THE w-ENUMERATION DEGREES

IVAN N. SOSKOV

ABSTRACT. In the present paper we initiate the study of the partial ordering
of the w-enumeration degrees. This ordering is a semi-lattice which extends
the semi-lattice of the enumeration degrees. The main results include a jump
inversion theorem, a density theorem for the w-enumeration degrees below the
first jump of the least degree and the lack of minimal w-enumeration degrees.

1. INTRODUCTION

In the theory of the degrees of unsolvability one often considers the so called
jump hierarchies. As the name would suggest these are classes whose definitions
are based on properties of the jumps of the degrees in the class. So we say, for
example, that a degree a is low if a’ = 0’ and the degree a < 0’ is high if a’ = 0”.

In the present paper we consider a general notion of jump class. Let us denote
by S the set of all sequences B = {Bj}r<. of sets of natural numbers. Consider
an element B of S and let the jump class Jp defined by B be the set of the Turing
degrees of all X C N such that (Vk)(By is r.e. in X*®) uniformly in k).

Given two sequences A and B let A <, B (A is uniformly reducible to B) if
Jg C Jqand A =, B if Jg = J4. Clearly 7<,” is a reflexive and transitive
relation on S and "=,” is an equivalence relation on S.

For every sequence B let d,,(B) = {A: A=, B} and let D, = {d,(B) : B € S}.
We call the elements of D, the w-enumeration degrees.

The w-enumeration degrees can be ordered in the usual way. Given two elements
a=dy,(A) and b = d,(B) of D, let a <, b if A <, B. Clearly D, = (D, <.)
is a partial ordering with least element 0, = d,, (0, ), where all members of 0, are
equal to (.

Given two sequences A = {A} and B = {By} of sets of natural numbers let
A® B = {A; @ Br}. Is it easy to see that Jagn = Ja4 N Jg and hence every
two elements a = d,(A) and b = d,(B) of D, have a least upper bound aUb =
d,(A® B).

Finally we would like to mention that there is a natural embedding of the enu-
meration degrees into the w-enumeration degrees. Given a set A of natural numbers
denote by A T w the sequence { A }r<w, where Ag = A and for all k > 1, A, = 0.

1.1. Proposition. For every AABCN, ATw<, Blw <= A<, B.

Proof. Suppose that A T w <, B T w. Then Jpt, € Jajw and hence for every
X C N, Bisre. in X implies A is r.e. in X. By the Selman’s Theorem [6],
A<, B.

The implication A <., B = Jp1w C Jaqe is obvious. O
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So we may define the embedding x : D, — Dy, by k(de(A)) = dy,(A T w).

In the present paper we initiate the study of the w-enumeration degrees. We
define a jump operation A — A’ on sequences of sets which is degree invariant and
such that for every sequence B, Jz = {a’ : a € Jz} and prove a jump inversion
theorem.

After that we show that the w-degrees below d,, (f)/)) are dense and that there
are no minimal w-enumeration degrees. The proofs of these results require some
non-trivial generalizations of the techniques of GUTTERIDGE AND COOPER [1] and
LACHLAN AND SHORE [4] and the systematic use of the Recursion Theorem.

The paper is organized as follows. After some preliminaries in section 3 we give an
explicit characterization of the uniform reducibility and define the jump operation.
In section 4 we generalize the good approximations from [4] for sequences of sets.
Section 5 contains the proof of the density theorem and in section 6 we show that
there are no minimal w-enumeration degrees.

2. PRELIMINARIES

In this section we shall summarize some facts about the enumeration reducibility
and the enumeration jump needed in the rest of the paper.

We shall assume that an effective coding of all finite sets of natural numbers is
fixed and shall identify the finite sets and their codes. Finite sets will be denoted
by the letters D, F' and S.

2.1. Definition. Given sets A and B of natural numbers, let
A(B)={z:(3D)({x,D) e A & D C B}

Let Wy, ..., W,,... be a Godel enumeration of the recursively enumerable (r.e.)
sets of natural numbers.

The operators AB.W,(B) are called enumeration operators. For A;B C N,
A <. B (A is enumeration reducible to B) if there exists an r.e. set W such that
A=W(B). Lt A=, B <— A <. B& B <. A. The relation =, is an
equivalence relation and the respective equivalence classes are called enumeration
degrees. For an introduction to the enumeration degrees the reader might consult

The enumeration jump operator is defined in [2] and further studied in [5]. Here
we shall use the following definition of the enumeration jump which is m-equivalent
to the original one, see [5].

For every set A of natural numbers let AT = A@ (N\ A). Clearly a set B is r.e.
in A if and only if B <. A™. Moreover there exist recursive functions A and p such

that for all @ € Nand A C N, W = W, (4)(AT) and W, (AT) = Wf(a).

2.2. Definition. Given a set A of natural numbers, set La = {{a,z) : x € W,(A)}
and let the enumeration jump of A be the set L7;.

Here we shall prove some simple properties of the enumeration jump which will
be used in the rest of the paper. To avoid any misunderstanding from now on we
shall use the notation A’ only to denote the enumeration jump of A.

For every set A let (xa) = {{z,1) :z € A} U{(x,0) : x € N\ A}.

It is easy to see that AT is uniformly enumeration equivalent to (x ), i.e. there
exists enumeration operators ®; and ®5 such that AT = ®;((x4)) and (x4) =
Dy (AT).
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The next proposition shows that (x4) and AT are uniformly e-reducible to A’.

2.3. Proposition. There exists an enumeration operator W, such that (xa) =
Wa(A") for all A CN.

Proof. Let ap be an index of the r.e. set {(z,{z}) : € N}. Clearly W,,(4) = A
for every A C N. Then

2(ag,z) € A' <= z€ W, (A) < z € A and
2(ap,x) +1€ A <= ¢ W, (A) < =z ¢ A.
Let a be an index of the r.e set

{{{x,1),{2(ap, x)}) : © € N} U {{(z, 0), {2(ag, z) + 1}) : = € N}.
Clearly W, (A") = (xa)- O
Given a set A of natural numbers, denote by K4 the Turing jump of A. Recall
that
K = {(e,z) : {e}*(x) is defined}.

2.4. Proposition. There exists an enumeration operator ® such that K4 = ®(A’)
for all A CN.

Proof. Rewriting the definition of K4 we get
K = {(e, ) : (3 finite function 6)({e}’(z) is defined and 6 C x4}

From here we get immediately that there exists an enumeration operator ®y such
that for all A C N, K4 = ®¢({x4)). By Proposition 2.3 there exists an enumeration
operator ®; such that for all A C N, (xa) = ®1(A"). So we may define ®(A) =
Do(P1(4)). 0

The following Proposition shows that the jump is preserved under the Roger’s
embedding ¢ of the Turing degrees into the enumeration degrees defined by ¢(dr(A))
d.(AT).

2.5. Proposition. For all ACN, (AT) =, K uniformly in A.

Proof. Let us fix recursive functions A, p such that for all @ € N and A C N,
W2 =Wy (o) (A7) and W, (AT) = W:‘(a). Now we have

(a,2) € Lo+ < z € Wo(AT) <= ze W], <= (ula),z) € Ka.
From here one can easily construct an enumeration operator ®, such that (AT)" =
L, =®y(K}) for all ACN.

