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Abstract. In the present paper we continue the study of the properties
of the spectra of structures as sets of degrees initiated in [11]. Here we
consider the relationships between the spectra and the jump spectra.
Our first result is that every jump spectrum is also a spectrum. The
main result sounds like a Jump inversion theorem. Namely, we show
that if a spectrum A is contained in the set of the jumps of the degrees
in some spectrum B then there exists a spectrum C such that C C B and
A is equal to the set of the jumps of the degrees in C.
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1 Introduction

Let 2 = (A; Ry,...,Rs) be a countable structure, where the set A is infinite,
each R; C A™ and the equality = is among Ry, ..., R;.

The notion of a degree spectrum of a countable structure is introduced by
RICHTER [9] and further studied by AsH, DOWNEY, JOCKUSH and KNIGHT [1,
3,5].

An enumeration f of 2 is a total mapping of N onto A.

Given a set R C A% and an enumeration f of 2, let

FHR) = {(z1, o xa) | (f(21), -, f(2a)) € RY.
Let f71() = f1(R1)®...® fH(Rs).
Definition 1. The degree spectrum of 2 is the set
DS(2) = {dr(f~1(2)) | f is an enumeration of A} .

Here by dr(B) we denote the Turing degree of the set B.
We shall use the following two simple properties of the degree spectra, proved
in [11]:
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Proposition 2. Let f be an arbitrary enumeration of 2. Then there ezists an
injective enumeration g of A such that g=1(A) <t f=1(2A).

Definition 3. A set of Turing degrees A is closed upwards if for all Turing
degreesaand b,ac A& a<b=>bec A

Proposition 4. For every structure 2 the degree spectrum DS(RL) is closed up-
wards.

Let us point out that our notion of degree spectrum differs slightly from the
one introduced in [9] where the degree spectrum of a structure is defined to be
the set of all Turing degrees dr(f~1(2)) for injective enumerations f of 2. The
benefit of considering arbitrary enumerations is that in this way we ensure that
the degree spectrum of every structure is closed upwards, which is not always
true if we consider only injective enumerations.

Definition 5. The jump spectrum of 2 is the set DS; () = {a’ | a € DS()}.

In the present paper we prove two results about the relationships between
jump spectra and spectra of structures. The first result states that every jump
spectrum is a spectrum. Our second result is a jump inversion theorem for the
degree spectra. We prove that if 2 and 9B are structures and DS(2) C DS;(B)
then there exists a structure € such that DS(€) C DS(8) and DS;(€) = DS().

The structure € is constructed as a Marker’s extension [7] of %, an idea
influenced by the results of GONCHAROV and KHOUSSAINOV [4].

Some applications are presented in the last part of the paper.

2 Every Jump Spectrum is a Spectrum

In this section we show that for every structure 2 there exists a structure B
such that DS; () = DS(B). The structure B is constructed in two stages. First,
we define the least acceptable extension * of 2l which we call Moschovakis’
extension of 2. Roughly speaking 21* is an extension of 2 with additional cod-
ing machinery. Using this coding machinery we define the set Ky which is an
analogue of Kleene’s set K. Finally we set B = (A*, Ky).

2.1 Moschovakis’ Extension of the Structure A

Let 2 = (A; Ry,...,Rs) be a countable structure and let equality be among
the predicates Ry, ..., Rs. Following MOSCHKOVAKIS [8] the least acceptable
extension of the structure 2 is defined as follows.

Let 0 be an object which does not belong to A and IT be a pairing operation
chosen so that neither 0 nor any element of A is an ordered pair. Let A* be the
least set containing all elements of A9 = AU {0} and closed under IT.

We associate an element n* of A* with each natural number n by induction:

0* =0;
(n+1)* = I (0,n*).



The set of all elements n* defined above will be denoted by N*.
Let L and R be the functions on A* satisfying the following conditions:

L(0) = R(0) = 0;
(Vt € A)(L(t) = R(t)
t

= 1%);
(Vs,t € A*)(L(II(s,t)) = s &

R(II(s,t)) =1).

The pairing function allows us to code finite sequences of elements: let
Hl(tl) = tl, Hn+1(t1,t2, ‘e ,tn+1) = H(tl, H,L(tg, RPN ,tn+1)) for every
ti,ta, ... tar € A%

For each predicate R, of the structure 2 define the respective predicate R}
on A* by

Ri(t) < (a1 € A)...(3a,, € A)(t =II,,(a1,...,ar,) & Ri(a,...,a,)).
Definition 6. Moschovakis’ extension of 2 is the structure
= (A*; Ay, Ry,...,R:,G1,GL,GR,=),
where G, Gpand G are the graphs of II, L and R respectively.

Lemma 7. Let f be an enumeration of A. There exists an enumeration f* of

A* such that (f*)~1(A*) = fH().

Proof. Let J(z,y) = 2°71.(2y + 1) be an effective coding of the ordered pairs of
natural numbers. Denote by induction Ji(z1) = 21 and Jp41(21, %2, ..., Tpi1) =
J(x1, (2, ..., Tpe1)) for any x1,29,...,2,41 € N. And let [ and r be com-
putable functions satisfying the equalities:

10) = 7(0) = 0,
2z +1)=7r(2z+1)=2=J(0,0),
I(J(z,y)) =z & r(J(z,y)) =y.

