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Abstract. We present a relativized version of the notion of a degree
spectrum of a structure with respect to finitely many abstract structures.
We study the connection to the notion of joint spectrum. We prove that
some properties of the degree spectrum as a minimal pair theorem and
the existence of quasi-minimal degrees are true for the relative spectrum.
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1 Introduction

Let 2 = (N; Ry, ..., Ry) be a structure, where N is the set of all natural numbers,
each R; is a subset of N™ and the equality = and the inequality # are among
Ry,..., Rs.

An enumeration f of 2 is a total mapping from N onto N.

Given an enumeration f of 2 and a subset A of N* let

FHA) = {(z1,- - wa) | (f(21), -, f(wa)) € A}

Denote by f~1(RA) = f7H(R1) & ... ® f1(Ry).

Given a set X of natural numbers denote by d.(X) the enumeration degree
of X and by dr(X) the Turing degree of X.

The following notion of enumeration degree spectrum of 2 is introduced by
Soskov [10].

Definition 1. The enumeration degree spectrum of 2 is the set
DS(A) = {de(f~*(A)) | f is an enumeration of A} .

Let us point out that the notion of enumeration degree spectra of a structure
2 differs from the one usually studied in the literature [2,6-8] where the degree
spectrum of a structure 2 is defined to be the set

DSt(A) = {dr(f~*(A)) | f is an injective enumeration of A}.

* This work was partially supported by Sofia University Science Fund.



We shall call DSt (2() the Turing degree spectrum of 2. In some sense the
notion of enumeration degree spectra is more general of the notion of Turing
degree spectra. To see that observe that if we want to consider Turing degrees
instead of enumeration degrees then it is enough to take the structure

AT = (N; Ry,...,Re, RS, ..., RS),

where RY is the complement of R;. Let ¢ be the Roger’s embedding of the Turing
degrees into the enumeration degrees. Then

DST) = {e(dr(f~1(A))) | f is an enumeration of A} .

Concerning the injectivity of the enumerations Soskov [10] proved that for
every enumeration f of 2 there exists a bijective enumeration g of 2 such that
g ) <. f71(R). The last result shows that almost all of the known results
about Turing degree spectra remain valid also for enumeration degree spectra.

Since we are going to work only with enumeration degree spectra from now
on we shall call them simply degree spectra.

Soskov [10] initiated the study of the properties of the degree spectra as sets
of enumeration degrees. He introduced the notion of co-spectrum CS(2) of a
structure 2 as the set of all lower bounds of the elements of the degree spectra
and proved several properties which show that the degree spectra behave with
respect to their co-spectra very much like the cones of the enumeration degrees
{x | x > a} behave with respect to the intervals {x | x < a}.

Some typical properties of degree spectra and their co-spectra are the exis-
tence of minimal pair of enumeration degrees and the existence of quasi-minimal
degree.

More precisely, for every degree spectrum DS(21), there exist total enumera-
tion degrees fo and f; in DS(2A) such that the set of all enumeration degrees less
than or equal to both fo and f; is equal to CS(2l). Every such pair of degrees is
called minimal pair for DS(2L).

For each degree spectrum DS(2), there is an enumeration degree q ¢ CS(2),
called quasi-minimal for DS(2() such that every total degree a > q belongs to
DS(2() and every total degree a < q belongs to CS().

In this paper we shall relativize Soskov’s approach to degree spectra by con-
sidering multi-component spectra.

The notion of relatively intrinsically X0 sets on a structure 2, studied by
Ash, Chisholm, Knight, Manasse and Slaman [3, 4], defines a kind of reducibility
of a set to a structure. A set A is relatively intrinsically X9 41 on 2 if for every
enumeration f of A, f~1(A) is enumeration reducible to f~1(2)™.

Soskov and Baleva [11] extended this notion in the spirit of Ash [1]. Let
By, ..., By be sets of natural numbers. A set A is relatively intrinsically X9,
with respect to By,..., By if f~'(A) is enumeration reducible to f~' (1)
for every enumeration f of 2 such that f~!(B;) is enumeration reducible to
F7HR)® for each i = 1,...k. In other words, in the definition above not all
enumerations of 2 are considered but only those enumerations which “assume”
that each B; is relatively XY, ; on 2 for i =1,... k.



Consider a structure 2 and finitely many structures 2;,...,%,. We will
restrict the class of enumerations of 2 to these enumerations of 2 which “assume”
that each %; is relatively X7, ; on 2.

An enumeration f of 2 is n-acceptable with respect to the structures 2,

Ay, if £71(2A;) is enumeration reducible to f~(A)® for each i < n.

Definition 2. The relative spectrum of the structure 20 with respect to 2y, ...,
2,, is the set

RS(A, 21, ...,2%,) = {de(f~1(2)) | f is a n-acceptable enumeration of A} .

In the present paper we shall study the properties of the relative spectra.
We shall show that all properties of the degree spectra obtained by Soskov [10]
remain true for the relative spectra and hence these properties are not enough
to specify the sets of enumeration degrees which are degree spectra. In the last
section we shall compare the notion of relative spectra with another generaliza-
tion of the notion of spectra — the joint spectrum of a structure 2 with respect
to the structures Ay, ..., 2, [12-14].

2 Preliminaries

2.1 Enumeration Degrees

Intuitively a set A is enumeration reducible to a set B, denoted by A <, B,
if there is an effective procedure to enumerate A given any enumeration of B.
More precisely, the set A is enumeration reducible to B if there is an enumeration
operator I, such that A = I",(B), i.e.

(Vz)(zr € A <= (Fv)({v,x) € W, & D, C B))

where D, is the finite set with a canonical code v and W, is the recursively
enumerable set with index z with respect to a Gédel numbering of all r.e. sets.

The relation <, is reflexive and transitive and induces an equivalence relation
=, on all sets of natural numbers. The enumeration degree of the set A, denoted
by de(A), is the equivalence class relatively =.. By D, we denote the set of all
enumeration degrees. Define AT = A @ (N\A). A set A is total if A=, AT. An
enumeration degree a is total if a contains the e-degree of a total set. Cooper [5]
introduced the jump operation “” for enumeration degrees.

Definition 3. Given a set A4, let K§ = {(z,2) | z € I',(4)}.
The e-jump A’ of A is the set (K9)7.