Similarly, we have that for all @ € N and for all A C N,

(a,2) € Ky = € W2 & 1€ Wyu(A") <= (Ma),2) € La+.

and hence there exists an enumeration operator ®; such that K} = &, ((A1)) for

all ACN. ]

2.6. Proposition. There ezists a recursive function g such that for all e € N and
B CN, We(B) = Wy (B').
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Proof. Consider a recursive function A such that for every a and e, W,(W,.(B)) =
Wi(a,e)(B). Then
2(a,z) € We(B) <= 2(\(a,e),z) € B" and
2(a,z) +1 € W(B) <= 2(\(a,e),z) +1€ B
Let g be a recursive function yielding for every e an index of the r.e set
{(2(a,x),{2(\(a,€),2)}) : a,z € N} U {(2(a,x) + 1,{2(\(a,e),z) + 1}) : a,x € N}.
Then for all e, Wo(B)" = W) (B'). |

Notice that using the enumeration jump and the enumeration reducibility we
can express the relations ”r.e. in” and "r.e. in the k-th Turing jump of”. For
example X is r.e. in the k-th Turing jump of A if X <., (AT)®*) and hence for
every sequence A = {Ag bp<w,

Ja = {dp(X) : (Vk)(Ar <c (XT)®) uniformly in k)}.

We conclude the preliminaries with a Jump inversion theorem proved in [7].

Given a sequence B = { By }r<., of sets of natural numbers we define the respec-
tive jump sequence P(B) = {Py(B)}r<w by induction on k:

(i) Po(B) =0 & Bo;
(11) Pk+1(8) = Pk(B)/ S¥) Bk+1.

Clearly for every k the set Pr(B) depends only on the first k£ + 1 members
By, ..., By of the sequence B. So given k+ 1 sets By, ..., By by Px(Bo,...,Bk) we
shall denote the k-th jump set of any sequence with first £ 4+ 1 members equal to
By, ..., By respectively.

2.7. Theorem. Let B = {By}r<w be a sequence of sets of natural numbers. Sup-
pose that for some X C N and for some n € N, P,(B) <. XT. Then there exists
F C N satisfying the following conditions:

(1) (Vk <n)(Bg <. (FF)®)

(2) (Vk <n)((FH)F+D) =, (F+) @ Pr(B)).

(3) (FH)m =, X+,

3. THE UNIFORM REDUCIBILITY
Given a set W of natural numbers and k € N, let W[k] = {u : (k,u) € W}.

3.1. Definition. For every W C N and every sequence B = {By}r<w of sets of
natural numbers, let W(B) = {W[k](Bk) }k<w-

3.2. Definition. Let A = {Ag}i<w and B = {Bi}r<w be elements of S. Then
A <. B (A is enumeration reducible to B) if A = W(B) for some r.e. set W.

A simple application of the S)'-Theorem shows that A <. B if and only if there
exists a recursive function h such that (VE)(Ar = Wi, (By)).

Let A=, Bif A<, Band B <, A.

The following facts follow easily from the definitions.

3.3. Proposition. Let A,B € S. Then the following assertions hold:
(1) A<.P(A)
(2) P(P(A)) <c P(A).
(3) A< B=P(A) <. P(B).
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The following Theorem from [8] gives an explicit characterization of the uniform
reducibility.

3.4. Theorem. For every two sequences A and B of sets of natural numbers
A<, B = AL P(B.).
3.5. Corollary.
(1) Forall Ae S, A=, P(A).
(2) Forall ABeS, A<, B= A<, B.

We shall need some properties of the sequences uniformly equivalent to ), which
are in some sense an analog of the r.e. sets.

Call a sequence V = {V[k]}k<w recursively enumerable (r.e.) if V<, 0, i.e if
there exists an r.e set W such that V =W ({0"},,,).

We have a natural enumeration Vj,...,V,,... of the r.e. sequences, where for
each a, V, = Wo({0®¥},.,). If V = V,, then we shall say that a is an index of V.

Given two sequences V = {V[k]}r<w and A = {Ag}r<w of sets of natural num-
bers, let

V(A) = {VIF[(Ar) b r<w-

3.6. Proposition. There exists a recursive function pu such that for all a, and for
all sequences A = {Ag}k<w,

Va(A) = W) ({0P @ Ap}reu)-
Proof. Clearly for every k we have that
x € Vo [k](Ax) <= (3D)({z,D) € V,[k] & D C A) —
(3D1)(3D)(((w, D), D1) € Wak] & D1 0™ & D C Ay).
Let W) = {(k, (z, D1 ® D)) : (k, ((x, D), D1)) € W,}. O
From here we get immediately the following corollary:
3.7. Corollary. For every r.e. sequence V and every sequence A, V(A) <, A.

Proof. Let V be a r.e. sequence and A € S. Then for some r.e. set W, V(A) =
W({#™} @ A) and hence V(A) <, {#*)} @ A. On the other hand {#(V} & A <,
P(A). So V(A) <. P(A). Hence V(A) <, A. O

The r.e sequences of sets share several properties with the r.e sets. For our
purposes we shall need the following analog of the Recursion Theorem.

Given a r.e sequence of sets R = {R[k]}r<. and e € N, by R, we shall denote
the sequence {{z : (e, z) € R[k]} }k<w-

3.8. Proposition. Let R be a r.e sequence of sets. Then there exists an e € N
such that R, = V5.

Proof. Clearly there exists a recursive function g such that for all « € N, R, =
Wg(a)({(/)(k)}k<w). By the Recursion Theorem there exists an e such that W, =
Wy(e)- O

Next we turn to the definition of the jump operator on sequences of sets.
3.9. Definition. For every A€ S let A" = {Pr11(A) rcw-
3.10. Proposition. Let A= {Ay}p<cw €S. Then Jo ={a’ rac Ja}.
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Proof. Let a € J4. Since P(A) =, A, a € Jp(4) and hence for some X € a we
have that for all k, Px(A) <. (X+)® uniformly in k. From here it follows that for
all k, Pryi1(A) <. (X1))®). Thus a’ € Ja.

Suppose now that b € J4. Then for some X € b and for all k, Pry1(A) <,
(X)® uniformly in k. In particular P;(A) <, X*. By Theorem 2.7 there exists
F C N such that Ag <, F™ and (F*) =, X*. Let a = dr(F). Then a € J4 and
a’'=b. O

3.11. Proposition. Let A,B € S. Then the following assertions are true:
(Jo)y A<, A
J1) AL, B=>A' <, B

Proof. Clearly A <. P(A) <. A’. Hence A <, A’. Assume that A" <, A. Then
A’ <. P(A) and hence P1(A) = Po(A) & A1 <, Py(A). By the properties of the
enumeration jump the last is not possible.