Define f* by means of the following inductive definition:

f*(0) =07,
[ Rz +1) = f(z),
f(J(z,y)) = L(f*(z), f*(y))-

Clearly f* is an enumeration of 2A*. It is easy to see that (f*)~1(Ag) =
{20+ 1 [z e NPU{0}, (f)7HGn) = {(z,y) : (z,9) € Gy}, (f)71(GL) =
{{z,y) : (w,y) € Gi} and (f*)7H(Gr) = {(z,y) : (z,y) € Gr}.

Fix a natural number i, 1 <4 < s. Then

(w1,...,2.,) € [TURy) = (f(z1),. f(:cm))eRi =
(f*(2z1 +1),...,f* (2xr +1)) €R;

., (f* 2z, + 1),..., f*(2z,, +1)))ER* =

Jr 2z + 1,00, 22, +1) (f)~YRY).
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Finally, let R; be the equality on A. Then

Clearly
(r,y) € fTH(R1) <= e+ 12y +1) € (f) (=)

So (f)7H(=) =r fH ().
Combining all above, we get that (f*)~}(*) = f~1(2).

From now on given an enumeration f of the structure 2, by f* we shall
denote the enumeration of A* defined in the lemma above.

Proposition 8. DS(2() = DS(2*).
Proof. Let a € DS() and let f be an enumeration of 2 witnessing this, i.e.
f71) € a. Then (f*)~1(A*) = f~1(2) and hence a € DS(A*).

Now let a € DS(2*) and let h be an enumeration of 2* with h=1(A*) €
a. By Proposition 2, there exists an injective enumeration g of 2* such that
g H®RA*) <t h71(2A*). Our goal is to construct an enumeration f of 2 such that
YR <1 g~ 1(A*). Then by Proposition 4 we would get that a € DS(2).

Let 0% = g=1(0*). Then the set g~1(A) = g7 1(Ap) \ {07} is computable in
g~ }(A*). Fix an element zg € g~ 1(A) and let

m(0) = zo;
mli+1) = pz € g~ (A)[(Vk < 8)(m(k) # )]

Note that m <t g~1(2*) is a bijective enumeration of g=1(A). Let
J(z,y) =g~ (U (g(x), 9(1)))-
Clearly J is computable in g=1(2*). As usual set J;(z) = z and
Int1(x1y .y xpng1) = J(x1, Jn(T2, .. o, Tny1)).

Set f = Ax.g(m(x)). Clearly f is an injective enumeration of the structure
2. Consider a predicate R; of . Then

f_l(Ri) = {<l‘1, s 7x""i> : Jri(m(ml)’ s 7m<xn‘)) € g_l(R;‘K)}

and hence f~1(R;) is computable in g—!(2A*).
Thus f~(2A) <r g~ (A").



2.2 The set Ky

Let f be an enumeration of 2. Given natural numbers e and z let
fEF.(r) < z¢€ Weffl(m)

and let
[ EFe(z) < [ Fe(z).

We shall connect with the modelling relation ” =" a forcing with conditions
all finite mappings of N into A ordered in the usual way. We shall call these
finite mappings finite parts. The finite parts will be denoted by the letters J, 7.

Given a finite part 6 and R C A™, let 6-1(R) be the finite function on the
natural numbers taking values in {0, 1} such that

U R)(u) =1 <= (3a1,...2, € dom(d))(u = (z1,...,2,) &

(6(z1),...,6(zn)) € R) and (1)
0N R)(u) ~0 <= (3x1,... 7, € dom(0))(u= (21,...,2n) &

By 6~1(2) we shall denote the finite function 6= *(Ry) & ... ® 5 (Rs).

If a is a partial function and e € N, then by W we shall denote the set
of all z such that the computation {e}“(x) halts successfully. We shall assume
that if during a computation the oracle « is called with an argument outside it’s
domain, then the computation halts unsuccessfully.

Definition 9. For any e,z € N and for every finite part §, define the forcing
relations § |- F(z) and 6 IF = F.(x) as follows:

SIFFo(z) < zeWw? '@
0k —F.(z) < (V7 2)(7 I} Fe(x)).
The following two properties of the forcing relation are obvious:

(F1) §IF (m)Fe(x) & 0 C 7= 7IF (7)) Fe(x).
(F2) For every enumeration f of 2,

fEF2) <= @7 C I F)
Definition 10. An enumeration f of 2 is generic if for every e,z € N:
(3r C f)(7 Ik Fe(x) V7 IF =F.(x)).
Clearly for every generic enumeration f of % for all e,x € N,
fEFux) <= (3r C )7k ~Fu()).

With each finite part 7 # () such that dom(r) = {x1,...,2,} and 7(z1) =
S1y...,T(Tn) = Sy, we associate the element 7* = IT,,(I1 (27, s1),..., I (xk, sp))
of A*. Let 7* =0if 7 = ().



Define Ky = {II5(6*,e*,2*) | (37 D )(7 I+ Fe(x)) & e*,x* € N*}.
Let
Q(?( = (A*;Ao, T,. .. ,R:,GH,GL,GR,:,KQ[).

The following proposition follows directly from Lemma 7.

