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Abstract

We introduce the basic notions and facts of the classical Computability
theory. The accent is on the relative computability and some reducibilities
among sets and functions, as Turing reducibility, many-one reducibility,
c.e. reducibility and enumeration reducibility. We show how the structure
of Turing degrees can be embedded isomorphically into the structure of
the enumeration degrees. We illustrate some basic methods as forcing,
genericity and prove some basic theorems as Fridberg’s Jump Inversion
Theorem for the Turing jump and the existence of quasi-minimal enu-
meration degree, the minimal pair theorem and the Selman’s theorem for
the enumeration degrees. We give an illustration how the Computability
theory is applied in the Computable structure theory. We give an survey
of some general properties of the degree spectra of a structure which show
that they behave with respect to their co-spectra very much like the cones
of enumeration degrees. Among the results are the analogs of Selman’s
Theorem, the Minimal Pair Theorem and the existence of a quasi-minimal
enumeration degree. We consider the relationships between the spectra
and the jump spectra. Our first result is that every jump spectrum is also
a spectrum. The main result is a Jump inversion theorem for the degree
spectra.
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1 Introduction

This is a short course on Computability theory and its applications in Com-
putable structure theory. We start with Kleene’s definition of the computable
functions, Turing computable functions based on the notion of Turing machines
and the Unlimited Register Machine - computable functions. It turns out that
all these notions describe the same class of functions and this is by the Church-
Turing thesis the class of all intuitively effective functions. The relativization of
the notion of computable functions could be obtain in different ways, comparing
the computability of two possibly incomputable sets of natural numbers and
using a different information of them. We consider some basic properties of the
Turing reducibility, many-one reducibility and c.e. reducibility. In the next sec-
tion we introduce the properties of the Turing degrees and Turing jump, some
properties of the generic sets and the forcing relation in order to represent some
methods of this theory. We present the proof of the Fridberg’s Jump Inversion
Theorem. Next sections is devoted to the notion of enumeration operator, the
properties of enumeration reducibility and the connections with the other re-
ducibilities. We show how the Turing degrees are isomorphically embedded into



the enumeration degrees. We prove some basic properties of the enumeration
reducibility as the quasi-minimal degree, the minimal pair theorem and the Sel-
man’s theorem. In the last section we consider as an application of this theory
the notion of degree spectrum of a countable structure which is a measure of
complexity of the structure. We consider several examples of degree spectra and
co-spectra and prove some general properties of the degree spectra which show
that the degree spectra behave with respect to their co-spectra very much like
the cones of enumeration degrees. Among the results we would like to mention
are the analogs of Selmans Theorem, the Minimal Pair Theorem and the exis-
tence of a quasi-minimal enumeration degree. We introduce an analogue of a
jump of a structure and prove a jump inversion theorem for degree spectra and
that every jump spectrum is a spectrum of a structure.

We follow [5, 2] for the basic notions of Computability theory. The approach
and the structure of the explanations come from of the course on Recursion
theory in the Master program Logic and Algorithms, which was taught by the
second author in the past several years at Sofia university. And the last section
is based on [17, 18].

2 Relative computability

In this section we will introduce the class of computable functions. The goal is to
fix he notations and definitions and to remind some basic facts and theorems,
from the classical computability theory. All notions and theorems could be
found in [5, 2].

2.1 Computable functions

After Godel’s formalization of the intuitive notion of a computable function,
Stephen Kleene gave this model of computability its final form, and he developed
the theory of computability (recursive function theory).

We will consider only partial functions on the set of the natural numbers
N =1{0,1,2,...}. Denote by F, the set of all partial functions on n arguments
on N.

Definition 2.1.1 (Kleene). A function f is partial recursive (p.r.) if it can be
obtained from the basics O = Az.0, S = Az.x + 1, and I}] = Azy,...,2,.2%
by the operations superposition, primitive recursion and p operation applied
finitely many times, where

e the function h € F,, is a superposition of g; € F,,, i =1...k, and f € Fi
iff Aey . oxn bz, xn) = flg(xr, .o xn) oo gn(@1, -0 X)),

e h € F,41 is a primitive recursion of f € F,, and g € F,, 4o iff
h(z1,...,2,,0) = f(z1,...,2,) and
h(xla"'axn7y+1):g(xlu'"7$n7y7h($17"'7xn7y))



e h € F,, is obtained by p operation of f € F, 41 iff
h(xla"'axnu) :/'Ly[f(xhaxnay) :0]
(ie. V2 <y( flar,...,2n,2) > 0)&f(z1,...,2n,y) = 0).

