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There are many different ways to represent a real number &:

» Dedekind cuts: the real number £ is represented by the set of
all rationals g < €.

» Cauchy sequences: the real number £ is represented by a
sequence g, of rationals, which converges to ¢ with a
pre-specified rate of convergence.

» Base b-expansions: the real number £ is represented by its
sequence of digits in base b > 2.

Our aim is to compare the complexity of these representations.
Our framework for complexity is subrecursive: roughly speaking, a
computation is subrecursive if the number of iterations in any cycle
can be computed in advance, just before executing the cycle. Thus
unbounded search is not allowed in a subrecursive computation.
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Let £ be an irrational number.

Definition

The function C : N — Q is a Cauchy sequence for £ if and only if
forall ne N

Cln) — €l < oy

The function D : Q — {0,1} is a Dedekind cut of £ if and only if
forallgeQ
D(g)=0 & g<¢&.

The function T : Q — Q is a trace function for £ if and only if for
algeQ
1T(q) — &l <lq—¢&].
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We say that ¢ is elementary in v (¢ <g v) if and only if ¢ can be
generated from ¢ and the initial functions (projections, constants,
successor, An.2") using elementary operations (composition and
bounded primitive recursion).

The function ¢ is elementary if and only if ¢ <g 0.

We say that ¢ is primitive recursive in v (¢ <pgr 1) if and only if
¢ can be generated from ) and the initial functions using primitive
recursive operations (composition and (unbounded) primitive
recursion).

The function ¢ is primitive recursive if and only if ¢ <pg 0.

We assume some coding of Z and Q into the natural numbers.
Under this coding all of the usual basic operations will be
elementary. Thus we allow Z or Q in place of N for the arguments
and/or the result of the functions ¢, 1.
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A function h: N — N is honest if h is monotonically increasing
(h(n) < h(n+ 1)), dominates An.2" (h(n) > 2") and has
elementary graph (the relation f(x) = y is elementary).

A subrecursive class S is any efficiently enumerable class of
computable total functions.

For any subrecursive class S there exists an honest function f, such
that f ¢ S.

Roughly speaking, the graph of f is easily computable, but f grows
too fast to belong ot S.
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Recursive real numbers

Proposition

The following are equivalent for an irrational number :
> there exists a computable Cauchy sequence for £;
» the Dedekind cut of & is computable;

> there exists a computable trace function for &.

The proof is uniform in &, because £ is assumed irrational.
Without this assumption the uniformity is lost, but the proposition
remains true.

From our viewpoint any representation of the rational numbers is
considered trivial.
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Given a Dedekind cut of the irrational number & we can
subrecursively compute a Cauchy sequence for &.

In fact, we can compute subrecursively the decimal digits of &.
The only problem is with the whole part of £&: an unbounded
search is needed to find n € N, such that n <& < n+ 1.

We assume we know this n in advance and use it as a constant in
the algorithm.

The remaining digits to the right of the decimal point of £ can be
computed subrecursively.

Finally, by taking g, to be the rational number, consisting of the
whole part of & and its first n digits after the decimal point, we
obtain a Cauchy sequence for &.
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Dedekind cuts and trace functions

Given a trace function T of an irrational number £ we can
subrecursively compute the Dedekind cut of £ by

T(q)<q =¢<aq,

T(q)>q =qg<&.

But conversely, given the Dedekind cut of £ is not possible to
obtain a trace function T subrecursively.

Given g € Q, an unbounded search is needed to find T(q) € Q,
such that g < T(q) <& or & < T(q) < g.
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First result

For a class S of functions, we denote by S1,Sp, S¢ the set of all
real numbers, which have a trace function, Dedekind cut or
Cauchy sequence in S, respectively.

Theorem (Kristiansen)

For any subrecursive class S, closed under elementary operations
we have
St € §p C Sc.
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Base-b expansions

From now on we consider only irrational numbers £ € (0, 1).
For any base b > 2, there exists a unique sequence D1D,...D,...
of b-digits, such that

1
0.D1D2...Dn<€<0.D1D2...Dn+ﬁ
for any number n € N.
For a class S of functions, we denote by Spe the set of all real
numbers, whose sequence of b-digits belongs to S.
Theorem (Mostowski, Kristiansen)

For any subrecursive class S, closed under elementary operations
and any two bases a, b we have

Spe C S, < every prime factor of a is a prime factor of b.
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Base-b expansions Il

It follows trivially that for any base b there exists base a, such that
S,e and Spe are not comparable with respect to inclusion.
But from the considerations above we have Sp C S, C Sc,

therefore
St C Sp C Spe C Sc

for any subrecursive class S, closed under elementary operations
and any base b.
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Moreover, we can write

where m,, is a strictly increasing sequence of positive integers and
d/ are non-zero base-b digits.

Definition

The function AS, defined by AS(n) = d/,b=" for n > 0 and
Ai(O) = 0 is called base-b sum approximation from above of the
number &.

For a class of functions S we denote by S| the set of all real
numbers, which have a base-b sum approximation from above in
S, that is

¢ e Sb¢ <~ Avi €S.
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Example in base 10

For example, let us have & = 0.05439990003. .. in base b = 10.
Then

5 4 3 9 9 9 3

521702+W+TO4+1705+W+1707+W+'”’
thus
Aio(l)_ 1227 AA§0(2)_ 133’
Moreover,

1> 4+ S5 6 9 9 9 6 .
o 101 102 103 104 108 109 1010 1011 " °7°
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Theorem (Kristiansen)

Let S be a subrecursive class, closed under elementary operations.
For any base b we have

SbT SZ Sbi and Sbi SZ SbT-

Theorem (Kristiansen)

Let S be a subrecursive class, closed under primitive recursive
operations. For all bases a, b we have

Spt © Sap == Spy € Say

if and only if every prime factor of a is a prime factor of b.
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Property of general sum approximations

A function T : Q — Q will be called trace function from below for
the irrational number & if and only if g < T(q) < £ for any
rational g < &.