Proposition 11. Let f be an enumeration of A. Then

(f)7H W) = F7H @) @ (F) 7 (Ka)-

2.3 Every Jump Spectrum is Spectrum

Theorem 12. For every structure 2 there exists a structure B such that
DS; (/) = DS(B).

Proof. Let B = A3, defined above. We shall prove that DS; () = DS(B). We
divide the proof into two parts.

Proposition 13. DS;(2() C DS(B).

Proof. Let a € DS;(2) and let g be an enumeration of 2 such that g=1(A)" €
a. By Proposition 2, there exists an injective enumeration f of 2 such that
) <t g H(A). Since f1(A) <t g~ }(A) and DS(B) is closed upwards,
it is sufficient to show that dr(f~1(2))’ € DS(B). For we shall show that
(f5)71(B) <7 f~1(A) and use once more the fact that DS(B) is closed up-
wards.

From the construction of the enumeration f* in the proof of Lemma 7 it
follows that f* is also injective.

Recall the definition of the subset N* = {z* : © € N} of A*. For every natural
number z let 2% = (f*)"(z*) and let N#* = {z% : x € N} = (f*)"}(N*).
Notice that 0% = 0 and (z +1)* = J(0,2#) and hence N# is a computable
set. Clearly there exist computable functions n; and ny such that for all natural
numbers x, ni(z%) = x and ny(z) = z7%.

Denote by A the set of all finite parts in 2. Clearly for every finite part 7,
there exists a unique element 7* of A* defined as in the previous section and a
unique natural number 77 = (f*)~1(7*).

Let A* = {7*:7€ A} and A% = {7# : 7 € A} = (f*)~1(4").

It is easy to see that a number 7# belongs to A# if and only if 7# = 0 or
for some n > 1 there exist n distinct elements 1%, ..., z,# of N# and n odd
numbers yi, . .., Yy, such that

T# = Jn(J(z1#7y1)a EERE J(xn#ayn))

Therefore the set A% is also computable.
Given a 77 = J,,(J(z1%,y1), ..., J(2n, 7, yn)) € A% let

dom(T#) = {xl#, . ,xn#}

and for every z;% € dom(7%), set 7% (2;%) ~ y;,.



We shall assume that dom(77%) = ) if 77 = 0.

Notice that dom(r#) = {a# : z € dom(7)} and for every z € dom(t),
FH# #)) = f(r# (@#)]2) ~ (). )

Let R C A" and 7 € A. Recall the definition of the finite function 7=1(R)
given in the previous section. Clearly

THR)(u) >~ 1 <= Bu#, ... 2, ® € dom(t#))(u = (x1,...,20) & @)
(7% (@17)/2,..., 7% (22 7)/2) € [7H(R))
and

T R)(u) ~0 <= (Fx,7,... ,J;n#_e dom(7%))(u = (z1,...,2,) & (3)
(r# (2 #)/2, ... 7% (2,7)/2) & fTH(R)).

By (2) and (3), there exists a computable function p such that for every
TEA TTHY) = {p(r#)} .

It is easy to see that there exists a computable predicate P such that for all
7,6 €A, P(17#,0%) ~1 <= 7 CJ.

Thus we obtain that

() 1K) = {Ja(6%,e#*,2#) : Gr e ) C 7 & 7l Fulw)} =
[Ja(%, c#,a#) : (3r# € A#)(P(6#,7#) = 1 & o e W)

Hence (f*)71(Ky) is c.e. in f~1(). From here it follows that (f*)~!(Kgy) <t
f71(). Therefore, by Proposition 11, (f*)~*(B) <t f~1(A)".

Now we turn to the proof of the reverse inclusion. We shall need the following
property of the jump spectrum:

Lemma 14. FEvery jump spectrum s closed upwards.

Proof. Consider a structure 2. Let b be a degree, b > a and a € DS; ().
Then for some ¢ € DS(2), ¢’ = a. By the relativized jump inversion theorem
of Friedberg, there is a degree d > ¢ such that d’ = b. By Proposition 4,
d € DS(). Thus b = d’ € DS; ().

Proposition 15. DS(8B) C DS, (2).

Proof. Let a € DS(B) and m be an enumeration of B such that m~!(B) €
a. By Proposition 2, there exists an injective enumeration f of 8 such that
F71(8) <t m~1(B). We shall construct an enumeration g of the structure 2A
such that g=1(2)’ <t f~1(B). Then, by Lemma 14, a € DS; ().

Recall that B = A%.. Let f~1(A) = A¥ and f~1(Ky) = K#. Clearly the
sets A% and K# are computable in f~!(8). Define the computable in f~1(8)
function J by J(z,y) = f~Y(II(f(z), f(y))). Clearly there exist computable in
f71(B) functions [ and r such that for all z,y € N,

I(J(z,y)) =« and r(J(x,y)) = y.



Set Jy(z1) =21 and Jyp1(21, .., Tpa1) = J(x1, Ju(x2, .oy Tpt))-

For every natural number z consider the element z* of A* and let z# =
f~1(z*). Let N# = {a# : 2 € N}. Now, we have that N# is computable in
f71(®B) and that there exist computable in f~1(B) functions n; and ny such
that for all x € N, ny(x) = 2% and na(2%) = 2.