1. AO = 4;
5. AL Z (A,

It is noteworthy that the set A is X2 | if A <. (BT)™.
This definition can be further generalized to the notion of A(® for any con-
structive ordinal «, see [11].



Definition 4. Let By, ..., B, be arbitrary subsets of N. Define the set
P(By, ..., B;) by induction on i < n as follows:

1. ?(B(]) = Bo;
2. If i < n then T(Bm . 7Bi+1) = (fP(BQ, ey Bi))l (5) Bi+1 .

We will use the following jump inversion theorem proved by Soskov:

Theorem 5 ([9]). Let By, ..., B, be a sequence of sets of natural numbers and
k < n. Suppose that Q is a total set such that P(By,...,Bpn) <. Q and let A be
a set such that A €. P(Bo,...,Bx) and AT <, Q. Then there exists a total set
F with the following properties:

1. B; <¢ F for alli <n;

2. FUtY) =  F @ (P(Bo,...,By)) for alli <n;
3. AZ, F®);

4. F™ =, Q .

Furthermore, this theorem can be modified using regular enumerations in the
following way:

Theorem 6 ([14]). For each k € {0,...,n — 1}, let {AF},en be a sequence of
subsets of N such that for every r, A¥ £, P(By,...,By). Then there exists a
total set F' with the following properties:

1. Bi <¢ FY for alli <n;
2. AF £, F®) for allr and all k <n .

Let A C D.. Then A is upwards closed if whenever b is a total e-degree above
an enumeration degree a € A then b € A.
The co-set of A is the set co(A) of all lower bounds of A:

co(A)={b|beD, & (Vac A)(b<a)} .

2.2 Degree Spectra and Co-Spectra

Let A = (N; Ry, ..., Rs) be a structure. Recall that the degree spectrum of 2 is
DS(2) = {do(f~1(A)) | f is an enumeration of 2A}.
For each natural number n, the nth jump spectrum of % is the set

DS, (A) = {de(f~H(A)™) | f is an enumeration of A} .
Definition 7. The co-spectrum of 2 is the co-set of DS(2):
CS(A)={b| (VaeDS))(b<a)} .

The nth co-spectrum of 2 is the set CS,, (&) = co(DS,,(2A)).

Soskov [10] proved that every degree spectrum is an upwards closed set of
enumeration degrees. Therefore the degree spectra share all properties of up-
wards closed sets of degrees. Here are some examples of such properties. Let A
be an upwards closed set of degrees. Then:



1. co(A) = co({b € A | b is a total e-degree });
2. for each n > 0 and any enumeration degree ¢ € D,
co(A) = co({b € A|c<bM}).

From the second property it follows that the elements of an upwards closed set
A with arbitrary high jumps determine completely the co-set of A.

Note that the degree spectrum DS(2() does not necessarily contain all enu-
meration degrees b > a, for some a € DS(2). For example, the degree spectrum
of the structure 2 = (N; =, #) is precisely the set of all total degrees.

Further properties true of the degree spectra but not necessarily true of all
upwards closed sets are:

1. the existence of a minimal pair for the degree spectrum DS(2);
2. the existence of quasi-minimal degree for the degree spectrum DS(2);
3. for each n > 1 and each enumeration degree ¢ € DS,,(21),

CS(A) = co({b € DS(A) | c =b™}) .

The third property shows that all elements of the degree spectrum DS(2() with
low jumps also determine its co-set CS(21).

3 Relative Spectra of Structures

We shall relativize the notion of degree spectrum of 20 by considering multi-
component spectra. We start by restricting the class of enumerations of 2, con-
sidered in the definition of relative spectra.

Let Aq,..., %, be arbitrary abstract structures on N.

Definition 8. Let & < n. An enumeration f of 2 is k-acceptable with respect to
the structures Ay, ..., Ap if F71(A;) <o f7HA)D for each i < k.

Denote by & the class of all k-acceptable enumerations of 2 with respect to
the structures Ay, ..., Ax.

The relative spectrum of 2 is the set generated by all n-acceptable enumerations
of & with respect to 2y,..., A,. Recall that:

Definition 9. The relative spectrum of the structure 2 with respect to 4, ...,
2, is the set

RS(A, A1, ..., Ap) = {de(fTH Q) | f € En}

We shall see that the relative spectrum of the structure 2 with respect to
A1,..., 2, is an upwards closed set of degrees and hence it has all properties of
upwards closed sets.

Lemma 10. Let f be an enumeration of % and F be a total set such that
1) <o Foand f~1(2) <. FO for alli < n. Then there exists a n-acceptable
enumeration g of A with respect to Ay, ..., A, such that



1. g7 Y(A) = F;
2. for every B C N, it holds that g~ (B) <. F @& f~1(B) .

Proof. Fix two different natural numbers s and ¢ and let s and x; be such that
f(zs) ~ s and f(z;) ~ t. Define an enumeration

f(x/2) if x is even,
glx) =< s ifr=224+1and z€F,
t ifr=2z4+1and z ¢ F.

It is clear that f=1(A) <, g~ 1(2). Since “=” and “#” are among the predi-
cates of A, F <, g~ }(A). Hence F & f~1(A) <. g~ 1(A).

In order to see that g~ 1() <. F & f~(A), consider the predicate R; of
2. Let x1,...,2,, be arbitrary natural numbers. Define the natural numbers
Y1,---,Yr; by means of the following recursive in F' procedure. Consider x; for
Jj <ri.Ifz;iseventhenlet y; = z;/2. If x; = 22+1 and z € F then let y; = .
If ; =22+ 1 and z € F then let y; = ;.

Clearly (21,...,2.,) € g Y (R:) <= (y1,.--,yr) € f71(R;) . Since the set
Fis total, g7H(R;) <o F & f71(21).

It follows that g~ () =, F @ f~1(A). But since f~1(A) <. F, we have that
Faof~1(A) =, Fandso g ') =, F.

For the proof of the second property, consider a set of natural numbers B.
Let g~'(=) = {(z,y) : g(x) = g(y)}. Since g~'(A) =c F then g~'(=) <. F.
From the definition of g it follows that

g (B)={z | By e f1(B))((z,29) € g (=)} -

Therefore g~ (B) <. F & f~1(B).