As usual a function in the natural numbers we call primitive recursive if it
can be obtained from O, S and I* by the operations superposition and primitive
recursion, applied finitely many times (without using the p operation). We call
a p.r. function computable (recursive) if it is total.

Using the primitive recursive functions we can code different ”data struc-
tures” in the natural numbers, i.e. the n-tuples of natural numbers, the finite
sequences of natural numbers, the finite subsets of N.

Let (x,y) = 2°(2y + 1) — 1. Tt is easy to see that it is a bijection be-
tween N? and N. Moreover there are primitive recursive decoding functions
L({z,y)) = « and R({(z,y)) = y. Let mi(z) = =z and mp41(z1,...,Tny1) =
(x1,mn(z2, ..., Tnt1)). Denote by (z1,...,x,) the code (n,m,(x1,...,2,))) of
the sequence z1,...,x,.

The finite set {z1,...,z,} we denote by D,, where v = 2%t 4 ... 4 2%n,

Several models of computation arise at the beginning of 20th century. The
first machine-based model is due to Alan Turing (1936). The basic hardware for
any Turing machine consists of a tape, subdivided into cells, which is infinitely
extendable in both directions, and a reading/writing head. Each Turing ma-
chine has a program, which uses finitely many internal states and a finite input
alphabet. The computation begins at the start state with the first symbol of
the input. The program decides at each step what action to be done: to replace
the current symbol and to move the head to the left or to the right by one
position or to stay at the same position. The natural numbers are represented
by strings in a finite alphabet, e.g. binary represented. If the machine comes
to a final state it stops and the result is on the tape, after the position of the
head. A function f on the natural numbers is computable by a Turing machine
M if for every input n the machine M stops whenever | f(n) (is defined) and
M(n) = f(n).

As Cooper writes in [2] “It is a remarkable fact that computability exists
independently of any language used to describe it. Any sufficiently general
model of the computable functions gives the same class of functions.” This
prompts Alonzo Church and Alan Turing to conjecture the following in the
1930s.

Fact 2.1.2 (Church - Turing thesis). A function f is effectively computable iff
f is Turing computable.

What we mean by f being effectively computable is that there exists some
description of an algorithm, in some language, which can be used to compute
by finitely many steps any value f(z) for which | f(x).

In support of the Church-Turing thesis it happens that all sufficiently general
known models of computability are equivalent, i.e. they compute the same class
of functions. Other computational models characterizing the intuitive idea of



effective computability are: general recursive functions of Godel, Herbrand and
Kleene(1936), A-definable function of Church (1936), Post canonical systems
(1943), Markov’s algorithms (1951), Unlimited Register Machines by Shepherd-
son and Sturgis (1963).

Unlimited Register Machines (or URMs) are mathematical abstractions of
real-life computers. URMs are more user-friendly than Turing machines. A
URM has registers Ry, Ro, ... which store natural numbers r1,72,.... A URM
program is a finite list of instructions each having one of four basic types: Z(n)
which says that r,, =0, S(n) : r, :=r, + 1, T(m,n) : r, := ry, and the goto
instruction J(m,n,q) : If r, = r,, then go to instruction with a label ¢ else go
to next instruction. Each URM computation using a given program starts with
instruction number 1 on the list and carries out the rest in numerical order
unless told to jump. A computation will halt if it runs out of instructions to
obey. The result is obtained in R;.

A function f is computable by a URM program P if P halts only on the
elements of the domain of the function f and gives the same result as f. f is
URM-computable if and only if there is a URM program which computes f.

Proposition 2.1.3. A function is URM - computable iff it is Turing computable
iff it is partial recursive.

So we will identify p.r. functions with the Turing computable ones and with
URM - computable ones.