Given a partial mapping h of N in A, by h# we shall denote the unique
mapping of N# in A% satisfying for all natural numbers x the equality:

W (@#) = [ (h()).
Clearly for all partial mappings h; and hg of N in A,
h1 - h2 < hl# - hg#.

For finite parts 7 we shall identify 77 and its code f~1'(7*). Denote by A
the set of all finite parts and let A# = {7# : 7 € A}. Notice that the set A% is
computable in f~1(8).

As in the proof of the previous proposition one can easily see that there
exists a computable in f~1(B) function p such for every finite part 7, 771(2) =
{p(r#) (B,

Now we turn to the construction of the enumeration g. We shall construct g
as a generic enumeration such that g is computable in f~1(8).

The enumeration g will be constructed by stages. At each stage s we shall
define a finite part 7, so that 7, C 7541 and let g = |, 7s.

From the construction it will follow that the function As.7s# is computable
in f~1(%B) and hence the mapping g* is also computable in f~!(B).

We shall consider two kinds of stages. On stages s = 2r we shall ensure that
the mapping ¢ is total and surjective. On stages s = 2r + 1 we shall ensure that
g is generic.

Let 79 = (). Suppose that we have already defined 7.

(a) Case s = 2r. Let x be the least natural number such that z# does not
belong to dom(7,#) and let y be the least natural number in A# which does not
belong to the range of 7,7. Set 7511(x) = f(y) and 74 1(2) =~ 74(2) for z # .

(b) Case s = 2(e,x) + 1. Consider the set X,y = {d | § IF Fe(z)}. Check
whether there exists a finite part § € X,y which extends 7,. Clearly this is
equivalent to J3(7%, ¥, 2%) € K¥.

If the answer is negative then 75 I = F,(z). Set 7511 = Ts.

In the case of a positive answer find a 6% such that 7s# C §# and

z € WEHY T,

We can do that effectively in f~1(B) by enumerating all triples (67, ¢, %), where
T,% C 8%, 11,15 € N and checking for every such triple whether

. P

ety

Set 7541 = 0.



End of the construction
By the genericity of g,

reEgI(A) = gk Fgg(ac)1 — G C9) 7k Fi(a)
@r# C g#)a e WY ),

and

zeN\g ') <= g Fu(2) < (3 Cg)(rIF ~Fi(2)) <=
(37-# - g#)(Jg(T#,Z‘#,J?#) g K#)

Since g is computable in f~!(B), we get from here that g=(A)’ and N\
g L) are c.e. in f~1(B) and hence g~ 1(A) <t f1(B).

The proof of the theorem is concluded.

3 Marker’s Extensions

MARKER [7] presented a method of constructing for any n > 1 an Ry-categorical
almost strongly minimal theory which is not X,-axiomatizable. Further GON-
CHAROV and KHOUSSAINOV [4] adapted the construction to the general case
in order to find for any n > 1 examples of Xi-categorical computable models as
well as Ng-categorical computable models whose theories are Turing equivalent
to (™). We shall give the definition of Marker’s 3 and V extensions following [4].

Let 2 = (A; Ry,..., Rs,=) be a countable structure such that each predicate
R; has arity ;.

Marker’s J-extension of R;, denoted by R, is defined as follows. Consider

77

.....

shall call the set X; an 3-fellow for R;. We suppose that all sets A, X;,..., X,
are pairwise disjoint.
The predicate R is a predicate of arity r; + 1 such that

Ri(ay,...,ay,,7) < ai,...,a,, CA& € X; & o= xéal,...,am'
The property of R7 is that for every ay,...,a,, € A
3z € Xi)R?(al,...,amx) <~ Ri(ai,...,an,). (4)

Definition 16. The structure 27 is defined as follows:

(AUUXI-;R?,...,R?,Xl,...,Xs,:),
i=1

where each R? is the Marker’s 3-extension of R; with the 3-fellow X;.



Further, Marker’s V-extension of R7, denoted by R7Y, is defined as follows. Con-
sider an infinite set Y; of new elements such that

Y, = {yéal)_wa”,z) :=R(a1,...,a,,,2) & ai,...,a,, € A, & x € X;}.

We shall call the set Y; a V-fellow for R7. We suppose that all sets A, X1,...,
X, and Yq,..., Y are pairwise disjoint.
The predicate R7V is a predicate of arity r; + 2 such that
1. If R7¥(a1,...,ar,,z,y) then ay,...,a,, € A, z € X; and y € Y;;
2. Ifay,...,ar, €A, &€ X; &yeY, then
ﬁR?V(al, e G, T Y) =y = yéahm’am@ )
From the definition of RZ¥ it follows that if ai,...,a,, € A and z € X; then
(Vy € Y)RZ¥(ar,...,ar,,2,y) < Ri(a1,...,a,, x). (5)

Definition 17. The structure 237 is defined as follows

(AulJXiu YR, ... R, X1, ... X, V1, Vs, =),
i=1 i=1

where X; is the J-fellow for R; and Y; is the V-fellow for R?.
The structure 237 has the following properties:
Proposition 18. 1. Let a1,...,a,, € A. Then:
(a) Ri(as,...,a.) <= 3z € X;)(Vy € ))R:"(ay,...,ar,7,y);
(b) If Ri(ay,...,a,,) then there exists a unique x € X; such that
(Vy S Yi)R?v(ala sy Qpy, Ty y);

2. For each sequence ai,...,a,, € A and x € X; there exists at most oney € Y;
such that =R3¥(ay, ..., ar,2,9);

3. For each y € Y, there exists a unique sequence ai,...,a,, € A and x € X;
such that =R3¥(ay, ..., ar,7,9);

4. For each x € X; there exists a unique sequence ai,...,a,, € A such that for

all y € Y; the predicate R (a1, ..., a,,,,y) is true.