The condition (J1) follows by Proposition 3.10. O

From (J1) it follows that A =, B = A’ =, B’. So we may define a jump
operation on the w-enumeration degrees by d,(A) = d,(A’). As usual by AM
we shall denote the n-th iteration of the jump operation on A. So, A©) = A and
AFD = (A Notice that A™ =, {P, 11 (A) brew-

Next follows a jump inversion theorem which shows that the range of the jump
operation on the w-enumeration degrees is equal to the set of all w-enumeration
degrees greater than or equal to d,,(0,) .

3.12. Theorem. Let n > 1. For every two sequences B = {Bj}r<, and Q =
{Qk}i<w such that B™ <, Q there exists a sequence F such that B <, F and
F =, Q.

Proof. Suppose that BM™ =, {P,, 11(B)}x<w is uniformly reducible to Q.

By Theorem 2.7 there exists a set F such that (Vk < n)(Bj <. (Ft)®) and
(FHY™) =, P, 1(B). Set Fy = Ft, Fj, =0,1 <k <n-—1,and Fy = Q,_y for
k Z n. Let F = {Fk}’k<w-

Clearly (Vk < n)(Pi(F) =. F{™). Notice that P, (B) <. Po(Q) <. Qo. Then

Pu(F) = Pua(F) © F, = Fo(n) ® Qo =¢ Pn-1(B) ® Qo = Qo.

From here it follows directly that F(") =, Q. Clearly P(B) <. P(F). Hence

B <, F. O

In what follows we shall study the w-enumeration degrees below @/,. By an
analogy with the enumeration degrees we call these degrees ¥9. Notice that a
sequence A is uniformly reducible to (', if and only if A <, {p*+D} ..

4. GOOD APPROXIMATIONS

The notions of good and better approximation of a set of natural numbers are
introduced by LACHLAN AND SHORE in [4].

4.1. Definition. A recursive sequence of finite sets {Bs} is a good approzimation
of the set B if it satisfies the following two conditions:

(G1) (Vn)(3s)(B | nC Bs C B).

(G2) (Vn)(3s)(Vt = s)(B: € B = B [ nC By).
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The stages s such that By C B are called good stages. From (G1) it follows that
for every n there exists a good stage s such that B [ n C By. Clearly, if the set B
is infinite, then there exist arbitrary large good stages.

Notice that every r.e. set W, has a good approximation {W, }, where

Was ={z: 2 < s & {a}(z) halts in less than s steps}.

4.2. Definition. A recursive sequence of finite characteristic functions {as} is a
better approximation of the set B if the following two conditions are true:

(B1) (vn)(@s)(B | n C a, C B).

(B2) (vn)(3s)(Vt > s)({x: ai(z) =1} CB= B [ nC ).

The following lemma stated in [4] is important for our construction. Since the
proof in [4] is not entirely correct we present one here.

4.3. Lemma.([4]) If a set B is infinite and has a good approzimation, then it has
also a better approrimation.

Proof. Suppose that {Bs} is a good approximation of the set B. We may assume
that By = (). Set ap = (). Suppose that s > 0. Let ¢ < s be the largest number
such that B; C B, and let my; = min(B; \ B;) (set mgs = s if By = By). Let

1, if k € By,
as(k) ~ <0, if k¢ Bs & k < mg,
undefined, otherwise.
Denote by G the set of all good stages of the approximation {B;} and let
c(n) ~ ps[se€ G & B | n=DB;|n].

Since {B;} is a good approximation, the function c is total.

First we shall show that for every n, ac,) € B. Indeed, set s = ¢(n). Then
Bs; C Band B[ n= DB [n. Let t <s be the largest number such that B; C Bs.
Then t € G and there exists a m < n such that m € B and m ¢ B;. Then
m € B, \ By and hence m; < m < n. Let as(k) ~ 1. Then k € B, and hence
B(k) =~ 1. Assume that as(k) =~ 0. Then k < ms < n and k ¢ B and hence k ¢ B.
So, B(k) ~ 0.

Next we show that the function ¢ obtains arbitrary large values, i.e. for every s
there exists an n such that s < c(n). Indeed, let D = J,.;cq Bi- Let n € B\ D.
Clearly if t < s and t € G, then B; | (n+1) # B | (n+ 1). Hence c(n + 1) > s.

Now we are ready to show that {as} satisfies the properties (B1) and (B2) of
the definition of better approximation of B. We start with the proof of (B2).

Let us fix a natural number n. By (G2) there exists a vy such that if s > vy and
s € G, then B | n C Bs. Let so > vg and sg € G. Again by (G2) there exists a
v > sp such that if v < s € G, then B, C B;.

Now let v < s and {z : as(x) ~ 1} = By C B. Then s € G and hence By, C B;.
Let t < s be the largest number such that By C Bs. Clearly so < t and hence
vg < t. Therefore B [ n C B;. Then mys > n. Let k <n. If k € B, then k € B,
and hence a (k) ~ 1. Suppose that k ¢ B. Then k < my and k ¢ B, and hence
as(k) = 0. So, B[ n C as.

To prove (B1) fix again a natural number n. By (B2) there exists a v such that
if s>wvand s € G, then B | n C as. As shown above there exists a m such that
v < ¢(m). Then B [ n C agum) € B. O
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Notice that from the proof above it follows that we have an uniform way to
obtain from every good approximation of B a better one. If a better approximation
{as} is obtained in this way from a good approximation {B;}, then we shall call
{as} consistent with {Bs}.

If o is a partial function and a, s € N, then by W', we shall denote the set of all
x < s such that the computation {a}*(z) halts successfully in less than s steps. We
shall assume that if during a computation the oracle « is called with an argument
outside it’s domain, then the computation halts unsuccessfully.

4.4. Lemma.([4]) Let {Bs} be a good approximation of B and {as} be a better
approzimation of B consistent with {Bs}. Let A = WE. Then {W; & Bs} is a
good approzimation of A® B.

Next we turn to good approximations of sequences of sets.

4.5. Definition. Let B = {Bj}r<w be a sequence of sets of natural numbers. A
sequence {Bjy} of finite sets recursive in k and s is a good approximation of B if
the following three conditions are satisfied:
(1) (Vs)(Vk)[B; € By = (Vr < k)(B: C B,)].
(i) (vi)(vk)(35)(vr < k)(B, | n C B3 C By).
(iii) (Vn)(Vk)(3s)(Vt > s)[BL C By, = (Vr < k)(B, | n C BL)].

If {B}} is a good approximation of the sequence B = {Bj }r<., then by Gy we
shall denote the set of all k-good stages, i.e the set of all s such that Bj C Bj.
Clearly G, O Gy, for all r < k.

4.6. Definition. Let A = {Ag}tr<w and B = {By}r<w be sequences of sets of
natural numbers and let {Bi} be a good approzimation of B. A sequence {A}} of
finite sets recursive in s and k is a correct (with respect to {Bj}) approximation
of A if the following two conditions hold:
(C1) (Vk,s)(B; C By = (Vr < k)(As C A,)).
(C2) For all natural numbers k, n there exists a v such that if s > v and B} C By,
then (Vr < k)(A, [ n C Af).

The following lemma is an analogue of Lemma 2.2 from [4] and can be proved
by similar arguments:

4.7. Lemma. Let {B;} be a good approzimation of the sequence B. Let W be an
r.e. set. Then {W[k](B})} is a correct approximation of W(A).