Consider an effective coding of all URM programs. By ¢, we will denote
the function, computable by the program with code e. Let {gpén)}eew be the
standard listings of the URM computable functions on n arguments.

Theorem 2.1.4 (Kleene’s normal form theorem). There exists a primitive re-
curswe function T, such that

1. Lol (2) <= Fe[Tule,7,2) = 0;
2. o (@) = L(p[Tu(e,7,2) = 0)).
Theorem 2.1.5 (S!-theorem). There is a primitive recursive function S :

Rl CR ) ESI N (7))

for every a,T,y.

Theorem 2.1.6 (Universal function theorem). There is a partial recursive func-
tion Uy, € Frni1
04 (@) = Un(a,7)

for every a,T.
The characteristic function of a subset A of N we denote by

1 ,x€A
cale) = 0 ,2¢ A



The set A is computable iff c4 is computable.
The semi-characteristic function of A we denote by:

(z) ~ 1 ,t €A
Xalr) = -} ,xé¢ A

The set A is computable enumerable (c.e.) if x4 is p.r. The c.e. sets are the
domains of the p.r. functions. The set A is c.e if there is an effective process
for enumerating all the members of A, or more formally: if A = () or there
is a computable function f such that A = {f(0), f(1),...} = range(f). The
computable sets are closed under union, intersection and complement, and the
c.e. sets are closed under union and intersection. Every computable set is c.e..

The connection between computable and c.e sets is given by Post’s theorem:
the set A is computable iff A and A are c.e.. The Kleene set K = {z | z € W, }
is c.e. (by the Universal function theorem K is the domain of Az.U; (x,x)), but
not computable since its complement is not c.e..

Denote by W™ = dom({™) the computably enumerable (c.e.) set which

is the domain of goén).

The normal form of the c.e sets is: W™ = {Z | Fz[T(e, T, z) = 0]}.

2.2 Turing reducibility

Let ¢ be a partial function on N, which we will refer to as an oracle.

Definition 2.2.1. A function is computable in ¢ if it can be obtained from
the basic functions O, S, I}’ and ¢ by superposition, primitive recursion and
u-operation, applied finitely many times.

We can relativize the notion of a URM program: a URM program with oracle
¢ is a URM program with an additional command O(n), which sends a query
to the oracle about its value on argument: the number, which is contained in
the nth register. If the oracle ¢(r;,) is defined, then the result ¢(r;,) is obtained
in the nth register, otherwise the computation does not halt. A function f is
URM computable with oracle ¢ if there is a URM program with oracle ¢ which
computes f. It turns out that a function f is URM computable with oracle ¢
iff f is computable in ¢.

The Normal form theorem for the functions computable in ¢, the S theo-
rem, the Universal function theorem, and all the properties of the computable
functions and c.e. sets are relativized naturally.

Definition 2.2.2. A function f is Turing reducible to the function ¢ (f <7 ¢)
if f is computable in ¢.

Let A C N be given. We say that a function f is computable in A, if f is
computable in c4.

We will denote the functions that are computable in A by {¢}ee,. We use
also the notation {e}# for 2. The computable in A functions coincide with



the A - Turing computable ones, i.e. computable with a Turing machine with
oracle A.
For sets A, B C N:

Definition 2.2.3. B is Turing reducible to A (B <r A) if the characteristic
function ¢g <7 c4.

The intuition behind this definition is as follows: we want B to be com-
putable from A if we can give a yes or no answer to every membership question
of the form Is n € B? using additionally finitely many answers to similar ques-
tions about the set A Ismy € A7, Ismo € A?, ..., Is my € A?. The immediate
properties are:

1. If A C N is computable, then (VB C N)(A <y B), i.e. ¢4 <r B for an
arbitrary oracle B.

2. A <7y N = A is computable.
3. A<r A

2.3 Many-one reducibility

A stronger reducibility is the many-one reducibility (m-reducibility), which gives
a very natural way of comparing the computability of different possibly incom-
putable sets of natural numbers A and B.