Then for i € {1,...,n}, it holds that g~ *(;) <. F@® f~ () <. F& FO =,
FO =, g=1(2)®. And thus g is a n-acceptable enumeration of 2 with respect
tlel,..., Q[n

Proposition 11. The relative spectrum is closed upwards, i.e. if b is a total
e-degree and for some a € RS(A, Ay,..., A,), b > a then b € RS, Ay,...,

Proof. Let b be a total degree, b > a and a € RS(2, 24,..., 2A,). Consider a
total set F' representing the degree b and let f be a n-acceptable enumeration
of 2 with respect to 2y, ..., A, such that f~1(2A) € a. Thus f~1(A) <, F and
FHA) <o F7HR)® <, FO for all i < n. Then by the previous lemma there
exists a m-acceptable enumeration g of 2 with respect to 4,..., 2, such that
g 1 (A) = F. Hence do(F) =b € RS(A, 2Aq,..., Ayp).

Note that if f is a k-acceptable enumeration of 2 with respect to 4y, ..., Ak
for some k < n then P(f~1(A), f~H (A1), ..., 1 Ap)) = FHR)P),

Definition 12. For k € {1,...,n}, the kth relative jump spectrum of A with
respect to Ay, ..., 2, is the set

RSL(2A,2A1,..., %) ={a® |ae RS(A, Ay,..., %)} -



Proposition 13. For k € {1,...,n}, the kth relative jump spectrum of 2 with
respect to Uy, ..., Ay, is closed upwards, i.e. if b is a total e-degree, b > a®) and
ac RS(A,2Aq, ..., A,) then b € RSE(A,2Aq,...,A,).

Proof. Let G be a total set representing the total degree b, b > a*) a ¢
RS(2A, 20y, ..., A,) and let f be a n-acceptable enumeration of 2 with respect
to 2Aq,..., A, such that f~1(A) € a. Then f~1(A)*) <, G. The enumera-
tion f is a n-acceptable, hence f~'(2;) <. f~'(A)® for each i < n. Then
PR, FH ), ) <e UM <o G. By Theorem 5 there ex-
ists a total set F such that f~'(A) <, F, F® =, G and f~1(2;) <, F®
for i < k. By Lemma 10 there is a k-acceptable enumeration g of 2 with re-
spect to Ay,..., Ak so that g~ (A) =. F. So, g~ (A;) <e g~ () for i < k.
But again by Lemma 10 for each j € {k + 1,...,n}, we have g7 *(;) <.
Foft) <. Fo ')V <, Fo FY =, FO =, ¢ 12A0)). It fol-
lows that g is a n-acceptable enumeration of 2 with respect to 2y, ..., 2,. Thus
de(g7 (1)) € RS(A,Ay,...,2A,) and G =, g~ (A)*). Then do(G) € RS,(,
Ap, ., An).

4 Relative Co-spectra of Structures

Definition 14. The relative co-spectrum of A with respect to Ay, ..., A, is the
co-set of RS(A, 2y,...,2,), ie.

CRS(2,2y,...,2%,) = {b| b e D&(va e RS(A,A;,...,2%,))(b<a)} .

Define by RSo(2, 1, ...,%,) = RS, 244, ...,2,) and by
CRSo(2,24,...,2,) = CRS(,24,...,A,).
For every enumeration f of 2 and each k < n, let

PL=POF @), @), fT )

Definition 15. For k < n, the kth relative co-spectrum of 2 with respect to
Aq,...,2U, is the co-set of RS (A, 2q,...,2A,), i.e.

CRS,(2A,21,...,%,) = {b | b € De&(Va € RSy(A, A1, ...,A,))(b < a)} .

We will show that the kth relative co-spectrum of 2 with respect to 244,..., 2,
depends actually only on the first k£ + 1 structures 2,2y, ..., ™.

Proposition 16. CRS;(,2,...,2Ak,...,2A,) = CRSE(A, Ay, ..., 2Ax) for
each k € {0,...,n}.

Proof. Tt is clear that RSk (4,2, ..., Ak, ..., An) C RSE(A,Aq, ..., Ax). Thus,
CRSL(A,20q,...,2A) C CRS(A, Ap,y .o, Ay, 2Ay).

Fix a € CRSE(2,2;...2A;...,2,) and let A € a. Assume that A <,
F=HA)*) for some k-acceptable enumeration f of 21 with respect to 2, ..., As.
Then A £, fPi. Hence, by Theorem 5 for By = f~*(), By = f~ (1), ..., B, =



f~Y(Ay), Bugy1 = N, there exists a total set F' such that f~1(A) <. F, A £, F®)
and f~1(2;) <¢ F® for each i < n. From Lemma 10 it follows that there is a k-
acceptable enumeration g of 2 with respect to 2y, . .., % such that g~ }(A) =, F.
Then A %, g~ (A)* and g~ (A;) <o g~ (A)D for i < k. But for j € {k+ 1,
e} TN < Fof7HR) <e Fo FY) =, FU) =, g7 (A)Y). Thus g is a
n-acceptable enumeration of 20 with respect to 21y,...,2, and A £, g‘l(Ql)(k)
which contradicts the choice of A as do(A) € CRSk (A, A1, ..., Ag ..., 2Ay).

Proposition 17. For every A C N and k < n the following are equivalent:

1. do(A) € CRSE (A, A1, ..., 2Ayp).
2. A<, ‘P£ for every k-acceptable enumeration f of A with respect to Ay ... Ay.

Proof. If f is a k-acceptable enumeration of 2 with respect to i, ..., g then
FHRH® =, 1P£ since f~1(A;) <e fHRA)D for each i < k. On the other
hand by Proposition 16 CRS; (2, 21,...,2,) = CRSL(A,2y,..., 2Ax). So, the
equivalence of the two assertions follows from the definition of the kth relative
co-spectrum of 2 with respect to 2Aq,...,%,.

5 Forcing k-Definable Sets

In order to obtain a forcing normal form of the sets with enumeration degrees in
CRSk (A, 2Ly, ..., 2,) we shall define the notions of a forcing relation 7 Ik F.(x)
and a relation f =p F.(x) for k < n.

Let f be an enumeration of 2.