Proof. 1. (a)(=) Let R;(ai,...,ar;). Then by (4) there exists x € X; such that
R3(ai,...,a,,,2) (in fact z = xl< ). By (5) it follows that for every y € Y;

a1,..ar;)
Rizlv(alv c .,amx,y).

(<) Let * € X; and R7'(a1,...,a,,,z,y) for all y € Y;. Then by (5)
R3(ai,...,a,,,z) and hence by (4) R;(a1,...,a,,).

1. (b) Follows from the definition of X; and (5).

2. Follows from (5) and the definition of ¥;.

3. Follows from the definition of Y;.

4. Let x € X;. Then z = xial ) for some ay,...,a,, from A such that

Ri(ay,...,a,,). Hence R7(ay,...,a,,,r). Then, by (5), there is no y € Y; such
that =~R77(ay,...,a,,,z,y). Clearly for every sequence by, ...,b,, € A not equal
to ay,...,a,,, R7(by,..., b, z) is false and hence for y = yébl b ) the predi-

cate RZ¥(by, ..., b, x,y) is false.



4 Join of Two Structures

Let 2 = (A;Ry,...,Rs,=) and B = (B; Py, ..., P,,=) be countable structures
in the languages £, and Ly respectively. Suppose that £1 N Lo, = {=} and
ANB=1.Let L=L1ULy;U{A, B}, where A and B are unary predicates.

Definition 19. The join of the structures 2 and B is the structure A & B =
(AUB;Ry,...,Rs, P1,..., P, A, B,=) in the language £, where

(a) the predicate A is true only over the elements of A and similarly B is
true only over the elements of B;

(b) each predicate R; is defined on the elements of A as in the structure 2
and false if some of the arguments of R; are not in A and similarly each predicate
P; is defined as in the structure B over the elements of B and false if some of
the arguments of P; are not in B.

Lemma 20. Let 2 and B be countable structures and € = ADB. Then DS(C) C
DS(2() and DS(€) C DS(B).

Proof. We shall prove that DS(€) C DS(2(). The proof of DS(€) C DS(B) is
similar.
Let f be an enumeration of €. Fix zy € f~1(A). Define

m(0) = zp;
m(i+1) = pz € fTHA)(VE < i) ((m(k), 2) & f~H(=))].

Set h = Az.f(m(x)). Note that m <7 f~!(¢) and the enumeration h of 2 is
injective and hence h~!(=) is computable. Moreover

(x1,...,2r,) € WYRy) = Ri(f(m(z1)),..., f(m(z,,))
= (m(z1),...,m(z,)) € fTH(Ry).

Thus h_l(Rz) <7 f_l(Q:)
Then h=1(A) < f~1(€). Since DS(2A) is closed upwards, dr(f~(€)) €
DS(RL).

5 Representation of X9(D) Sets

Let D C N. A set M C Nis in X9(D) if there exists a computable in D predicate
Q@ such that
n €M < JaVbQ(n,a,b) .

Definition 21. [4] If M € X9(D) then M is one-to-one representable if there
exists a computable in D predicate (Q with the following properties:

1. ne M <= FavbQ(n,a,b);

2. n € M <= there exists a unique a such that ¥bQ(n, a,b);

3. for every pair (n,a) there is at most one b such that -Q(n, a, b);
4. for every b there is a unique pair (n,a) such that =Q(n, a,b);



5. for every a there exists a unique n such that VbQ(n,a,b).

The predicate ) from the above definition is called an one-to-one representation
of M. GONCHAROV and KHOUSSAINOV [4] proved the following lemma:

Lemma 22. If M is a co-infinite X3(D) subset of N and there is an infinite
computable in D subset S of M such that M \ S is infinite, then M has an
one-to-one representation.

Remark 23. We will use the lemma in the next section in the proof of Theo-
rem 25. In order to satisfy the conditions of the lemma we need the following
technical explanations.

Let 2 = (A; Ry, ..., Rs,=) be a countable structure. Recall that the set A is
infinite. We can easily find a structure A% with the same degree spectrum as 2
and such that for every injective enumeration f# of 2 and for each predicate
R of A# the set f# 71(R) is co-infinite and there is a computable infinite subset
S of f#71(R) such that f# ' (R)\ S is infinite.

One way to do this is the following. We add to the domain A of the structure
2 two new elements say “T” and “F”. For each r-ary predicate R of 2 define a
(r + 1)-ary predicate R* as follows:

true it T e {ay,...,a-,b};
R*(ay,...,a.,b) ={ false it Fe{a,...,ar,b} &T &{as,...,a.,b};
R(ai,...,a.) it F T & {ay,...,a,,b}.
Let A# = (AU{T,F}; R\*,... R =).