Let Ko = K = Ky and Kyy1 = Kk,. In other words, let Kj be the k + 1-th
iteration of the Turing jump of (.
Using Proposition 2.4 we get immediately the following

4.8. Lemma. For every sequence B, {Kj}i<w <c P(B).

Given a sequence P = { Py } k<., define the sequence P* = { P} };<. by induction:
(i) Py = Py ® Ko;
(il) Py = Pepr @ B @ Ky
Clearly P <. P*. Using the previous Lemma we obtain immediately that for
jump sequences the reverse inequality is also true.

4.9. Lemma. Let P = P(B) for some sequence B. Then P* =. P.
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4.10. Proposition. Let P = {Py}r<w be a sequence of sets of natural numbers.
Suppose that P <, 0!,. Then the sequence P* has a good approzimation.

Proof. By Proposition 2.5 {®(k+1)}k<w <e {K,j}k<w. Hence there exists a recursive
function g such that (Vk)(Py = W,(t).
We shall define for every k a recursive sequence { P} }s<., of finite sets of natural

numbers by recursion on k.

Let {K{} be a good approximation of Ko and let {a§} be a better approximation
of K consistent with {K{}. Set P§ = Wg(O) JSBKG. Since Py = ng((g), the sequence
{Ps} is a good approximation of Py & Ko = Fj.

Suppose that we have defined a good approxnnatlon {P¢} of P}. Clearly we can
find affectively an index a such that K41 = W.r . Let {B:} be a better approxi-

mation of P} consistent with {P;}. Then {P} ® Wf £} is a good approximation of
P} @ Kiy1. Let {o } be a better approximation of P} & Kj11 consistent with it.

Since Pryi1 = W;((;;jrll), we can find effectively an index b such that Py =
Wy KRR Set Py = Wik @ P @ Wak.

Clearly {P;,} is a good approximation of P,

It is easy to check that {Pf}s<w k<w i a good approximation of the sequence

{P}:}k«u' |

Next we turn to the following problem. Suppose that the sequence P(B) has
a good approximation {P7} and let W be an r.e. set. How to define a correct
approximation of P(W(P(B)))? It turns out that we can do that provided that we
know an index of the r.e. set W.

4.11. Proposition. There exists a recursive function p(e,k) such that for every

sequence B, (VE)(Pr(We(P(B))) = Wi(e,k) (Pr(B)) © We[k](Pr(B)))-

Proof. We shall define p(e, k) by recursion on k.
Let ag be an index of §). Set p(e,0) = ag. Clearly for every sequence B,

Po(We(P(B)) = 0 ® We[0](Po(B)) = Wy(e,0)(Po(B)) & We[0](Po(B)).
Suppose that k > 0 and p(e, k) is defined. Then for every sequence B,
Prs1(We(P(B))) = Pe(We(P(B)))" & Welk + 1](Pr+1(B)) =
(W(e, k)(Pr(B)) ® We[k](Pr(B))]" ® Wk + 1)(Pr+1(B)).
Let A(a,b) be a recursive function such that for all ¢,b € N and P C N,
Wi(ap) (P) = Wo(P) ® Wy (P).
Let x(e, k) be a recursive function such that for all e,k € N, W,y = We[k]. Then
Prt1(We(P(B))) = Wa(p(e.k)m(e.k)) (Pr(B)) & We[k + 1](Pr11(B)).

By Proposition 2.6 there exists a recursive function g such that if a € N and
P,B C N, then Wy (P)" = Wy (P' ® B).
Set ple, ki + 1) = g(A(ple, k), k(e, k))). We have

Wp(e k+1) (Pk+1(8)) p(e k+1)(7>k( ) S2) Bk?+1) =
Wx(o(esk) e,y (Pe(B)]" = [Wy(e k) (Pr(B)) © We[k](Pr(B))]".
Hence W (e k+1)(Pry1(B)) @ Welk + 1](Pry1(B)) = Prr1(We(P(B))). u
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The following proposition can be proved by almost the same arguments.

4.12. Proposition. There exists a recursive function p*(e, k) such that for every
sequence B, (Vk)(Pr(We(P(B)*)) = Wy (e,k)(Pr(B)*) & Welk](Pr(B)*)).

4.13. Corollary. Let {Pg} be a good approzimation of P(B)*. Then the se-
quence {Wye (e 1),s(Pg) © We s[k](PZ)} is a correct approrimation of the sequence
P(We(P(B)))-

5. THE DENSITY THEOREM
In this section we are going to prove the following theorem:
5.1. Theorem. The X9 w-enumeration degrees are dense.

Let us fix two sequences A = {Ag }r<w and B = { B }k<w. Suppose that A <,
B <, 0,. Our goal is to construct a sequence C such that A <, C <, B.

Clearly, B =, A®B and hence P(A®B) <. {§*+1}, ., and P(A) <. P(ADB).

Assume that there exists a k < w such that Py (A) £, Pp(A D B).

In this case the Theorem follows by the density of the n-rea enumeration degrees
[4]. To see that we need the following

5.2. Lemma. Let k € N and A C N. Suppose that 0F) <, A <., 0* V). Then the
enumeration degree of A contains a (k + 2)-rea set.

Proof. First of all notice that for every k the set X = Ko ® - ® Kj is k + 1-rea.

If A<, then Aisr.e. in Ky and hence A is 2-rea.

Let k > 1. Suppose that 0(®) <, A <, 0+, Then K | <. A <. K;". It
follows from here that A is r.e. in K, and hence A is r.e. in X;. Then X & A is
(k + 2)-rea. On the other hand K is r.e. in Kj;_; and hence K}, <, K,j_l <. A.
Clearly for all i < k,

Ki Se Kj_ = ®(i+1) Se (Z)(k) Se A.
So, X <. A and hence X & A =, A. O

By the Lemma the enumeration degrees of Pi(A) and Pr(A & B) are (k + 2)-
rea. Hence there exists a set C' such that Pg(A) <. C <. Pr(A @ B). Define the
sequence C by C,, = A, if n # k and C} = C. Clearly A <, C <, B and the
theorem follows.

Now, assume that
(E) (VE)(Pr(A) = Pr(A® B)).

Set P = P(A®B)*. Clearly P = { Py} k<., is enumeration equivalent to P(A®B)
and hence (Vk)(Pr(A) = Pr).

We shall construct a r.e. set V, such that P(A) <. P(A® V(P)) <. P. Then
we will have that A <, A® V(P) <, P. Clearly P =, A® B =, B. Then
A<, AdV(P) <, B.

Our construction will be similar to that one used in [4].

Evidently for every r.e. set V,

P(A) <. P(A@ V(P)) <. P.

So, to make these inequalities strong we shall construct V satisfying the following
conditions for every ¢ € N:

B) Wi(P(A)) # V(P).



THE w-ENUMERATION DEGREES 11

Qi) Wi(P(Aa V(P))) #P.

For the construction we shall need a good approximation of the sequence P, and
correct with respect to this approximation approximations of the sequences P(A),
PA@V(P)) and V(P).