Definition 18. For every i < n and e, x € N, define the relations f =; F.(x)
and f |=; —F.(z) by induction on i:

L flEoF(z) <= (3v)(
2. fEip1 Fe(r) = EHU (<<
(u={

(u=(2,24) & zu € f7H(Ai11))));
3. fEiFz) < [ F.(x) .
As an immediate corollary of the definitions we receive the following:
Lemma 19. Let ACN and k <n. Then
A< Pl = @)A={z]| [ B@)) .

The forcing conditions, called finite parts, are finite mappings 7 of N to N. We
will denote the finite parts by letters 4, 7, p. Assume an effective coding of the
finite parts. By the least finite part with a fixed property we mean the finite part
with a minimal code.



Definition 20. For any ¢ < n and e,z € N and for every finite part 7, define the
forcing relations 7 I-; F.(x) and 7 IF; = F.(z) following the definition of relation

wl_»
i .

L7l Fu(z) =  (30)((

2. 7lkiq1 Fe(z) <= (Fv)({v,z) € W & (Vu eD )(
(u=1{0,ey,xy) & TIF; Fe (24,)) V
(u=(1,ey,xy) & 7l =F,, (z4)) V
(u (2 )

Ty) & Ty €T ( Z+1)))a
3.7l 2F.(x) <= (Vp271)(plf; Fe(z)) .

Definition 21. Let £ < n+ 1. An enumeration f of 2 is k-generic with respect
to Aq, ..., %A, if for every j < k and e,z € N it holds that

(V7 € F)Bp)(r Cp & plj Fe(z)) = (3 C f)(T k) Fe(x)) -

Clearly if f is a k-generic enumeration then f is a m-generic for all m < k.
The next properties follow from the definition of a k-generic enumeration:

Lemma 22. 1. Let k <n and e,z € N and let T C p be finite parts. Then
Tl (7)) Fe(x) = p Ik (5)Fe(x) .
2. If f is a k-generic enumeration of A with respect to Ay, ...,2, then
[ Er Fe(z) <= (31 C [)(7 kg Fe(z)) -

3. If f is a (k + 1)-generic enumeration of A with respect to ™Ay, ...,2A, then
f Bk ~Fe(z) <= (31 C f)(7Ih ~Fe(x)) -

Definition 23. Let A C N and k& < n. The set A is forcing k-definable on A
with respect to 2y, ..., %, if there exist a finite part § and e € N such that

zeA < (Ir20)(r Iy Fu(z)) .

Proposition 24. For each k € {0,1,...,n}, let {AF},.en be a sequence of sub-
sets of N such that for every r, the set AX be not forcing k-definable on A with
respect to Aq,...,U,. Then there exists a (n + 1)-generic enumeration f of A

such that Ak &, T£ for all v and every k < n.

Proof. We shall costruct a (n + 1)-generic enumeration f of 2 with respect to
2y,...,2, such that for each ¥ < n and r € N, AF £, fPi. We will call the
last condition the omitting condition. The enumeration f will be constructed on
stages. On each stage ¢ we shall define a finite part J, so that §; C dq4+1 and
ultimately we will define f = q d4. We shall consider three kinds of stages. On
stages ¢ = 3r we shall ensure that the mapping f is total and surjective. On
stages ¢ = 3r+1 we shall ensure that f is (n+1)-generic and on stages ¢ = 3r+2
we shall ensure that f satisfies the omitting condition.



Let dp = 0. Suppose that we have already defined d,.

(a) Case ¢ = 3r. Let g be the least natural number which does not belong
to dom(dy) and let s be the least natural number which does not belong to the
range of §4. Set dg41(z0) = so and dg41(x) ~ d4(z) for x # .

(b) Case g = 3{e, k,z) + 1. If k < n then consider the set
Xé“ = {p | pIFx F.(2)}. Check whether there exists a finite part p € X}
that extends dq. If there is then let §,41 be the least extension of §, that belongs
to XF¥ Otherw1se let §g4+1 = dq.

(e,x)
(c) Case ¢ = 3{e,k,r) + 2. If k < n then consider the set A¥ which is not
forcing k-definable on 20 with respect to 2y, ...,%,. Denote by

C={x| (37 268)(7 kg Fe(2))} .

Clearly C' is forcing k-definable on 2 with respect to 2;,...,2(, and hence
C # Ak,
Let o be the least natural number such that

:EOGC'&:E()%A?]?\/QS()%C&:EOEA];
(i) Suppose that zy € C. Then there exists a finite part 7 such that
0g C7 & 7l Feo(o) - (1)

Let d4+1 be the least 7 satisfying (1).

(ii) If xo & C then set Jy41(x) = §4(x). Notice that in this case we have that
5q+1 H‘k _'Fe($0)~

If k > n then set §g41 = dq.

Let f = Uq dq. It follows from stages 3r that the obtained enumeration is
total and surjective. Furthermore, f is (n + 1)-generic: suppose that for every
finite part 7 C f, there is an extension p of 7 so that p Ik F.(z). Consider the
stage ¢ = 3(e, k, ) + 1. Since ¢, C f then there is a finite part p D d, such that
p ki Fe(x). From the construction we have that 0441 IFx Fe(x) and d44+1 C f.

To prove that the enumeration [ satisfies the omitting condition, let the
set A¥ be one of the given sets, not forcing k-definable on 21 with respect to
24,...,2,, and suppose for a contradiction that A* <. ‘P{. Then A* = {z |
f Ek Fe(z)} for some e. Since the enumeration f is (n + 1)-generic and hence
(k 4 1)-generic by Lemma 22 we have

fEx () Fe() < (37 C )Tl (7)Fe(2)) (2)

for each number z.

Consider the stage ¢ = 3(e, k, ) + 2. From the construction there is a z such
that one of the following two cases holds:

(i) zo & AF & 6441 b Fe(z0). By (2) f Ek Fe(wo) and hence g € AF. A
contradiction.

(ii) w0 € A¥ and (Vp 2 &,)(p Wi F.(z0)). Then 6, by —F.(z0). So by (2),
f ¥x F.(z0) and hence ¢ ¢ A*. A contradiction.

Thus we have obtained the desired enumeration of 2.