Lemma 24. DS() = DS(2) and for every injective enumeration f# of A%
and each nontrivial predicate R;™ the set f#_l(Ri#) is co-infinite and there is
a computable infinite set S C f# ' (R;#) such that f#~ ' (R;#)\ S is infinite.

Proof. For each injective enumeration f of 2 we construct an enumeration f#
of A# as follows: f#(0) =T, f#(1) = F and f#(x +2) = f(z). Then

(1, ... 20, 2) € fF N RHF) = (0€ {21,... 20,2}V
0,1 {x1,..., 20,2} & (21— 2,... 2., — 2) € fFHRy)).

It is obvious that f#_l(Ri#) <t f~Y(R;). Moreover let ¢ # 0, 1.
(@1, € fTUR) = (@142, .2 +2,0) € fFTH(RA).
So f# N (R#) =1 fL(Ry).
For each injective enumeration f# of A% we construct an injective enumer-
ation f of A as follows. Let tt = f#fl(T),ff = f#fl(F) and a € f#fl(A).

m(0) = q;
m(i+1) = pz[(Vk <i)(z £ m(k) & z £ tt & z # ff].



Set f = Az.f#(m(z)). Then

(1,0, Ty, 2) € f#_l(Ri#) (tt € {z1,...,xr;, 2}V
(tt7 ff ¢ {mla s ,Jfri,Z} & <m_1 xl)a

_ -1
In order to see that DS(A) C DS(#) let a € DS(2) and let h be an enumer-

ation of A, h=1(A) € a. By Proposition 2, there exists an injective enumeration
f of 2 such that f=*(A) <t h~1(2). Then let f# be the enumeration of A#
constructed above and so f~1(2) =1 f #! (27). Then by Proposition 4 we have
that a € DS(2(#). The proof of DS(#) C DS(2) is similar.

For each injective enumeration f# of A% the set f#_l(Ri#) is co-infinite
since the set {(x1,...,2p,,2) | ff € {21,..., 2,2} & tt & {21,...,2,,2}} is
infinite, here tt = f#_l(T),ff = f#_l(F). There is an infinite computable
subset S = {(x1,...,%,,2) | tt € {x1,..., 2, 2}} of f#_l(R,»#). Moreover
f#fl(RZ-#) \ S is infinite. Let as,...,a,, € A such that R;(ay,...,ar,). The
set {(F#7 (@)oo S* T an).2) | 2 €N &2 {tt, ) C F#T(RH)\ S s
infinite.

Note that actually the set f# 71(—|RZ—#) is also co-infinite and there is an

infinite computable subset P of f#fl(—\Ri#), so that f#fl(—'Ri#) \ P is infinite.

(1. 2n) € FURY) = (m(z1),...,m(z.),a) € F* (RH).

mTH(z,) € fTH(R)).

6 The Jump Inversion Theorem

Theorem 25. Let A and B be structures such that DS(2) C DS1(B). Then
there exists a structure € such that DS(€) C DS(B) and DS;(€) = DS().

Proof. Let A= (A; Ry,...,Rs,=). For every predicate R; consider a new pred-
icate R{ which is equal to the negation of R;, i.e.

Ri(ai,...,ar,) <= —-Ri(ai,...,ar,),

for every ay,...,a,, € A.

By Lemma 24 we may suppose that for every injective enumeration f of
and each nontrivial predicate R; the sets f~'(R;) and f~'(RS) are co-infinite
and there are computable infinite sets S C f~1(R;) and P C f~1(R¢) such that
FH(R;)\ S and f71(RS)\ P are infinite.

We extend the structure 2 including the negations of the predicates as fol-
lows:

A= (A; Ry, RS, ..., Ry, RS, =).

We will denote the new structure by 2 = (A; Ry, R, ..., Ros_1, Ros, =), where
R2i71 = RZ‘ and Rzi = Rlc for i = 1,...,8.

It is clear that DS() = DS(A) since for each enumeration f of 2 we have
that f~1(2) =p f~1 ().



Consider now the structure A7". Let X be the 3-fellow of R; and Y; be the
V-fellow of R?, j=1,...,2s.

Without loss of generality we may assume that the structures
B = (B; Py,...,P,,=) and 27" are disjoint.

Let € = B @ A77. By Lemma 20, DS(€¢) C DS(B). We shall prove that
DS;(€) = DS(2L).

We start with the proof of the inclusion DS;(€) C DS(21).

Let ¢ € DS1(€) and let g be an enumeration of € such that ¢ = dT(gfl(Q))/
By Proposition 2 there is an injective enumeration h of € such that h=1(€) <t
g~ 1(€). We shall construct an enumeration f of 2 such that f~*(2A) <t h~*(€)’
and hence f~1(A) < g~1(€)". Then by Proposition 4, ¢ € DS(2).

We have

zeh™HA) = (Vi <2s)(z ¢ h 1 (X)) & 2 ¢ R (Y})) & 2z ¢ b (D).

Thus h=1(A) <t h=1(€).

Fix 29 € h™1(A). Let

m(0) = xo; m(i + 1) = pz € h=H(A)[(Vk < i)(m(k) # 2)].

Clearly m <t h=1(€).

Set f = Aa.h(m(a)). Note that the enumeration f is injective.