By Proposition 4.10 there exists a good approximation {P;} of the sequence P.
From now on we shall call an approximation correct if it is correct with respect to
(.

Since P(A) <. P, there exists an r.e. set W such that P(A) = W(P). Given
s,k €N, set PS(A) = Wi[k](P?). By Lemma 4.7 {P?(A)} is a correct approxima-
tion of P(A).

Next we turn to the problem of finding a correct approximation of the sequence
PA@V(P)).

Fix a recursive function A(a, b) such that for all natural numbers a and b,
Wiap) = {(k, (u, D)) : (Fz)((u = 2z & (k, (z, D)) € W,)V
(u=2z+1& (k,(z,D)) € Wp))}.

Then for every k < w and every P C N, W) (o) [k](P) = Wa[k](P) & W[k](P).
Clearly A <. P and hence there exists a r.e. set W, such that A = W,(P). Set

A,i = Wa,s[k](Plj)'

By Lemma 4.7 {A;}} is a correct approximation of A.
By Proposition 4.12 for every e,

(VE) (Pe(A @ We(P)) = Pr(Waa.e) (P)) = Wpr(aa,e) k) (Pr) & Wi(a,e)[F](Pr))-
Set u(e, k) = p*(A(a,e), k). Then for all e,
(VE)(Pr(A® We(P)) = Wu(e,k)(Pk) © Ap © We[K](Py)).

Now suppose that V; is a recursive sequence of finite sets such that Vi C V44
and V = J, Vi. Suppose also that e is an index of V', i.e. V =W,. Let

Qz,k = W;L(e,k),s(Plj) S2) AZ
Clearly {Q? ;, ® Vs[k](F)} is a recursive in e, s, k sequence of finite sets which is
a correct approximation of P(A @ V(P)). The problem here is that to define this
approximation we need to know an index e of V. Thus during the construction of V'

we need to know an index of it. To resolve this problem we shall use the Recursion
Theorem in the following form:

5.3. Theorem.(Recursion Theorem) Let R C N? be a r.e. set. Then there exists
an e such that {z : (e,z) € R} = W..

For every R C N2, let R, = {x : (e,z) € R}.

The general plan of our construction is the following. At every stage s we shall
construct effectively a finite subset R® of N? so that R* C R**! and let R = |J Rs.
After that using the Recursion Theorem we shall find an ey such that R., = W,
and set V' = Re,. Clearly V. =J RS, .

While deciding whether to put a pair (e, z) in R we shall use {Q? , ® RE[k](P})}
as approximation of P(A&V (P)) and R:({P;}) as approximation of V(P). Clearly
for e = e these approximations will be correct.

Now we are ready to describe the construction of R. We start with the definition
of the length of agreement function:
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5.4. Definition. Given two sequences A = {Ag}r<w and B = {Bj}r<w of sets of
natural numbers and s € N, let

Is(A,B) = max{u < s: (V(k,x) < u)(Ar(z) = Bi(z))}.

Let R® = ). Suppose that R* is defined. For every e < s and for every i < s we
act for the requirements P;) and @;) as follows:
b)) Let Lo s = Ls(Wi s ({ B (A)}), Re({ 57 }))-
For every (k,z) < lc, if x € P¢ and (i,z) & R:[k|(Pf), then we enu-
merate the axiom ((i,x), Pg) in R.[k], i.e. we add (e, (k, ((i,z), Pg))) to
ReL,
Qi) Let mes = L;(Wis({Q2 , ® RE[F](PO)}), {F})-
For every (k,z) < mes if © ¢ W, s[k](Q; ,, & RZ[K](Fy)) but

x € Wi [k(Q2, @ (R3[K)(PY) =T uNP)

via an axiom (z, F @ L) € W; ,[k], then for every y € LI> we enumerate
the axiom (y, Py) in R.[k].
End of the construction
Now let R = |J R® and let e be an index such that V = R, = W,. Set V5 = R:.
Notice that the sequence {V;[k](A7)} is a correct approximation of V(A) and the
sequence {Q , © Vi[k](Pg)} is a correct approximation of P(A @ V(P)).
Call s a k-good stage of the construction if P} C Pj. Clearly if s is a k-good
stage, then s is a r-good stage for all r < k.

5.5. Lemma. For all i the following conditions are true:

(1) Wi(P(A)) # V(P).

(2) There exists a natural number p; such that only finitely many axioms are
enumerated in 'V by the actions of P;) on the p;-good stages of the construc-
tion.

(3) Wi(P(A& V(P))) # P.

(4) There exists a natural number q; such that only finitely many axioms are
enumerated in V' by the actions of Q;) on the g;-good stages of the con-
struction.

Proof. We shall prove the conditions (1) - (4) simultaneously by induction on i.
Suppose that for j < ¢ the conditions (1) - (4) are true. Then there exists a p such
that if » > p, then for j < i the actions of P;) and @);) do not contribute anything
to V[r] at r-good stages and hence V[r|(P,)[<4 = §.

Towards a contradiction assume that W;(P(A)) = V(P). Then

(VE)(Wi[k](Pr(A)) = V[E](Py))-
We shall show that for all r > p,
(Vx)((i,z) € V[r](P,) < x € P,).

Indeed, fix a r > p.

Suppose that (i,z) € V[r](P,). Then there exists an axiom ((i,z), D) € V|[r]
such that D C P,. Let s be the stage at which this axiom has been enumerated in
V[r]. Then D = P? and hence s is a r-good stage. Since r > p the axiom has been
enumerated in V[r] by P;). Therefore x € P? and hence z € P,.
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Let x € P.. Clearly there exists a r-good stage s such that e < s, i < s,
x € P? and (r,z) < l.s. Then either (i,z) € Vi[r](P?) or, by the action of F;),
(1,x) € Vgy1|r](P2). In both cases {i,z) € V[r](P,).

Thus we obtain that (Vr > p)(Vz)((i,z) € W;[r](P-(A)) < z € P). From
here since Py (A) =, P, for all k < p it follows that P <, P(A). A contradiction.

Let us turn to the proof of (2). By (1) W;(P(A)) # V(P). Then there exists
a pair (k,z) such that W;[k](Pr(A))(z) # VI[k](Px)(z). Clearly there exists a v
such that if s > v is a k-good stage, then W; ,[k](Pg(A))(x) = W;[k](Pr(A))(x)
and Vi[k](Pg)(x) = VI[k](Py)(z). Then for all s > v, if s is a k-good stage, then
le,s < (k,z). Hence all axioms enumerated in V' by P) at k-good stages s > v are
of the form (I, ((¢,y), P?)), where (I,y) < (k,x). Let

pi = max{l: 3y)({,y) < (k,2))}.

Assume that P;) enumerates infinitely many axioms at p;-good stages in V. Since
every p;-good stage is also a k-good stage, there exists a pair (I,y) < (k,x) such
that infinitely many axioms (I, ({i,y), Pf”)}, where for all n, t, is a p;-good stage,
are enumerated by P;) in V. Since every p;-good stage is also a I-good stage, there
exist ny and ng such that t,, <t,, and Pt"1 - Pt"Z. Then

(i,9) € Vi, 11 [0(P™) € Vi, [0(P™2)

So at stage t,,, the conditions under which P;) enumerates the axiom (I, ((i, y), Pt”2 )
in V' are not satisfied. A contradiction.
Now we start with the proof of (3). Let us assume that

Wi(P(A® V(P))) =P.