Definition 2.3.1. The set A is many-one reducible (m-reducible) to B if
A <,, B < (3 total computable function h)(Vz)(z € A < h(z) € B).
It is clear that if B is computable (c.e) and A <, B then A is computable

(c.e.).
Proposition 2.3.2. A is c.e. iff A<,, K.
Proof. Let A be c.e. Define:
0 ,r €A
me:{ﬁ¢,x¢A

Since g is p.r., by the S]* theorem, there is a primitive recursive function h,
such that ) (y) ~ g(z,y). Then x € A <= | p(e)(h(7)) <= h(x) € K.
For the other direction it is enough to mention that K is c.e. O
Proposition 2.3.3. A<,, B,B<,,C =A<, C.

Proof. Let t € A <= h(z) € Band x € B <= g(z) € C, where g and h are
computable. Then z € A <= g(h(z)) € C,ie. A<, C. O

Proposition 2.3.4. If A <,, B, then A <p B. Morover K <7 K, K %£,, K.

Proof. Let A <, B by h. Using h we construct a program which computes
h(z) and asks the oracle B if h(z) € B. If we assume that K <,, K, then K
will be c.e. which we know is a contradiction. O



2.4 c.e.-reducibility

Definition 2.4.1. A is computable enumerable (c.e.) inB:
A<.,. B < A= dom({a}B)

for some program with code a.
It follows from the definition:
1. If A is c.e., then (VB)(A <... B).
2. If A <.. N, then A is c.e.
Proposition 2.4.2. A<,, B, B<.. C=A<.. C.

Proof. Let A <,,, B and h be a computable function: z € A < h(z) € B
and e: B = dom(p¢). Consider g(z) ~ ¢S (h(z)). Then z € A <= h(z) €
B < | g(z). Hence A = dom(g) but g <p C, then A <. C. O

Proposition 2.4.3. A<y B= A <_.. B.
Proof. Let ca = {a}?. Construct a new program:
1. execute {a}?(z) with output y
2. if y =1 stop

3. if y = 0 infinite loop.

Definition 2.4.4. W2 = dom({a}?), Kg = {a | a € WF}.

It is clear that: Kp <... B and Kp %.. B. We could see that Kp £7 B from
the next properties.

Proposition 2.4.5. A<.. B B<rC= A<.. C.

Proof. Let A = dom({a}?), B = {b}°. We can translate carefully the program
with code a to another substituting everywhere the call O(n) by calling the
program b. O

Using the same technique we can prove the transitivity of <p.
Proposition 2.4.6. A<y B B<pC=A<pC.

Notice that from A <.. B,B <.. C it does not follow that A <.. C.
Since K <. K and K <. 0, LK is c.e.), if we assume the transitivity of
<ce then K <.. 0 <7 N. Thus K will be c.e., a contradiction.

Proposition 2.4.7 (Post). A<t B <= A<.. B & A<.. B.



Proof. Let A <p B. Since A <1 B then A <., B,and A <., B.

Let A <.. B and A <.. B. Then there are programs P and @, such
that {P}# = ya, {Q}7 = x4. Using them we construct a program P@), which
computes P and @ parallel, step by step, and gives in output 1 if P halts, and
0 if @ halts.

(Vo) {PY (@) v L {Q} P (2)) = (Vo) L {PQ}P (x)).
So A ST B. O

3 Turing degrees and Turing jump

3.1 Turing degrees
Definition 3.1.1. A=y B < (A<p B & B <7 A).
The relation =7 is an equivalence relation.

Definition 3.1.2. The Turing degree of the set A is the equivalence class con-
taining A:
dr(A)={B| B=r A}.

Definition 3.1.3. dr(A4) <dr(B) < A<r B

Let D be the set of all Turing degrees. The structure (Dr, <) is a partial
order.

Definition 3.1.4 (The operation join). A®B = {2z | z € A}U{2z+1 | = € B}.
Proposition 3.1.5. dr(A & B) is the least upper bound of dr(A) and dr(B).

Proof. lL.z2e6A <— 2:reADB=>A<,, ADB=>A<7 A®B,s0o A®B
is a upper bound of A and B.

2. Let ca = {a}®,cp = {b}°. Then cagp is computable in C since
C . .
) eq([x/2]) if zis odd,
cao5(T) = {cpbc([ac/2]) , if = is even.
O

The least Turing degree is Or = dr(0) = dr(R), where R is an arbitrary
computable set.
So we have that the structure Dr = (Dr, <,®, 07) is an upper semi-lattice.