For any class of functions S, let us denote by St4 the set of all
real numbers, which have a trace function from below in S.

A function T : Q — Q will be called trace function from above for
the irrational number & if and only if g > T(q) > ¢ for any
rational g > &.

For any class of functions S, let us denote by St the set of all
real numbers, which have a trace function from above in S.

Proposition

For any subrecursive class S, closed under primitive recursive
operations we have

STT NSp = SgT and ST¢ NSp = Sgi‘
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Let P, denote the n-th prime (Pp =2,P; =3,...).
For any honest function f we define the rational number af and
the irrational number af by

In fact, f is not arbitrary, it must satisfy a certain growth property,
but the definition is easily modified to work in all cases.
Theorem (Georgiev, Kristiansen, Stephan)

For any honest function f and any base b the function Agf is
elementary.

Theorem (Georgiev, Kristiansen, Stephan)

For any honest function f we have f <ppg G, where G is the
general sum approximation from below of af .
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Thus we have -
SgT C ﬂ SbT
b=2
and a symmetric argument gives

Sgi C ﬂ Sbi
b=2

for any subrecursive class S, closed under primitive recursive
operations.

Theorem (Georgiev, Kristiansen, Stephan)

For any honest function f there exists an elementary function
T :Q — Q, such that

T(q)=0ifg<af, g>T(q)>af ifg>a'.

It follows that af has an elementary trace function from above, as
well as elementary Dedekind cut.
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Numbers with interesting properties IlI

Let S be any subrecursive class, closed under primitive recursive
operations.

Let us choose an honest function f, such that f ¢ S.

Using the above results it follows that af € St NSp =&y
On the other hand, G ¢ S, because f ¢ S.

Thus we obtain Sgy ¢ Sg+.

A symmetric argument yields Sgt € Sg.



Bibliography

ﬁ Ivan Georgiev, Lars Kristiansen, Frank Stephan.
On general sum approximations of irrational numbers.
To be presented in full text at CIE 2018.

ﬁ Lars Kristiansen.
On subrecursive representability of irrational numbers.
Computability, 6(3):249-276, 2017.

[d Lars Kristiansen.
On subrecursive representability of irrational numbers, part Il.
Computability, Preprint:1-23, 2017.



My favourite theorem from logic course

®4 0 o A5 - S - o -
| oo | wesne  Ooopwienera cpanmune  Mpenparen  Mowencw coosuens  Moernea MatType X
x =P — A Topcene -
BookmanOldS~ |12 - A A" | Aa~ AaB6] AaBG6B: Aab6Bsl | Aab6BsI AaBGE AaboBsl % 2, Jamecrsane
MO pane wa gopuara | 1 & 1 7 abe 3, 5 - T3arnaew... T3arnaew.. |1Hopuan. | S6espa.. Sarmaewe Mogsarns. | Mpowsana S
Knunsopa A wonér A Assay 3 Crwnose. 3| _pegaiupa

Heka X e TeopHs; Kaspame, 7e X € IBAHA TeoDHS, GKO X &
HeNpoTHBOpeuNBa W 3a BoAka hopuyaa A mvane A € X man —A € X;

Hexa X e Teopus; Kassave, 4e X e AHSIORKTHBHA TEOPHS, aKo X e
HeNpOTHEOPeYHBa K 3a BeekH MBe hopMysr A BOTAVB e X3
X BeX;

Hexa X e Teopus; Kassane, de X € MAXCHMAAHa TEOPHS, ako X e
g HeMNPOTHBOPEYHBA U 32 BCSKA TEOPHS HEMPOTHBOPEYHBA TeOpHS Y,
d X Y, nvame X= Y;

Teopema: Hexa X e NPOH3BOAHA TEOPHS; CASIHUTE TPH TBEDIEHIS CA
H eKBHBarCHTHE:
g 1. Xe bAHA TeOPHS; =
] 2. Xe ASIOHKTHEHA TEODHS;
H 3. Xe MaxciMasna Teopus;
a JlokasareacTso:
ZOKa3aTeACTBOTO e POBE/IEN HpPe3 CASTHATA CXeMa OT HMTIAHKALIHH:
8 133323 1;
] (19 3) Hexa X e mnama Teopus; Imte MoKasKeM, e X e MaKCHMAAHE;

; Hexa Y € HeNPOTHBOD: Teopus u
(OCTATBYHO € Aa MoKaxeM, Je Y X;
g Zza nomycHen, we chitecTyBa hopMysa A, Taxasate A € YHA € X;
Xe mpana Teopus H —A € XC V,Te. A€ V,Ac YD Ye

| TIPOTHBOPeYHBA — IPOTHBOPENHe; TaKa 3a BKa opMyAa A € Y mianme :
B A€ X, T.e. YC X 1 okoRuaTeso X = Y; °
B (3 > 2) Hexa X e Maxcumanna Teopus; ie nokaxen, ve X e .
Crpanuus; 300149 | Ay 19014 | Pro e
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