We shall get a contradiction by showing that P <. P(A). For we shall define a
recursive function A(k) so that (Vk)(Py = W) (Pr(A))).

By the induction hypothesis and by (2) there exists a ¢ such that if » > ¢, then
V[r](P,)I=1 = (. Thus if r > ¢, then V[r](P,) € N[>,

By (E), (Vk)(Pr =e Pr(A)). Hence there exist indices ao, ..., aq, such that for
all k < q, P, = Wy, (Pr(A)). Let for k < q, A(k) ~ ay.

Suppose that A(r) is defined for some r > ¢. Since in the definition of P,(A @
V(P)) only the sets Ay and VI[k](Py), k < r, are used, using the values of A(k),
k <r, we can define effectively an index ¢ such that P.(A & V(P)) = W.(P-(A)).
Then

Prri(AB V(P) =P (ASV(P)) ® Arpr & VIr + 1](Prys) =
We(Pr(A)) & Apyr & VIr 4+ 1)(Pryq).
Let g be a recursive function such that for all @ € N and for all P, B C N,
Wa(P) =Wy (P' & B),
Then
Prii(AB V(P)) = W) (Pry1(A) © Aryr @ Vr + 1](Prg1).
Set Q@ = Wy(e)(Pry1(A)) & Arp1. We shall show that
Wilr +1)(Q @ V[r + 1](P41)) = Wi[r + 1](Q @ NP>,
Since V[r 4+ 1}(Pr+1) €N
Wilr +1)(Q @ V[r + 1)(P,41)) € Wi[r + 1])(Q @ N>,

[>i we obtain immediately that
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Let us turn to the proof of the reverse inclusion. Recall that Ppo1(A® V(P)) =
Woitesr41)(Pri1) @ Argr © VI[r + 1](Pr41). Then Q@ = Wye,ri1)(Pry1) @ Arqq and
hence {Q 1 }s<w is a correct approximation of Q.

Let € Wi[r +1)(Q ® N>). Let s be a r + 1-good stage such that e,i < s,
(r+1,2) < mes and @ € Wi [r +1)(Q5,,; ® NPU). Then by the construction
€ Wislr +1J(QF 11 ® Veya[r +1](P2 ) and hence x € Wi(Q © V[r + 1](Pr41))-

So,

Prr =Wilr +1{(Prii (A V(P))) =
Wilr + 1 (Wy(e) (Prs1(A) © Aria @ N,
From here one can obtain effectively a value A(r + 1) such that
Pry1 = Wie41)(Pry1(A)).

The proof of (4) is similar to the proof of (2). By (2) W;(P(A@ V(A))) # P
and hence there exists a pair (k,x) and a v such that for all k-good stages s > v,
Me,s < (k,z). Choose ¢; as in the proof of (2) i.e.

¢; = max{l: (3z)({l,z) < (k,x))}.

Assume that infinitely many axioms are enumerated by @;) at p;-good stages in V.
Then there exists a pair (I, z) < (k,z) such that for infinitely many p;-good stages
tn, 2 & Wi, (Qey @ Vi, [II(P™)) but z € Wiy, (Qury & Vi, 1 [1I(F™)). Tt follows from
the properties of the approximations {Q? .} and {P]} that this is not possible. A
contradiction. 7 O

6. THERE IS NO MINIMAL w-ENUMERATION DEGREE

The following theorem, proved in [1], combined with the density of the X9 enu-
meration degrees shows that there are no minimal enumeration degrees:

6.1. Theorem. There is an enumeration operator V such that for any enumeration
operator V:

(1) If V(B) is r.e. then B is recursive in ().
(2) If U(V(B)) = B then B is r.e.

A generalization of the methods used in the proof of this theorem leads to the
following result.

Given a sequence B = {Bp}r<o, and a € N, denote by B | a the sequence
{Bk ra}k<w-

6.2. Theorem. There is an r.e. sequence V such that the following conditions
hold for every sequence B:

(1) If V(B) is r.e., then B <, 0,.

(2) If for some a, Wo(P(V(B))) = B then B <, B | a.

From the last theorem it follows that if the w-enumeration degree b of a sequence
B is minimal, then for some a the degree b contains the sequence B | a. Indeed,
consider the r.e. sequence V from the theorem. Clearly V(B) <, B and hence
V(B) <y 0, or B <, V(B). The first is impossible by (1) and by the Density The-
orem. So it follows that B <, V(B). Then B <. P(V(B)). Let B = W,(P(V(B))).
By (2), B=, B a.
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Since for every a > 1 there exist 2% sequences of subsets of N | a, not all of them
are uniformly equivalent to @),,. So to conclude the proof that there is no minimal
w-enumeration degree we shall show also the following:

6.3. Theorem. For every natural number c there exists an r.e. sequence V satis-
fying the following conditions for every sequence B of subsets of N [ ¢:

(1) If V(B) is r.e., then B <, 0,.

(2) If for some r.e. set W, W(P(V(B))) = B then B <, 0.

From the last two theorems we get easily
6.4. Theorem. There are no minimal w-enumeration degrees.

In the rest of the paper we shall give the proofs of Theorem 6.2 and Theorem 6.3.
We start with a simple proposition which is important for the strategies used in
the construction.

6.5. Proposition. Let ¥ : P(N)**1 — P(N) be monotone. Let Xi,...,Xg, B be
subsets of N, U(Xy,..., Xy, B) = B and for some a € N,

(Vn>a)neW(Xy,...,Xk,B)=nec¥(Xy,..., X, B[ n)).
Then B =|JCk, where Cy = B | a and Cry1 = ¥(X1,.... Xk, Cr) U Cy.

Proof. Using the equality ¥ (X3, ..., Xk, B) = B one can show easily by induction
on k that for all k, C, C B. To prove the reverse inclusion assume that n is the
least element of B\ |JC. Then B | n C |JC) and hence B [ n C Cj, for some k.
Clearly n > a. Then

TLEB:>77,€\I/(X17...,X]€,B [n) Q\I/(Xl,...,Xk,Ck) QC’kH.

A contradiction. 0

6.6. Proposition. There exists a recursive function A(a,b) such that for every

X, Y,ZCN, if Co =2, Cry1 = Wo(X & Wy (Y ®Cy)) UCk then
UCk =Wian(X @Y & 2).

6.7. Proposition. There exists a recursive function u(a,b, k) such that for every
sequence B = {Bi }k<w of sets of natural numbers, every r.e. set W, and every r.e.
sequence of sets Vi, = {V'[k]|} k<. satisfying the conditions:

(1) Wo(P(V(B)) =B.

(2) (Vn = a)(n € Wa[0](0 & Vo[0](Bo)) = n € Wa[0](0 @ V5[0](Bo [ n))).