Corollary 25. For each k € {0,1,...,n}, let {A¥},.en be a sequence of subsets
of N such that for all v, the set A¥ is not forcing k-definable on A with respect
to Ay, ...,U,. Then there exists a n-acceptable enumeration g of A with respect
to Ay, ..., A, such that the enumeration degree of g~*(A) is total and AF £,
g ' RO®) for all k <n and r € N.

Proof. We know from the previous proposition that there is a (n + 1)-generic
enumeration f of 2 such that AF #, fPi for all Kk <mn and r € N.

Let By = f~1(), By = f~Y(24), ..., B, = f~Y(A,.), Bnt1 = N. For each
k <n and all r, the set A¥ £, fP£ = P(By,...,By). By Theorem 6 there exists
a total set F such that f~'(A) <. F and for each i < n, f~5(Q;) <, F®
and moreover A¥ £, F®) for all k < n and r € N. From Lemma 10 it follows
that there is a m-acceptable enumeration g of 2l with respect to 241,...,2,
such that g~ () =, F. Then the enumeration degree of g=1(2) is total and
AF Lo g7 Q)™ for all k < n and r € N.

Theorem 26. For every A C N and k < n if de(A) € CRSL(A,Aq,...,Ay)
then A is forcing k-definable on A with respect to 2y, ...,2,.

Proof. If a set A is not forcing k-definable on 2 with respect to y,...,%,
then there exists a n-acceptable enumeration g of 2 with respect to y,..., 2,
such that A £, ¢~ *(2)®. Hence A £, P] and according to Proposition 17,
de(A) € CRSE (A, Aq,...,2,).

The proof of the existence of such a n-acceptable enumeration g is similar to
the one in Corollary 25. First we construct a (n+ 1)-generic enumeration f of 2
with respect to i, ..., 2, which omits the set A, i.e. A £, ?{:. Then we apply
Theorem 5 and Lemma 10 in order to find a n-acceptable enumeration g of 2
with respect to 2y, ...,%, such that A £, g~ (A)*).

We will see in the next section that the opposite is also true.

Next we will give an abstract version of Theorem 5. We shall examine the
construction from Proposition 24 in order to get the complexity of the con-
structed enumeration. By D () we denote the diagram of the structure 2, i.e.
D(A) = f~1(A) for f = Az.z and by D(2;) — the diagram of the structure 2;
fori=1,...,n. Let P, = P(D(A), D(A1), ..., D(A,)).

Theorem 27. Let k < n and let A C N be not forcing k-definable on A with
respect to A1, ...,U,. Suppose that Q is a total set such that AT & P, <. Q.
Then there exists an enumeration g of A satisfying the following conditions:

1. The enumeration degree of g~(2) is total;

2. g is a n-acceptable enumeration of A with respect to ™Ay, ..., Ayn;

8 AZeg tR)®);

4ogT @A™ = Q.

Proof. First we define a n-generic enumeration f of 2 with respect to 2y, ...,

2, which omits the set A, i.e. A £, ’Pi. Note that since k < n, n-genericity
suffices. On stages ¢ = 3(e, k,xz) + 1 for k < n we ensure that f is n-generic. On



stages ¢ = 3r +2 we ensure that f satisfies the only omitting condition A £, fPi.
From the construction and from the definition of the forcing relation it follows
that the enumeration f will be enumeration reducible to AT @ P,,.

Let ¢ < n. Then there exists an e such that TPZ ={z: f | Fe(x)}. Since
f is n-generic, we can rewrite this as P/ = {2 : (37 C f)(7 s F.(x))}. Then

Pl <. f &P
Let Bo = [~'(2), By = £~ (20), -, By = f}(2,). Then
P(By, B, ..., Bp) <o f® P, <o AT ® P, <. Q. We also have that A %,

P(By, B1,...,Br) = T{:. By Theorem 5, there exists a total set F' such that
YA <e F, f71 ) <o FO for each i < n, A £, F*®) and F(") =, Q. By
Lemma 10 it follows that there is a n-acceptable enumeration g of 2 with respect
to 2y, ..., A, such that g7+ () =, F. Then the enumeration degree of g=*(2l)
is total, A Zo g~ (A)* and g~ (A)™ =, Q.

Proposition 28. Let k < n and A C N be not forcing k-definable on A with
respect to Uy, ..., A,. Suppose that f is a n-acceptable enumeration of A with
respect to Ay, ..., A, and Q is a total set such that f~(A)"™M @ At <. Q. Then
there ezists a n-acceptable enumeration g of A with respect to AUy, ..., A, such
that g~ (A)™ =, Q and A £, g~ (A)).

Proof. We first construct a bijective enumeration h of 2 such that A=1(2) <,
). Let f~4(=) = {{z,9) : f(z) = f(y)}. Since # is also among the predi-
cates of A, f~1(=)F <. f~1(A). Define the function m using primitive recursion
relative f~1(2) as follows:

m(0) ~ 0;
m(i +1) = pz[(Vk < 0)((m(k), 2) & [~ (=))] -

Set h = Az.f(m(z)). The enumeration h is bijective and h=1(A) & f~1(=)T =,
f71(2). Moreover if B is an arbitrary set of natural numbers then

h=1(B)® f~1(=)" = f~1(B). Hence h=*(;) ® f~1(=)" = f~1(A;) for each
1 < n. Since f is a n-acceptable enumeration of 2 with respect to Ay, ..., %,
for each i < n, h™H(2A;) <o f7H(A;) <e F7HRA)D. Then Pl <. f~HA)™ <. Q.

Denote by B the structure (N; A=1(Ry),...,h~1(Rs)) and if

A = (N;Ry,...,RL) then B; = (N;h~H(R}),...,h 1 (RL)). Thus D(B) =,
h=1 () and D(B;) = h=1(2;) for i < n. Hence P(D(B), D(B1),...,D(B,)) <.
Q. Since A is not forcing k-definable on 24 with respect to 2y,...,%2, then
from the definition the forcing k-definable sets it follows that A is not forcing
k-definable on B with respect to 9B1,...,%B,. By Theorem 27 there exists a
n-acceptable enumeration r of B with respect to B, ...,B,, such that the enu-
meration degree of 7~1(8) is total, 7~ *(B)") =, Q and A £, r~'(B)*). Finally
we can define g = A\x.h(r(z)). Then g~ 1(A) =, r~1(B) and g~ 1(A;) = 7 1(B;)
for ¢ < n. Thus g is a n-acceptable enumeration on 2 with respect to Ay, ..., %A,
gil(m)(n) =. Q and A £, gil(ﬂ)(k)'



6 Normal Form Theorem

In this section we shall give an explicit form of the sets which are forcing k-
definable on A with respect to 2y, ..., 2, by means of recursive Z,j formulae.
These formulae can be considered as a modification of Ash’s formulae [1] appro-
priate for their use on abstract structures and they are first used by Soskov and
Baleva [11].