Let R be an r-ary predicate of 2, X be the 3-fellow of R and Y be the
v-fellow of R7.

By Proposition 18, we have

ai,...,a.) € fYR) = R(f( 1)+, fla;)) =
EIaEX)(VbEY)RaV( ( 1), flap),a,b) <

(

(

(G € h=1(X))(Vy € A1 (V)R (hm(a))....., h(m(a,)), h(x). h(y)) <>
(Fz € h=H(X))(Vy € L1 (Y))((m(a1), ..., m(ay), 2,y) € h™H(RY))
(F2)(Vy)((m(a1), ..., m(a,), 2,y) € W H(RP) & w e h™H(X) &y e h™'(Y))

Hence f~1(R) € X9(h~1(@)).
Consider now the complement predicate R® and let and X¢ be the 3-fellow
for R¢ and Y be the V-fellow for (R¢)?. We have again:

{ai,...,a) € fYR®) < R(f(a1),...,f(a,)) =
(Fa € X°)(Vb € YO (R (f(ar),..., f(a,),a,b) <
(3a € (X)) (Vy € A1 (YO)) ((m(ar), ..., m(a,),2,y) € h~1(R)Y).
Thus f~1(R¢) € X9(h~1(€)). Therefore f~(R) € AJ(h=1(€)) and hence
FTHR) <p h7H()"

So, fH(R) <7 h~1(€)". _
Now we turn to the proof of the reverse inclusion DS(2() C DS;(€).

Let a € DS() and let n be an enumeration of 2 such that a = dT( —Ln).
By Proposition 2, there is an injective enumeration f of 2l such that f~() <t
n~1(A). We are going to construct an enumeration h of € such that h=!(¢)" <t



f~1(2A). Since, by Lemma 14, DS;(€) is closed upwards we shall obtain that
ac DSl(Q:)

Recall that DS(R() = DS(2) € DS;(B) and dr(f~1(2)) € DS(). Then there
is an enumeration g of % such that f~1(2) =1 (¢7'(B))". Set D = g~ (B).
Consider the predicate Rj. Let Rj be r-ary. Since f~1(A) < D’, we have that
f~YR;) <t D'. Then f~Y(R;) € X(D). Set M; = f~(R;). The enumeration
f is injective and hence the set M; is co-infinite and there is a computable
infinite sets S C M, such that M; \ S is infinite. So M; satisfies all conditions
from Lemma 22. Then by Lemma 22 there exists a computable in D predicate
Q; which is an one-to-one representation of A;. Then

1. (n1,...,n,) € M; <= there exists a unique a such that

(V0)Q;((n1,...,ny),a,b);
2. for every b let r(b) = ({nq,...,n,),a) be the unique pair such that

_‘Qj(<n1? o anT>7a7b);

3. for every a let l(a) = (n1,...,n,) be the unique (nq,...,n,) such that
VbQ]’(<’I’L1, ey n7->, a,b).

Let Ny = {(1,n) | n € N}, Ny = {(2,4,a) | j < 2s & a € N} and N3 =
{(3,7,b) | 1 <25 & b € N}. Set Np = N\ (U?:1 N;). Consider a computable
bijection m from N onto Ny.

The definition of the enumeration h of € is the following:

h(m(n)) = g(n);

({1 m) = £ () |

h(<2,j,a>) = xzf(nl),.“,f(nr))’ if l(a') = <n1a ce an7‘>;

h((3,5,0)) = yzf(m),»-.-»f(nr),h(<2g7a>))’ it r(b) = ((n1,...,np),q). B
Recgll that X; = {mj(al’m’ar> | Rj(a1,...,a;)} is the 3-fellow for R; and
Y =AYlur a2 | -R3(a1,...,a,,x)} is the V-fellow for R7.
From the choice of Y} it follows that
—Q;((n1,...,nr),a,0) = r(b) = ((n1,...,n:),a)
&= (3,5 0) = Ylgna)...o fln,) h(25.0)
= R](f(n),- .., f(ne), h((2, 5, a)), h((3, ], D)))-
An then
Q;((n1, ..., nr),a,b) <= RFV({f(n1),.... f(nr), h((2,5,a)), ({3, 5,D))).
Define

RVM((Lma), .. (Lng), (2,5,0),(3,5,0) <= Qj((n1,....n,),a,b) .

It follows that R?v’h <1 D. Moreover

RM(((Lma), .. (Lny ), (2,4,a), (3,5,b))) <=
RV (h((1,m1)), ..., h({1,1,))), R((2, 5, @), h((3, 5, )))



So R?V’h = h_l(RJE-V) and hence h~'(R5¥) <r D.
The sets A= (4) = Nu, h=(X)) = {(2.0,0) [ @ € N}, 17 (1) = {(3.5.0) |
b € N} are computable. Then h~ (Q( ¥y <1 D.
Note that
Rj(f(m),-...f(ny)) <= (m,...,ny) € f7H(R;)
— (Ha)(Vb)Qj(ml, cey Ny, aLb)
= GoWR (L) - (1), (2, ,0),(3,5,5)))
— (ELI )(vyE}/J)RJHV(f(nl)v7f(n'f)7a:7y)

For every predicate P; of ‘B it holds that
“HPy) = {(m(ny),...,m(ny,)) | (n1,...,np,) € g~'(P;)} and A~ (B) = N.
It is obvious that h=1(B) <t D = g~ }(B).
The pullback of the equality is defined over the elements which are pullbacks
of elements of B as g~!(=). Over the other elements the equality is defined in
the usual way. So, h~1(=) is the set:

{(z,9) | ((m™ N (z),m () eg ™' (=) &z,yeNg) V(z =y & z,y ¢ No)}.