(3) (Vk = 1)(Vn > a)(n € Walk](Pr-1(Vs(B))" @ Vo[k](Bk)) =

n € Wolk|(Pr—1(Vo(B)) @ V3[k](By [ n))).
we have that (Vk)(Pr(Vy(B)) = W) (Pr(B [ a)).

Proof. We shall define the function p by recursion on k.

Let us fix the natural numbers a and b. Suppose that W is an r.e set with index
a and V is an r.e. sequence of sets with index b. Let B be a sequence of sets such
that the conditions (1) - (3) are satisfied.

We can find effectively an index ¢ such that (VE)(V[k](By) = W.[k](0®) @ By)).
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Then By = W,[0](0 @ W.[0](0 & By)). Let ap be an index of W,[0] and ¢y be an
index of W,[0]. By (2) and by the previous two propositions By = Wj(qq,c0) (0 &
) & By | a). From here one can construct easily an index p(a,b,0) such that

Po(V(B)) = 0@ VI[0](By) =0 ® We[0](0 @ Bo) = Wyap,0)(0 @ Bo | a).
Suppose that p(a, b, k) is defined.
Clearly V[k + 1](Bry1) = We[k + 1](0%*+1) @ By, 1). Let apy1 be an index of

W,k + 1] and cg41 be an index of W[k + 1]. By (3) and by the previous two
propositions

By = Wk(akJrhckJrl)(’Pk(V(B))l S5 ®(k+1) @ Bry1 | a)'
Since Pr(V(B)) = Wy(ap.k)(Pr(B [ a)), we can find an index p such that
Pe(V(B))" = Wy(Pr(B | a)').
Then
Byy1 = W/\(ak+176k+1)(wp(7)k(3 I a)/) D (Z)(k+1) ® Bry1 | a).

From here we can easily find an index ¢ such that V[k+1](Bk+1) = Wy(Pr+1(B | a))
and define the function p(a,b, k + 1) so that

Prer1(V(B)) = Pr(V(B)) @ V[k + 1](Brs1) = Wiap,h+1) (Pra1 (B [ a)).
]

6.8. Corollary. There exists a recursive function v(a,b, k) such that Wu(a,b,o)(@) =
0 and for every sequence B € S, every r.e. set Wy, every r.e. sequence Vi, and every
k>1,if
(1) (VI < k)(Wall)(P(V(B))) = By).
(2) (Vn = a)(n € Wo[0](0 & V,[0](Bo)) = n € Wo[0](0 @ V3[0](Bo [ n))).
(3) (Yn = a)(Vl € [1,k))(n € Wo[l](Pi-1(Vo(B))" ® Vi [l](By)) =
)

n € Wo[l|(Pi-1(Vo(B)) & Vo[l](Br | n))).
then Wy(a,b,k) (Pk_l(B ra) ) = Pk—l(Vb(B)) .

We need one more proposition to conclude the preparation for the proof of The-
orem 6.2.

For every sequence vo, ..., v by (vg,...,vr) we shall denote it’s canonical code.
We shall assume that the code of the empty sequence () is 0.

6.9. Proposition. There exists a recursive function 7(v) such that
(1) Wroy(X) =0 for every X CN.
(2) Ifk > 1 and v = (vo,...,vk_1), then W) (0*™)) = Py_1(Dyy, ..., Du,_,)".

Proof of Theorem 6.2. We shall construct an r.e. sequence R = {R[k]}r<, of sets
of natural numbers. The desired sequence V will be defined as R, for some e such
that R, = V.. The existence of such an e follows from Proposition 3.8. So during
the construction we may assume that we know an index e of V.

In the construction we shall use the functions v(a,b, k) and 7(v), defined in
Corollary 6.8 and Proposition 6.9.

The construction of R will be performed by stages. At every stage s we shall
define the sequence R*[k],k < w of finite sets, so that for every k and s, R*[k] C
ReT1k] and let R[k] = U, R*[k].

Let for all k, R°[k] = (). Suppose that all sets R*[k], k < w, are defined.



THE w-ENUMERATION DEGREES 17

For every e, k < s we do the following. For every triple (a,n, F') where a,n < s
and F'is a subset of N [ n and for every sequence D,,,...,D,, , of subsets of N [ a,
let v = (vo,...,vk—1) and check whether there exists a S C {(¢,j) : j > a,j > n}
such that

(*) n € Was[KJ(Woaer).s (W)« (0%) @ (RI[K](F) U S)).

If such S exists then let Sy be the one with least canonical code and for every
pair (i,j) € So enumerate ({3, j),?) in Rc[k], i.e. enumerate (e, {(i,7),0)) in R[k].

When done with all triples (a,n, F') find for every j < s the least pair (i, j) such
that ((i, j), ) is not yet enumerated in R.[k] and enumerate ({3, ), {j}) in Re[k].

End of construction

From the construction it follows immediately that the sequence R is r.e. Let us
fix an e such that R, =V, and set V = V.

6.10. Lemma. For every k and every j there are finitely many i such that ({1, j),0)
belongs to V[k].

Proof. Let us fix a k and a j. Suppose that ((,7),0) € V[k]. Then there exists
a triple (a,n, F) such that « < j, n < j and F C N [ n and some sequence
Dyyy ...y Dy, _, of subsets N | a satisfying (*) for some s and some S C {(3,j) : j >
a,j > n} such that (i,j) € S.

There are finitely many such triples (a,n, F) and finitely many sequences of
length k of subsets of N | a and and by the construction every such triple and every

such sequence will enumerate finitely many pairs ((z, 7),0) in V[k]. O

Now we are ready to show that V satisfies the conditions (1) and (2) of the
Theorem. Let B = {Bj}r<. be a sequence of sets of natural numbers. Assume
that V(B) <, 0.,. Then V(B) <, {0},

By the lemma above for every k and every j there exists an ¢ such that ({3, j), {j}) €
V[k] but ((z,5),0) & V[k]. Hence for every k,

By ={j: G0) (@, 5),{5}) € VK] & ((i,4),0) & VK] & (i,j) € VIKI(Bx)}-

From here one gets immediately that B <, {#**1 1}, and hence B <,, .
Assume now that for some a we have that W,(P(V(B)) = B. We shall show
that B, W, and V satisfy the conditions (1) - (3) of Proposition 6.7. Clearly the
first condition is true.
Next we shall show that

(Vn > a)(n € W,[0](0 @ V[0](By)) = n € W,[0](0 & V[0)(By | a))).
]

Indeed, let n > a and n € W,[0](0 © V[0](Bo)). Let D be a finite subset of By such
that n € Wo[0](0 @ V[0](D)). Since Wer()(0) = 0 and W, (4¢,0)(0) = 0, we have
that

Wa[0](0 & V[0](D)) = Wa(Wi(a,e,0)(Wa(() (1) & Re[0](D)).