6.1 Recursive 2,;" Formulae

Let L = {T1,...,Ts} be the first order language of the structure 2. For each
i <m,let L = {T},..., T} be the language of A; where every T} is a ri-ary
predicate symbol. Without loss of generality we may assume that the languages
are disjoined. Consider a fixed sequence {X;};cn of variables.

Definition 29. (1) An elementary ¥ formula with free variables among W7,
..., W, is an existential formula of the form

Y. A d(Wh, . W Y, Y,

where @ is a finite conjunction of atomic formulae in L;

(2) A ¥ formula with free variables among Wi, ..., W, is a recursively enu-
merable disjunction of elementary Z‘j‘ formulae with free variables among
Wla R WT;

(3) An elementary Z;g_l formula with free variables among W1, ..., W, is a for-
mula of the form

Y. YW, W Y, Y,

where @ is a finite conjunction of atoms in £;41, X" formulae or negations
of X formulae.

Let @ be a Zi'" formula with free variables among Wy,... W, and let t1,...,t,
be elements of N. Then by (2, %y,...,%A,) = @(Wi/t1,..., W, /t,) we denote
that @ is true in the structure, obtained from 2 by adding the predicates from
2,...,2,, under the variable assignment v such that v(Wy) =t1,...,0(W,) =
t,,. More precisely we have the following definition:

Definition 30. (1) If @ is an elementary X formula then (A) = &(W; /t4, ...,
W, /t,) if @ is true under the variable assignment v such that v(Wp) =
tl, ce ,’U(Wn) = tn

(2) If @ =3v;... 3V, ¥ (Wy,...,W,,Y1,...,Y,,) is an elementary £, | formula,
¥ = (¢ & a) where ¢ is a conjunction of X7 formulae or negations of X;"
formulae and « is a conjunction of atoms in £;,; then

(Ql,%ll,..., Q[i+1) F@(Wl/tl,...,WT/tr) <~
381 Esm( (Ql,...,Q[i) ): (p(Wl/tl,...,Wr/tr,Yl/sl,...,Ym/sm) &
(Qli—i-l) ):Oé(Wl/tl,...,Wr/tr,yl/sl,...,ym/sm)) .



6.2 Formally k-Definable Sets

Definition 31. Let A C N and let £ < n. The set A is formally k-definable on
2L with respect to 2y, .., 2, if there exists a recursive sequence {¢7(*)} of E,j
formulae with free variables among Wy, ..., W, and elements ¢4, ..., ¢, of N such
that for every = € N, the following equivalence holds:

reA = (AAy,... . ) =D Wy/ty,...,W./t,) .

We shall show that the forcing k-definable sets coincide with the formally k-
definable sets.

Let var be an effective bijection between the natural numbers and the vari-
ables. Given a natural number z, by X we shall denote the variable var(z). Let @
be one of the quantifiers or V, E = {y1,y2,...,Ym}, where y1 < yo < ... < Ypm
and let @ be an arbitrary formula. Then by Q(y : y € E)® we shall denote the
formula QY7 ...QY,,P.

Lemma 32. Let E = {ws,...,w,} C N and let k,z,e € N. There ezists a
uniform effective way to construct a Z,j formula @%,e’x with free variables among
Wi, ..., W, such that for every finite part § with dom(d) = E, the following
equivalence is true:

(A, A1, ..., Ap) = DY, (Wi/6(wr), ..., W, /6(w,)) < &by Fe(z) .

Proof. We shall construct the formula @%Ae’m by induction on k following the
definition of the forcing relation IF. ’

(1) Let k = 0. Consider an element v of the set V = {v : (v,z) € W,}. For
every u € D, define the atom IT,, as follows:

(a) fu = (j,21,...,2;), j < sand all 21,...,2,, are elements of £ then let
I, = T;(Xy,..., X))
(b) Let II,, be Xy # Xp in the other cases.

Set HU = /\uEDU H“ and @OE,e,fc = \/1)6\/ HU’
(2)Let k=i+1.Let V={v:(v,z) € W} andv e V.
For every u € D,,, define the formula II, as follows:

(a) If u = (0, ey, z,) then let II, = &%,

(b) If u = (1,ey,2y) then let IT, = =(\/ 5.5 53y € E* \ E)Pp. . ).
(¢) Ifu=(2,2,), 4y = (Jjy21,...,2,41), j < ;11 and 21,...,2,+1 € E then
J J

let IT, = T; (X, .., X,isn).
(d) Let I, = 451{0}’070 A ﬁ(p?{o},o,o in any other case.
Now let IT, = A,cp, 1T, and set 5L =\/ o\ 11,

An induction on k shows that for every k the E,j formula Qj]f;,e,z satisfies the
requirements of the Lemma.



Theorem 33. If a set A C N is forcing k-definable on 24 with respect to U4, .. .,
A, then A is formally k-definable on A with respect to ™Ay, ..., A,.

Proof. Let A be forcing k-definable on 2 with respect to 24; ...,2,. Then there
exist a finite part 6 and e € N such that

e A = (3r20)(rly Fu(2)) .

Let E = dom(d) = {w1,...,w,} and let §(w;) =t;,j=1,...,r. Foreach 7 D,
denote by E™ = dom(7). Then from the previous lemma we know that:

@21, ) Voo 3y € BT\ E)BE, (Wi /th,..., W, /t,) —
(Ir 2 8)(r Iy Fola)) .

Then for all € N the following equivalence is true:

zeA = AA,... . A%) E \/ yeEN\EPL.  (Wi/t,...,W,/t,)
E*DE

where E* denotes any finite extension of F.
It is clear that A is formally k-definable on 2 with respect to 4y,...,2,.