Then A1 (=) <T D. Thus h™'(BaAF) = h™'(¢€) <p D = g~(B). Using that
g (B) =1 f~HRA), we get from here that h=1(€)" <t f~1(A).

7 Some Applications

The jump inversion theorem proved in the previous section can be easily gener-
alized in the following way.

Definition 26. Given a structure 2 and n > 0, let the nth jump spectrum
DS, (2A) be the set {a(™ :a € DS(A)}.

Clearly DSo(2) = DS(2() and DS,,+1(%) = {a’ : a € DS, (2)}. Using this
and Theorem 12, one can easily see by induction on n that for every n there
exists a structure 2™ such that DS, () = DS(2A™).

Theorem 27. Let A and B be structures such that DS(A) C DS, (B). Then
there exists a structure € such that DS(€) C DS(B) and DS, (€) = DS(2).

Proof. Induction on n. The assertion is obvious for n = 0. Suppose that it is
true for some n. Let DS(2A) C DS,,1(B). Consider a structure B such that
DS(B™) = DS, (B). Clearly DS(A) C DS;(B™) and hence by Theorem 25
there exists a structure €* such that DS(¢*) € DS(B™) and DS; (¢*) = DS(2L).
By the induction hypothesis, there exists a structure € such that DS(€) C DS(8)
and DS, (€) = DS(€*). Then DS,,11(¢) = DS;(€*) = DS(A).

Definition 28. A degree a is said to be the nth jump degree of a structure 2 if
a is the least element of DS,, ().



Notice that if a is the nth jump degree of 2 then for all k, a(®) is the (n+k)th
jump degree of 2. Hence if a structure 2 possesses a nth jump degree then it
possesses (n + k)th jump degrees for all k.

With respect to the jump degrees of 2 it does not matter whether we consider
arbitrary enumerations of 2 or only injective enumerations of 2. Indeed, by
Proposition 2, if a is the least element of the spectrum of 2 then a = dr(f~1(2))
for some injective enumeration f.

The definitions above can be naturally generalized for all recursive ordinals
a. In [3] DowNEY and KNIGHT proved with a fairly complicated construction
that for every recursive ordinal « there exists a linear order 2 such that 2 has
ath jump degree equal to 0% but for all § < «, there is no Sth jump degree of
2.

Here we shall present a construction which allows us to obtain for every
natural number n examples of structures which have (n + 1)th jump degree
equal to 0("*1) but do not have kth jump degree for k < n.

The idea of this construction is the following. Suppose that we have a struc-
ture 2 satisfying the following conditions:

(C1) DS(A) C {a: 0™ < a}.
(C2) DS(2) has no least element.
(C3) 2 has a first jump degree equal to 0+,

Let B = (N;=) be a structure such that DS(B) is equal to the set of all
Turing degrees. Clearly DS(2() C DS,,(®8). By Theorem 27, there exists a struc-
ture € such that DS, (€) = DS(2). Therefore € does not have a nth jump
degree and hence it has no kth jump degree for £ < n. On the other hand
DS, 11(€) = DS;(2) and hence the (n + 1)th jump degree of € is 0(*+1),

Now we provide an example of a structure satisfying the conditions (C1) —
(C3).

We shall need the following fact about the degree spectra of the subgroups
of the additive group @ of the rational numbers, i.e. of the torsion free Abelian
groups of rank 1. Details can be found in [2] and [11].

Given a set A of natural numbers and z € N, let

W.(A) ={z: (Fv)({z,v) e W, & D, C A)},.

where D,, denotes the finite set with canonical code v.
We say that A <. Bif A =W,(B) for some z. Notice that if A <. B and B is
c.e.in C, then A is c.e. in C. Furthermore if A is c.e. in B, then A <, B&(N\B).
For every set A of natural numbers let J.(A) = {z : x € W,(A)}. The set
Jo(A) is called the enumeration jump of A.
Fact.[2,11] For every set A of natural numbers there exists a group G4 C @
satisfying the following conditions:
1. DS(G4) = {dr(X): Ais ce. in X}.
2. dr(J.(A)) is the first jump degree of G 4.

By a relativization of the Jump inversion theorem of McEvoy [6], we obtain
that there exists a set A such that



L 0™ @ (N\0™W) <, A;
2. (YX)(X & (N\X) <, A= X <p 000
3. 00t =1 J,(A).
Now consider G4. Let dp(X) € DS(G4). Then A is c.e. in X and hence
P @ N\ 0™ is c.e. in X. Then P <1 X. So, G 4 satisfies (C1). Clearly G4

satisfies (C3).

Assume that dp(X) is the least element of DS(G 4). Then, by Selman’s The-

orem [10], X @ (N \ X) <. A and hence X <7 (™. Thus A4 is c.e. p»). From
here it follows that A <, 0 @ (N\(0™). A contradiction. So, G 4 satisfies (C2).
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