3.2 The Turing jump

Definition 3.2.1. The Turing jump of a set A is the set:
A=Ky ={z|x € dom(p})}.

The Turing jump has the following properties.
Proposition 3.2.2. 1. Kq <., A.

2. B<ce. A= B <, Ka.
Hint: Let B <... A, Consider:

(2,y) ~ 0 ,x € B
RED=V21 2 ¢B.

By the S]"* theorem there is a computable h: <pf(z)(y) ~ g(z,y).
Then x € B < | tpf(w)(h(x)) <~ h(z) € Ka.
3. A<p Ka, since KA Lee A.
Here A <7 K4 means that A <p K4 & AZp Ky.
Proposition 3.2.3. A<r B «— A' <,, B

Proof. (=) Let A <r B. We have A’ <.. A and then A’ <.. B. Thus
A <, B’ (by 2.).

(<) Let A’ <,,, B". Wehave A<.. A= A<, A<, Band A< .. A=
A<, A<, B Then A <,, B',A<,, B/, But (by 1.) B’ <... B and then
A<.. B, A<.. B. By Post theorem. A <7 B. O

Corollary 3.2.4 (Monotonicity of the jump). A <pr B= A’ <r B’.
Definition 3.2.5. (dr(A)) = dr(A").
Since A <p K 4, then dr(A) < dr(A").

3.3 Genericity

Definition 3.3.1. Every finite mapping 7 : [0;n—1] — N we call a finite part.
We denote by |7| = n the length of the interval, where 7 is defined. For any
a € Nand 7:[0;n—1] — N, let Ax.(7 * a)(z) be the finite part:

T(x) f0<z<mn,
a if x =n.

(txa)(z) = (Txn—a)(r) = {

If A is a set, we write 7 C A instead of 7 C ¢y, i.e. 7 is a subfunction of c4.

We denote the finite parts with the Greek letters: «,3,6,7,p.... We say
that o C B if (Va) ( a(z) = B(z) & afz) = B(x)).

10



Definition 3.3.2. The set A is generic, if for every c.e. set S of finite parts:
(3aC A)(aeSV (VB2 a)B¢S)).

« decides S

The set of finite parts S is called dense in A, if (Va C A)(36 € S)(a C 5).
It is easy to see that A is generic, if whenever S is dense in A, then A meets S,
ie. (GaCA)(aebl).

Let S be the set of all finite parts and S, = W, NS, e € N. There is a total
computable function h, such that S, = Wy, for every e.

We will show how to construct a generic set.

The construction of a generic set: We construct by steps finite parts
iy, which will approximate c4, a,, C a1 C A.

o We start with ag = 0.

e For o, 1 we ask if there is an extension of a,, in S,. If there is, set a1
to be the least one. If there is not then we let a1 = .

The construction assures that A is generic and one can see that cy = Un o, 18
a total function.

Proposition 3.3.3. If A is generic then A is not a finite set.

Proof. Assume that A is finite. There exists an upper bound n, such that
x€A=x<n. Let S={a] (Fm>n)alm)~1)} Sisce Since A is
generic then (3a C A)(a € SV (VB D a)(8 ¢ S)). Since A is finite o ¢ S. Then
(VB 2 a)(Vm > n)(8(m) % 1), which is impossible. Hence A is infinite. O

Proposition 3.3.4. If A is generic then every c.e. V C A is finite.

Proof. Let S = {a | (Fz)(a(x) ~0&z € V)}. Sis c.e. Since A is generic then
Jo € A such that o € SV(VE 2 «)(8 ¢ 5). Clearly o ¢ S (V C A). Then
(VB8 2 a)(Vx)(B(x) 20 = = ¢ V). Let n > |af, then for every f D «, with
|8] > n and B(n) = 0 we have n ¢ V. Thus V is finite. O

As corollary we have that if A is generic since A C A and A is infinite, then
Corollary 3.3.5. If A is generic then A is not c.e.
Proposition 3.3.6. Let A be generic. If V <p A is c.e., then' V is computable.