Corollary 34. Let A C N and let k < n. Then the following are equivalent:

(1) do(A) € CRSE(A, Ay, ..., 2,).
(2) A is forcing k-definable on A with respect to 2Aq,...,A,.
(3) A is formally k-definable on 2 with respect to Ay, ..., Uy,.

Proof. The implication (1) = (2) follows from the Theorem 26.

The implication (2) = (3) follows from the previous theorem.

The implication (3) = (1) could be proved easily by induction on k using
Proposition 17.

7 Properties of the Relative Spectra

By Proposition 11 the relative spectra are upwards closed sets of degrees. So
they possess all properties of upwards closed sets of degrees proved by Soskov
[10]:

1. The total e-degrees in the relative spectrum determine completely its co-
set, i.e.

CRS(, 21, ...,2U,) = co({b € RS(2A, Ay, ...,A,) | b is a total e-degree }).

2. The members of the relative spectrum with high jumps also determine its
co-set, i.e. for p > 1 and ¢ € D,,

CRS(2, Ay, ..., A,) = co({b € RS(A,2Ay,...,2,) | c < bW},

We shall show in this section that the relative spectra have all other properties
of the degree spectra proved by Soskov [10]: the minimal pair theorem, the
existence of quasi-minimal degree and a third property which shows that the
members of the relative spectrum with low jumps also determine its co-set.

We start with an analogue of the third property.



Proposition 35. Let k < n and let ¢ € RS, (A, 24,...,2A,). Then
CRSk(2, Ay, ..., A,) = co({b® | b e RS(A, Ay, ..., A,) & b™ =c}) .

Proof. Denote by Ax = {b®*) | b € RS(A,2A;,...,2,) & b = c}. Tt is clear
that CRSE (A, A1, ..., 2A,) C co(Ay).

Since ¢ € RS, (2, Ay,...,%,) there is a n-acceptable enumeration f of 2
with respect to 2y, ...,2A, such that f~1(2A)("™ € c. Denote by Q = f~1(A)™).
Q is a total set as n > 0.

Let A € a and a € co(Ag). Then for every n-acceptable enumeration h of 2
with respect to 2, ...,%, such that A= ()™ =, Q, the set A <, h~1(A)*).
Since f is such an enumeration A <, f~%(2A)*). Then by the monotonicity
of the enumeration jump AT <, A’ <, f~HA)*tD <, =1 A)™. So At @
SH™ <. Q.

According to Corollary 34 it is enough to show that the set A is forcing k-
definable on 2 with respect to 1, ...,2,. Assume for a contradiction that A is
not forcing k-definable on 2 with respect to 2y, ..., %,. By Proposition 28 there
exists a n-acceptable enumeration g of 2 with respect to 2;,...,2, such that
g R)™ =, Q and A £, g~ (A)*). This contradicts the choice of A.

Corollary 36. Let n > 0 and ¢ € RS, (A, Ay,...,2,). Then

CRS(A) = CRS(A, 21, ...,A,) = co({b € RS(A, Ay, ..., A,) | ™ =¢c}) .

7.1 Minimal Pair Theorem

Soskov [10] proved a minimal pair theorem for the degree spectrum of a structure
2. For each constructive ordinal «, there exist elements f and g of DS(2) such
that for any enumeration degree a and any g+ 1 < «a,

a<f? &a<gh =aecCSy9) .

We shall prove an analogue of this minimal pair theorem for the relative spec-
trum.

Theorem 37. For any structures A, Ay, ..., A,, there exist total enumeration
degrees £ and g in RS(™A, A1, ...,2A,) such that for any enumeration degree a
and k < n:

a<f® &a<gh = aecCRSAA,...,2A,) .

Proof. Let h be an arbitrary enumeration of 2. Consider a total set () such that
‘.PZ <e @. By Theorem 5 there exists a total set F' with the following properties:
) <o F, A1) <o F for all i < n and F" =, Q. By Lemma 10 there
exists a m-acceptable enumeration f of 2 with respect to Uy, ..., A, such that
F =, f~1(2) and so h=}(A) <. f~1(A). Then the enumeration degree of f~*(2A)
is total and do(F) € RS(A,Ay,...,2A,). Let k¥ < n. Since f is a n-acceptable



enumeration of 2 with respect to 4,..., 2, we have that F) =. fP{. Denote
by {X*},en the sequence of all sets enumeration reducible to (Pg.

For each k < n, consider the sequence { A}y of these sets among {X*},.cn
which are not forcing k-definable on 20 with respect to %4,...,%2,. By Corol-
lary 25 there is a n-acceptable enumeration g such that for all r and all & =
0,...,n, A¥ £, g7 (A)*) and the enumeration degree of g~'(2l) is total. Let
G = g1 (). Tt is clear that do(G) € RS(A, Ay, ..., 2A,).

Suppose now that £ < n and X is a set such that X <, F®) and X <, G,
From X <, F®) and F¥) =, f})i, it follows that X = X,}? for some r. If we
assume that X is not forcing k-definable on 21 with respect to 2;,...,%, then
X = AF for some [ and X %, G,

Hence X is forcing k-definable on 2 with respect to 244,...,%,. By Corol-
lary 34, do(X) € CRSE (2,4, ...,2,). Then by setting f = do(F) and g = do(G)
we obtain the desired minimal pair.

7.2 Quasi-Minimal Degree

Let A be a set of enumeration degrees and co(A) be the co-set of A. The degree
q is quasi-minimal with respect to A if the following conditions hold ([10]):

1. g & co(A).
2. If a is a total degree and a > q then a € A.
3. If a is a total degree and a < g then a € co(A).

Soskov [10] showed that for any structure 2, there is a quasi-minimal degree q
with respect to DS(2), i.e. g ¢ CS(2) and for every total degree a: if a > q
then a € DS() and if a < q then a € CS(). It is clear that the quasi-
minimal degree q with respect to DS(2) is not a total enumeration degree.
Soskov constructed it as do(f~(A)) for some partial generic enumeration of 2.
For example, consider the structure A = (N;=,#). Then DS(2) consists of all
total degrees, CS(2) = {0} and quasi-minimal degree with respect to DS(2l) is
each quasi-minimal enumeration degree, i.e. q > 0 and for each total a < q it
holds that a = 0. In this case the quasi-minimal degrees are outside DS(2).