Then there exists a stage s such that
n e Wa,s [O](Wu(a,e,o),s(Wﬂ(<>),s(®)) D RZ [O](D))

We may assume that e,n < s. Let F = D [ nand S = RE[0](D) \ R:[0](F).
Consider an element (i, j) of S. Clearly ({3, 7),{j}) € Ri[0] and j > n. Since n > a
we have also that j > a. So, S C N=max(a:n) - Go we have found a S such that

n e Wa,s(Wu(a,e,O),s(Wﬂ(o),s(@)) D (Rz [0](F) U S))



18 IVAN N. SOSKOV

By the construction, n € Wy s(Wy(q,e,0),s(Wr(()),s(9)) & RETH0](F))). And hence
since F C B [n,n € W0 @ VI[0](B | n)).
To prove the third condition we shall show by induction on k that for all £ > 1,

(Vn > a)(n € Wo[k](Pr—1(V(B)) @& VI[k|(Br)) =
n € Wolk](Pr-1(V(B)) & V[K](By [ n)))-
Suppose that £ > 1 and for | < k the condition holds. By Corollary 6.8 we have that
Pr_1(V(B)) = Wya,er)(Pr—1(B [ a)'). Let Dy, = By [ a,..., Dy, = Br_1 [ a
and v = (vg,...,vk—1). Then
Pe1(B 1 @) = Pi-1(Dugs- -, Do) = Wagy (0).
Thus
Wolk](Pr-1(V(B)) © VK(Bk)) = Wa K] (Wi (a,e.ty W) (0M))) @ Re[K)(By)).
Suppose that n > a and n € W, [k](Px—1(V(B))' @ V[k](By)). Then there exists
a finite subset D of By and a stage s such that
nec Wa,s[k](WV(a,e7k),s(Wﬂ'(v),s(@(k))) D Ri[k](D))
As in the proof above set F = D [ n and S = R:[k](D) \ Ri[k](F). Then
S C{{i,j) : j > a,j > n} and hence by the construction
ne Wa,s[k](Wu(a,e,k),s(W‘rr(v),S(@(k))) 2] R2+1[k](F))'

From here it follows easily that n € W, [k](Px—1(V(B)) @ VI[k](Bx | n)).
Now from Proposition 6.7 it follows that P(V(B)) <. P(B | a). Since B <.
P(V(B)) we get that B <., P(B | a) and hence B <, B | a. O

Now we turn to the proof of Theorem 6.3. We shall need the following versions
of Proposition 6.7 and Corollary 6.8 which can be proved in a similar way.

6.11. Proposition. There exists a recursive function p*(a,b, k) such that for every
sequence B = { By} k<. of sets of natural numbers, every r.e. set W, and every r.e.
sequence of sets Vi, = {V[k]|}k<w satisfying the conditions:

(1) We(P(V(B)) =B.

(2) (Vn)(Vk > a)(n € Wa[k](Pe-1(Vs(B))" & Vi[k](Bk)) =

n € Walk|(Pr-1(Vo(B)) & Vo [k](By | n))).
we have that (YE)(Pe(Ve(B)) = W (a,p.k) (Pa(B) @ pk))).

6.12. Corollary. There exists a recursive function v*(a,b, k) such that for every
sequence B € S, every r.e. set W,, every r.e. sequence Vi, and every k > a, if

(1) (VI < k)(Wall)(P(V(B))) = By).
(2) (Yn)(Vl € (a,k))(n € Woll)(Pi-1(Ve(B))" & Vi[l](B1)) =
n € Wo[ll(Pio1(Vo(B)) @ Vi[l](By [ n))).
ﬁh@’ﬂ Wy*(a’b,k) (PQ(B)/ (o) (Z)(k)) = ,Pkfl(%(B))/
Proof of Theorem 6.3. The general idea of the proof is very similar to that used in
the proof of Theorem 6.2.
Let us fix a natural number c¢. We shall define the r.e. sequence V by means

of the Recursion Theorem. So we shall construct an r.e. sequence R = {R[k]}r<w
and let V = R, for some index e such that R, = V..
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The construction of R will be performed by stages. Let for all £, R°[k] = () and
suppose that for some s all sets R*[k] are defined.

For every e, k < s+1 we do the following. For every triple (a,n, F') where a < k,
n < s and F' is a subset of N [ n and for every sequence D,,,...,D,, of subsets
of N [ ¢, let v = (vg,...,v,) and check whether there exists a S C {{i,5) : j > n}
such that

(%) 1€ Was (W (g, k),s (Wa(a),s (097D) @ 0 @ (RE[K](F) U S)).

If such S exists then let Sy be the one with least canonical code and for every
pair (i,7) € Sp enumerate ((z,7),0) in Re[k]..

When done with all triples (a,n, F') find for every j < s the least pair (7, j) such
that {((%,j),?) is not yet enumerated in R.[k] and enumerate ({3, ), {j}) in R.[k].

End of construction

It follows directly from the construction that the sequence {R[k]} is r.e. Let e
be a natural number such that R, = V,. Set V =1V,

6.13. Lemma. For every k and every j there are finitely many i such that ({1, j),0)
belongs to V[k].

Proof. Let us fix a k and a j. Suppose that ((i,5),0) € V[k]. Then there exists
a triple (a,n,F) such that a < k, n < j and F C N | n and some sequence
Dy, - -, Dy, of subsets of N | ¢ satisfying (**) for some s and some S C N=" such
that (i,j) € S.

There are finitely many such triples (a,n, F') and for every a finitely many se-
quences of length a + 1 of subsets of N [ ¢ and by the construction every such triple
and every such sequence will enumerate finitely many pairs ((z, j),0) in V[k]. O

Let B = {By }k<w be a sequence of subsets of N [ c.

As in the proof of Theorem 6.2 by the last Lemma we have that if V(B) is an
r.e. sequence then B <, 0/ .

Suppose now that for some a, Wo(P(V(B))) = B. We shall show by induction
on k that

(Vk > a)(Vn)(n € W, lk](Pr_1(V(B)) @ V[k](Bx)) =
n € Wolk](Pr—1(V(B))" & V[k](B I n))).
Suppose that for all [, a < I < k the assertion holds. By Corollary 6.12,
Pr_1(V(B)) = Wy (aep) (Pa(B) @ 0F))
Let By = Dy,,...,Bs = D,, and v = (vg,...,v,). Then
Pa(B) = Po(Dugs - Du,) = Wi (00FD).

Assume that n € W, [k](Pr—1(V(B)) @ V[k](Bg)). Then for some finite D C By,
and for some s > e, k,

1 € Wa,o[FlWor (a.e).s(Wa(w).s (0 F) @ 0%)) & RE[K)(D))

Let F'=D | nand S = Ri[k](D)\ R:[k](F). Consider an element (i, ) of S. Then
((i,7),{7}) € Ri[k] and j > n. Hence S C {{i,5) : j > n} By the construction,

n e Wa,s[k}(w *(a,e,k),s ( w(v),s (V)(a+1 ) ) D RS+1[kKF))

and hence n € Wo[k](Pr—1(V(B))' @ VI[k|(By | ))
Now, by Proposition 6.11, (VE)(Pr(V(B)) = Wy« (a,e,k) (Pa(B) @ PRy,
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Since P, (B)" <. Q](“H), there exists a recursive function A such that

(VE > a)(Pe(B) = Wiy (0%)).

From here since for all k < a, By <. 0%) it follows that P(B) <. {#®},.., and
hence B <, 0. O
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