Proof. We know V <7 V <7 A, hence there is an a, such that V = dom({a}*).
Let S = {a| (3z € V){ {a}*(z))}. Since S is c.e. and A is generic there is
a C A, suchthat « € SV(VB 2 a)(B ¢ S). If a € S, then (3z € V)({ {a}A(z)).
Then x € V, a contradiction.

Then (VB 2 a)(Va € V)(= | {a}?(z)). If z € V then | {a}?(z). By the
compactness of the computation there is 3 C A, | {a}?(x). We can suppose
that 8 O «. Hence

eV <= (32a){ {a}’(v)),

i.e. Vis c.e. But V is c.e., therefore V is computable. O

11



Definition 3.3.7. The set A models the formula F,(z):
AEF.(z) <= | {}z) = zec WA
Definition 3.3.8. The finite part « forces formula F,(x):
alkF Fe(z) <= | {e}*(2).
Here are some properties of this relations.
1. aCA&alFF.(z) = A E F.(2).
2. a CB&alkF.(x) = BIF F.(x).
3. AEF.(z) & (3a C A)(alk F(x)).
Lemma 3.3.9. The set {(a,e,x) | alk F.(x)} is c.e.
Definition 3.3.10. A E —F.(z) <= AEF.(z) < -] {e}*(2).
Definition 3.3.11. alF—F.(2) < (V8 2 a)(B¥ F.(x)).
Theorem 3.3.12. Let A be a generic set. Then
AE-F.(1) < (30 C A)(alk~F.(2)).

Proof. (<) Let « C A& alF—F.(x). Suppose that A = F.(x). Then (38 C
A)(BIF Fe(x)). Let v = aUB. Thenv D 8 = vIF Fe(z), but v D a, al- = F, () =
YW F.(x) - a contradiction.

(=) Let A | —F.(x). We search for « C A, al-—F,(z), i.e. no extension
of a could forces F,(z). But A is generic. Suppose that (Vo C A)(al¥ —F.(z)).
Hence (Va C A)(3B 2 a)(BIF Fe(z)). Set Sep = {8 | BIFFe(x)}. Ses is cee.
and dense in A, then there is a C A, € Se 4, i.e. alF Fe(x). Then A | F.(x),
a contradiction. So (Ja C A)(alk —F(x)). O

Corollary 3.3.13 (Truth lemma). If A is generic, then

AE (A)F(x) < (Ga C A)aF-)F(@).
Notice that {(a,e,z) | alF—=F.(z)} <r .
Corollary 3.3.14. For every generic A we have A’ =r AP .
Proof. 1. A’ is a upper bound of () and A. Hence  ® A < A’.

2. A = Ky = {o | 2 € WA} <... A. Then there is e, such that z €
Ka < | {e}4(z) = AE F.(v) < (Ja C A)(al- F.(r)). Thus
Kp <ce. A©W. Ais generic then z € Ky <= - | {e}4(z) <=
AEF.(r) <= (GBa C A)(al-=F.(r)). And Kz <... A©l’. Thus
Ky=A <r A® 0 by Post theorem.

O
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3.4 Jump Inversion Theorem

Theorem 3.4.1 (Fridberg’s Jump Inversion Theorem). Let ' <7 B. There
exists a generic A, such that A’ = B.

Proof. We will construct the set A by steps, so that A <r B and A will be
generic. Then A’ =7 A@ (' = A’ <7 B. For the other direction we will code
Bin A® (. On each step n we will define a finite part a,, of cy4.

Let ap = 0. Let v, be constructed. We ask: "Is it true that: (38 2 a,)(8 €
S,)?”. Since the set V = {(a,n) | (38 2 a)(B € Sn)}isc.e., then V <p K = (.
If yes, set o will be the minimal such 3, if no, then o} = «a,,. Thus assures
that A is generic. Set a1 = o *x cp(n).

1. A <7 B. Since |apy1| > n,n € A < auy1(n) = 1. And apy1 <t
BaW <r B.

2. A is generic, since «; assures genericity with respect to S,,.

3. B<r A@0l'. We have k € B <= ay1(|ej|) = 1. We can construct
B repeating the construction, changing cg(n) with ca(Ja|). So, using
oracle A and (' we have B <p A® Y.

