ By &
=3/ (' <X M +t+ o &' € Au|U Ba))-

Ay = A, By = B. It follows from the induction hypothesis that —3r'(7’ <X
M +t#7 & ' € Ag|JBop). Let us suppose that A, and B, are build in such
way that
a< —t&
AO“BOK € M;s)’gfates &
L(Aa) = L(Ba) &
MAt+a# € Ay & M+t+a? & B, &
—3n' (7 <X M +t+a#" &7’ € Ay U Ba).

We have to build A,y and Baq. Let 2 = 0FT%107t~! where k is some element

of Va(Aq).
2.1.1.1) x = ¢
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It follows from the definition of 6 that 167>¢( Ay, x). Hence !67:¢(By,, ). Let
Agy1 = 67¢(Ay, ) and Byy1 = 07(Bg, z). It follows from M +t+a#" € A,,
M +t+a?" ¢ B, and -3/ (7' <X M +t+a#" &7’ € Ay |JB,) that Aqyq #
Bat1. Hence Agy1 € MG ey and Bog1 € MS o5 Since M +t+a#" € A, we
have M +t+a+1#" € Ay, 1. Hence -3/ (7 <€ M +t+a+1#"&n' € Ayi1).
It follows from —37/(7" <¢ M +t+ o#" & 7’ € B,) and M +t + o#" & B,
that M +t+a+ 17" ¢ B,y and —37' (7 <S¢ M +t +a + 17" & 7' € Bay1).
Obviously L(Aq+1) = L(Bat1)-

2.1.1.2) x = t

It follows from the definition of 67! that !07!(A,, x). Hence 167! (B,, ). Let
Agy1 = 094 (Ag, 1) and Bay1 = 67 (By, ). Obviously Agi1 # Bayi. Hence
A1 € MY pes and Boy1 € MY,,,... Since -3’ (7' <t M +t+a#" &7’ € A,)
and M +t+ ao*" € A, we have M +t + a + 1#" € A,y and =37/ (7' <!
M+t+a+1#" &' € Aay1). (If we suppose that M +t + af® € A, and
b < r then it follows from Proposition 21 that M +t + o + 1#° € A,. But
M +t+a+ 1% <t M +t+ o#". Contradiction.) It follows from —3r' (7' <%
M+t+a? &7’ € By) and M +t+a”" & B, that M+t +a+1%" &€ B,y
and =37/ (7' <} M +t+a+ 17" &7’ € Byy1). Obviously L(Aq11) = L(Bat1)-

2.1.1.3) x =ms

It follows from the definition of 67™* that !67™*(A,, ). Hence !6)™%(B,, x).
Let Aqy1 = 67™%(Aq, ) and Bay1 = 07 (Bg,x). Obviously Ag 1 # Bay1-
Hence Aot1 € MY, and Bot1 € M., Since —3n'(n’ <0 M +t +
a#" &' € Ay) and M +t + o € A, we have M +t+ a4+ 17" € A,y; and
=3/ (7! <™ M +t+a+1#"&n' € Ayy1). (If we suppose that M +t+a?? € A,
and b < r then it follows from Proposition 21 that M +t + o™? € A,. But
M +t+ o <™ M 4+t + o#". Contradiction.) It follows from —37/ (7’ <7
M +t+a# &' € By) and M +t+a#" & B, that M +t+a+1#" ¢ B,y and
=3/ (7! <™ M +t+a+1#"&n’ € Byy1). (If we suppose that M +t+a#" € B,
then it follows from Proposition 21 that M +t + a#" € B,. Contradiction.)
Obviously L(Aq+1) = L(Bat1)-

2.1.2) x = t and 3 € floor(A,i+1)3t3r(x & floor(B,i+1)&r = M+tF")

Let m = M +t7", w € floor(A,i+1) and 7 & floor(B,i+1). It follows from
Proposition 21 that M +t+1#" € A. Hence ~3r' (' <! M +t+1#" & 7' € A).
It follows from the induction hypothesis that =37'(7’ <! M +t + 1#" & 7' €
B). Let ki be some element of t7,(A). Obviously !§7%(A, 0 t+1107t-2),
Hence 1671(B,0FtH1107172). Let A’ = 67(A,0M++1107t=2) and B’ =
SYH(B,0FH+t+1107t=2). Obviously M + ¢ + 2#" € A/, M +t +2%#" ¢ B’ and
-3 (n' <t M+t42#" &7’ € A'\J B'). Like in 2.1.1.2) we build rows {A,},5,?
and {B,},%% (A9 = A’ and By = B').