Theorem 38. For any structures A, 2y, ..., A, there exists an enumeration
degree q such that:

1. g ¢ CRS(U, Aq,...,2A,);
2. If a is a total degree and a > q then a € RS(A,Aq,...,2,);
3. If a is a total degree and a < q then a € CRS(,2y,...,2A,).

Proof. Let f be a partial generic enumeration of 2 [10]. Soskov proved that
de(f~()) is quasi-minimal with respect to DS(2). By Theorem 4 from [13]
there is a set F such that f~'(A) <. F, f~(;) <. F® for i < n and for
any total set A, if A <, F then A <, f~!(2). We call the set F quasi-minimal
over f~1(A) with respect to f~1(%1),..., f~*(A,). The set F is constructed
as a partial regular enumeration. Set q = d.(F'). We will prove that q has the
desired properties.



Since do(f~1(2A)) ¢ CS(A) and do(f~1(2A)) < q then q ¢ CS(A). But
CS(2) = CRS(2,2,...,2,) and hence g € CRS(, Ay, ...,2,).

Let X be a total set.

If X <, F then X <, f~}®) as F is quasi-minimal over f~!(2). Thus
de(X) € CS(™A) = CRS(A,2y,...,2A,) by the choice of f~1(2).

If X >, F then X >, f~1(2A). Since “=" is among the predicates of 2,
dom(f) <. X and since X is a total set, dom(f) is r.e. in X. Let p be a recursive
in X enumeration of dom(f). Set h = An.f(p(n)). Thus h=}(A) <. X and
h=HRL) <o X for i < n. By Lemma 10 there is a n-acceptable enumeration g
of 2 such that ¢g=}(A) =, X. And then do(X) € RS(A, Ay, ..., 2,).

8 The Connection with the Joint Spectra

In this section we will consider the connection of the relative spectra with the
joint spectra [12].

Definition 39. The joint spectrum of A, Ay, ..., 2, is the set
DS(A,Ay,...,A,) = {a]aecDSA),a’" € DS(A),...,a"™ e DS(A,)} .

The co-set of DS(2, 24, ...,%,) is denoted by CS(U, A1, ...,2A,). The kth jump
spectrum of A, Ay, ..., 2, is the set DSE (™A, Ay, ...,2,) of all kth jumps of the
members of the joint spectrum DS(A,2;,...,2,). The co-set of DS (A, 24, ...,
2,,) is denoted by CSy (2, A, ..., Ay,).

The properties of both notions of spectra are very similar [13, 14], for example
the joint spectra are closed upwards, the kth co-spectrum depends only on the
first k structures. By Proposition 16, CRS(2(,2ly,...,%,) = CSR(A) = CS(A).
It is known [13,14] that CS(,2,...,2,) = CS(A). Therefore we have the
following proposition:

Proposition 40. CS(,2A,...,A,) = CRS(A, Ay, ..., Ay).

The difference is in the kth co-spectrum for & > 1. Firstly, we know by Propo-
sition 17 that for any set A C N,

do(A) € CRSL(A, Ay, ..., A,) <= A< P(FHRA), 1), .o, FHAR))

for every k-acceptable enumeration f of A with respect to 2q,...,2;. Whereas
for the kth joint co-spectra we have

do(A) € CSL(, 21, .. Ay) = A< P(F Q) 7 A, f7 (A)

for every enumerations f of A, f; of Ay, ..., fr of Ap.

Secondly, the normal form of forcing k-definable sets for the joint spectra
uses a different definition of X} formulae. Namely, in the induction step (3) the
existential quantifier over the atomic predicates must be independent from the
rest. More precisely, the third clause in the definition of Z;‘ formulae is:



(3) An elementary EIH formula with free variables among W©,... , Wit! is a
formula of the form

YO Y WO, WL YOy
where @ is a finite conjunction of E;i formulae and negations of Z;L formulae
with free variables among Y°,..., Y W° ... W' and atoms in L;; with

variables among Wt! yitl,

Notice that the variables for each structure are different. Moreover, when we

define the value of a X formula in (A, %,...,2,) under an assignment then
we treat the structure (A, 2,...,2,) as a many-sorted structure with disjoint
sorts.

These differences are essential and will enable us to give an example of struc-
tures 2 and 2A; for which CS; (A, 1) # CRS: (A, A4).

Example 41. Fix an effective bijective coding of the pairs of natural numbers.
Denote by (i,j) the code of the ordered pair (i,j). Let R and S be binary
predicates defined as follows: for every 4,5 € N, R((i,j), (i + 1,j)), i.e. R is
the graph of the successor function for the first coordinate. For every 4,5 € N,
S((i,4),{i,j + 1)), i.e. S is the graph of the successor function for the second
coordinate. Let 2 = (N, R, S, =, #).

Consider a set M which is X9, but not X9 in the arithmetical hierarchy. Fix
an enumeration of the elements of M, M = {jo,...,Ji,.. .}

Define 2y = (N, P, =, #), where P({i,j;)) < j; € M.

Claim: d.(M) € CRS; (2, 2;) and de (M) & CS1 (A, 2A1).

Let to = (0,0). Then do(M) € CRS; (A, A1), since

j € M <— HYOHY;E'Z()E'ZJ(YO = o & R(Yo,yl) &... & R(Y’ifl,yvi)
& Y; == Z() & S(Z(),Zl) & & S(ijl,Zj) & P(ZJ)) .

On the other hand if A C N and d.(A) € CS;(2,2;) then A is a X9 set in
the arithmetical hierarchy. This follows from the fact that for any elementary
X formula &(Wy, ..., W,), we can effectively find an elementary X" formula
U(W1,...,W,), where the predicate symbol P does not occur in ¥ such that for
any fixed t1,...,t. € N,

(Ql,ﬂ]) ':@(Wl/tl,...,Wr/tr) < (2[,9[1) 'ZW(Wl/tl,...,WT/tT) .

So, we have two different generalizations of the notion of degree spectra with
respect to given structures, both sharing similar properties. It is still not known
what additional properties we should find to characterize the sets of enumeration
degrees which are spectra of a structure relatively given structures.
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