Thus A is generic and A’ =1 B. O
Corollary 3.4.2. There exists a generic AZ5 (0 such that A =1 ¢'.
Corollary 3.4.3. There exists a generic A such that ) <7 A <p A" =1 (/.

A more strong result is obtained by Jockush and Shore: for every c.e. non-
computable V' C N there is a generic set A such that A <p V.

4 Enumeration reducibility

In this section we will consider a positive reducibility between sets : enumeration
reducibility. Intuitively a set A is enumeration reducible to the set B if we can
computably enumerate the members of A from an enumeration of the members
of B. To explain this notion more formally we start with the definition of
enumeration operator.

4.1 Enumeration operator

Definition 4.1.1. An operator T' : 2 — 2N is an enumeration operator (e-
operator) if:

1. T'is compact : © € I'(4) <= (3D C A)(z € I'(D) & D - finite) for all x,
2. T iseffective : there is a computable function h, such that T'(W,) = Whi(a)-

Definition 4.1.2. A set A is enumeration reducible to B:

A<, B <= (3T - e-operator)(A =T'(B)).
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Proposition 4.1.3. A<, B,B<.C= A<, C.
Proposition 4.1.4. T is an e-operator <= there exists a c.e. W, such that:
I'(4) = {z | Fv)((z,v) e W& D, C A)}
Proof. (<) Let z € T'(A) < (Fv)({x,v) € W& D, C A).
1. (compact) z € T'(A) = (Fv)({(v,x) e W& D,, C A) = x € I'(D).

2. (monotone) Let A C B. Then z € I'(4) = (Fv)((v,z) e W& D, C A C
B) =z € I(B).

3. (effective) z €e T(W,) <= (Fv)((v,x) € W& D,, C W,). Consider:
R={(a,2) | Fv)({v,z) € W&(Vy € Dy)(y € Wa))}-

c.e. condition
Let R =W, and h(a) = Si(e,a).
rel(W,) <= (a,2) € R <= = € Wy(y).

(=) Let F be compact and effective and h is computable function, such that
nNw,) = . Consider also a computable function A : D, = Wy(,). Then

z e T(A) (3D - finite)(D C A&z € T(D))
(Fv)(D, C A&z € T(Dy))
(HU)(D CA&zx e F(WA(U)))
(effective) (F)(Dy € A&z € Wyaw)))
(Fv)(D, C A&(x vy € W),
(z,v)

where W = {{x,v
O

Since the e-operator I' is completely determined by the c.e. set W from
the last Proposition we will use the following notation W(A) = I'(A) = {z |
(Fv)((z,v) €e W& D, C A)}. For the finite set D = D, and = € N we will use
the notation (z, D) instead of (x,v), i.e.

W(A)={z| (3D)({(z,D) e W& D C A)}.

Here are several examples which shows some basic properties of the enumer-
ation reducibility.

1. A<, Aviathece. set W={(z,{z}) |z e N}
2. If Ais c.e. then A <. B via the c.e. set W = {(z,0) |z € A}.

3. If f is computable function for A <,, B, i.e. A= f~}(B), then A <. B
via the c.e. set W = {(z,{f(x)}) | x e N}.

Denote by () the graph of the partial function ¢, i.e {p) = {{z,y) | ¢(z) ~ y}.
Let ¢ and 1 are partial functions.
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Definition 4.1.5. ¢ <, ¢ <= (p) <. (¥).
If A C N we will write also A <. ¢ and ¢ <. A instead of A <. (¢) and
(p) <e A
Proposition 4.1.6. ¢ <p ¢ = ¢ <, 9.
Proof. Let ¢ <71 and ¢ = {e}¥. We are looking for a c.e. set W such that

(z,y) e W(({¥)) = (¢) <= (F)({((z,y),v) € W& D, C (¢)),

go?sider the c.e set W = {{(z,%),v) | {e}?(x) ~ y} where 0,(z) ~ py[(z,y) €

(@,y) € W((¥) <= (3v)({e}”(z) ~y& D, C ()
= {V(@) 2y <= pla) =y
= (z,y) € (o).
Thus ¢ <. . O

The enumeration reducibility is weaker than Turing reducibility in the fol-
lowing sense. We will prove that cx <. x%, but cx €71 X7
For cx <. x3 consider the c.e. set:

W ={{(z,0),v) |z e N&D, = {{z, 1)} }U
{<<$71>7U> |.’L‘ € K&Dv — @}

Then W defines an e-operator and W(x3) = ck.