2.1.3) x = ms and 37 € floor(A,i+1)3t3Ir(r ¢ floor(B,i+1)&n = M+t#")

Let 7 = M +t#", w € floor(A,i+1) and 7 ¢ floor(B,i+1). It follows from
Proposition 21 that M + t#" € A. Hence 3’ (7' <™ M +t#" & 7' € A). It
follows from the induction hypothesis that —37/(7/ <™ M +t#" &7’ € B). Let
k1 be some element of 57,(A). Obviously !67™(A,0%). Hence !67™%(B,0*).
Let A’ = §7™5(A,0%) and B’ = 67™%(B,0*). Obviously M +t + 1#7 € A’,
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M +t+1%" ¢ B and =37/ (7' <™ M +t+1#" &' € A'|JB’). Like in 2.1.1.3)
we build rows {Aa}ggl and {Ba};i61 (Ag = A" and By = B’).

The rows {A,}," and {Ba},~, are built. Therefore M#" € A_,, M#" ¢
B_; and 37/ (7' <X M#" & 7' € A,UB.). We have r < n (otherwise
M#" ¢ min(B_;) and B_;y & MYX,.;). Obviously maz(.(A_;)) = r +
n < max(Va(B_¢)). Let b = 1me@(Va(B-t))  Therefore 167¢(B_;,b) and
—167-¢(A_¢,b). Hence L(A) # L(B). Contradiction. Therefore floor(A,i+1) =
floor(B,i+1).

2.2) I € floor(B,i+ 1)(m # floor(A,i+ 1))

Like in 2.1) we receive contradiction.

We proved that ViVA, B € MY ,..(L(A) = L(B) = floor(A,i) = floor(B,1)).

Therefore VA, B € MY ,,..(L(A) = L(B) = A = B).

Corollary Let x € {¢,t,ms}. Let n € N. It follows from Proposition 22
and Proposition 23 that A7X is minimal.

8 Some properties of A~

Proposition 24 Let n € N, Q C I, Q # ¢ and Vq1,q2 € Q(q1 £S g2). Then
3b € B3 (0 ({1#9},0) = Q).

Proof

1) Q = {1#%}

b=c¢

2) Q £ {I#0)

We build rows {b;}7"! and {g;}7"":

2.1) Let by = 0"010™ and q; = 67({I7#°}, by)
2.2) Let us supose that b; and ¢; are build
Let b;11 = x122...T2n+2 Where

S 1 ifI+j—n—1#ccQforsomee<iorj=n+2+i
771 0 otherwise

for 0 < j <2n+ 2. Let qiv1 = 6Z’E(Qi,bi+l)-
Obviously 67¢" ({I#°},b) = Q.

Proposition 25 Let n € N, Q C MS, Va1,q2 € Q(q1 £S5 ¢2), ¢ € Q(q <&
M#") and 3i € [—n,0]¥q € Q(M +i#° <% q). Then 3b € XY (67" ({I#°},b) =
Q).

Proof

1) Q = {M#0}

o ({I70}4,0") = Q
2) Q # {M*0}
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Let i € [-n,0] be such that Vg € Q(M + i#% <¢ q). Let Qo = {I +j —

itIM + 571 € Q}. We define s : IS, 105 — S0
def

s(A) = 1™ where m = n + max{x — y|I + 7Y € A} +n + 1.
Let k = |5(Qo)|. We define My = 67¢(Qo, 5(Qo)) and M, 1 = 67¢(M;, 1F=(+1),
Obviously 3p € N(M, = Q). Therefore 3b € £7" (57" ({I#°},b) = Q).

Corollary Let n € N. It follows from Proposition 24 and Proposition 25
that

I) Q € Isetates A Q c ‘[56 & Q 7& ¢&VQ17QQ € Q(ql %Z qQ)

I Q€ Mgpes & QCMi&QF#d&Vq1,02 € Qqn £5 q2) &
mazx{z —y|M+27Y € Q} < min{z+y|M +27Y € Q} &maz{z —y|M +z%Y €
Qtz-n

Corollary AY* can be computed in space O(n?). (We don’t take into ac-
count the memory needed to write the output automaton.)

Instead of keeping all the states in a queue like in the algorithm in 6 we may
use an enumeration of the states to pass through all the states. In this way the
time needed to compute the automaton depends on the enumeration. In the
following pseudo code we use one naive enumeration to illustrate the idea.

procedure Build_Automaton( n : INTEGER );
VAR st, nextSt : STATE;
b : STRING;
begin
for st in P( { pos | pos : POSITION and
GET_POSITION_PARAM(pos) = I and
GET_POSITION_TYPE(pos) = usual and
GET_POSITION_Y(pos) >= GET_POSITION_X(pos) and
GET_POSITION_Y(pos) >= -GET_POSITION_X(pos) and
0 <= GET_POSITION_Y(pos) <= n } ) do begin
if( Belongs_To_I_States(st) ) then begin
for b in { sym | sym : STRING and
1 <= LENGTH(sym) <= 2n+2 and
for all i( i in [1, LENGTH(sym)] =>
( sym[i] = 0 or sym[i] =1 ) ) } do begin
if( Length_Covers_All_The_Positions( n, LENGTH(b), st ) ) then begin
nextSt := Delta( n, st, b );
if ( not EMPTY_STATE( nextState ) ) then begin
if ( HAS_NEVER_BEEN_PUSHED( nextSt ) ) then begin
PUSH_IN_QUEUE( nextState )
end
ADD_TRANSITION( st, b , nextSt )
end
end
end

73



end
end

for st in P( { pos | pos : POSITION and
GET_POSITION_PARAM(pos) = M and
GET_POSITION_TYPE(pos) = usual and
GET_POSITION_Y(pos) >= -GET_POSITION_X(pos) - n and
0 <= GET_POSITION_Y(pos) <= n and
GET_POSITION_X(pos) <= 0 } ) do begin
if( Belongs_To_M_States(st) ) then begin
for b in { sym | sym : STRING and
1 <= LENGTH(sym) <= 2n+2 and
for all i( i in [1, LENGTH(sym)] =>
( sym[i] = 0 or sym[i] = 1 ) ) } do begin
if( Length_Covers_All_The_Positions( n, LENGTH(b), st ) ) then begin
nextSt := Delta( n, st, b );
if ( not EMPTY_STATE( nextState ) ) then begin
if ( HAS_NEVER_BEEN_PUSHED( nextSt ) ) then begin
PUSH_IN_QUEUE( nextState )
end
ADD_TRANSITION( st, b , nextSt )
end
end
end
end
end
end;

function Belongs_To_I_States( st : STATE ) : BOOLEAN;
VAR q1, g2 : POSITION;
begin
if ( EMPTY_STATE( st : STATE ) ) then begin
return( false )
end
for gl in st do begin
for g2 in st do begin
if ( Less_Than_Subsume( g1, g2 ) ) then begin
return( false )
end
end
end
return( true )
end;

function Belongs_To_M_States( st : STATE ) : BOOLEAN;
VAR ql1, g2, leftMost, rightMost : POSITION;
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begin
if ( EMPTY_STATE( st : STATE ) ) then begin
return( false )
end
leftMost := GET_FIRST_POSITION(st);
rightMost := GET_FIRST_POSITION(st);
for gl in st do begin
if ( GET_POSITION_X(ql1) + GET_POSITION_Y(ql) <
GET_POSITION_X(leftMost) + GET_POSITION_Y(leftMost) ) then begin
leftMost := q1l
end
if ( GET_POSITION_X(ql) - GET_POSITION_Y(ql) >
GET_POSITION_X(rightMost) - GET_POSITION_Y(rightMost) ) then begin
rightMost := ql
end
for g2 in st do begin
if( Less_Than_Subsume( ql, g2 ) ) then begin
return( false )
end
end
end
if ( GET_POSITION_X(leftMost) + GET_POSITION_Y(leftMost) <
GET_POSITION_X(rightMost) - GET_POSITION_Y(rightMost) ) then begin
return( false )
end
return( true )
end;

(6]
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