Suppose that cx <7 xz. Then there is an e, such that {e}X® = cx. Note
that c¢x is a total function. But | xx(z) ~y <= y = 1. We could change
in the program e all oracle questions O(n) by Z(n), S(n), i.e. instead of asking
the oracle we write 1. Then we can compute cx by this new URM program
(without using the oracle) which is a contradiction, since K is not computable.

It turns out that if the function v is total then ¢ <. ¥ and ¢ <p v are
equivalent.

Definition 4.1.7. Let A CN, g: N — N. The function g uniformizes the set
A, if (g) C A and for every x (Jy)((z,y) € A) = g(z).

Proposition 4.1.8. If ¢ is total and ¢ <. v, then ¢ < 1.

Proof. ¢ <. ¢ = (GW)YW () = (p)). Since W is c.e., then there is a
computable function f, which enumerates it, i.e. (i) = ((x;,y:),v;). Consider
the function g defined as:

g(x) ~ {yz , if ¢ = x;, (V (u,v) e Dvl)(U)(U) ~ v);

-] , otherwise.

It is clear that g <7 1, thus there is an e, such that {e}¥ = ¢ and e does not
depend of ¥. Then A(z)) = {e}¥ uniformizes W ({¢)) = (¢). So A(¥) = ¢,
since ¢ is a function. O
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4.2 Enumeration degrees

Definition 4.2.1. A=_B «<— A<, B&B <. A.

The relation =, is an equivalence relation, and the equivalence classes we
call enumeration degrees.

Definition 4.2.2. Enumeration degree of A is the equivalence class of A with
respect to the relation =.:

de(A) = {B| B =c A}.

Definition 4.2.3. Define the order between the e-degrees d.(A) < d.(B) <=
A<.B

Denote by D, the set of all enumeration degrees. The structure (D, <) is
a partially ordered set. The operation @ gives the least upper bound of two
e-degrees.

Proposition 4.2.4. d.(A @ B) is the least upper bound of d.(A) and d.(B).

Proof. lL.ze A < 2re€ ApB then A <,, AB= A<y A®B =
A<, A®B. Andr € B < 2x+1€ A®B then B <, A® B, i.e.
A& B is an upper bound of A and B.

2. Let A<, C,B<.C,ie. A=W;(C),B = W5(C). Denote by
W = {{(z,v) | (Fv1)(Fv2)({x,v1) € W1 &(z,v2) € Wo & D, = D,,, ® D,,)}.
W is c.e. and W(C) =A@ B, ie. C <, A® B.
o

Denote by 0, = {WW | W is c.e.}, 0, < a for an arbitrary a. The structure
D, = (D, 0, ®, <) is an upper semi-lattice.
Denote by AT = A® A. Then A is total, if A=, A*.

Proposition 4.2.5. 1. A*T =, At i.e.. AT is total.
2. A+ =e <CA>.
3. A is total <= A=, (ca).

4. If f is a total function, then (f) is a total set via the c.e. set

W= {{{z,9), {{z;2)}) [y #=}.

Every computable set is total. But K is not total since K £. K. For
example A @ A is total for any A and if f is a total function then (f) is total.

It turns out that we can express the c.e. reducibility and the Turing re-
ducibility in terms of the enumeration reducibility. By Proposition 4.1.8 we
have:

7

Corollary 4.2.6. A<.. B < (xa) <r {cp) <= A<, EEBE. B
A<r B <— <CA> <r <CB> — <CA> <e <CB> <— ApA<, B®B.

Definition 4.2.7. a € D, is total, if there is a total A € a.
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Notice that O, is a total e-degree, but K € 0. is not total.
The total degrees in D, form an upper semi-lattice isomorphic to Dp. Denote
by Tot = {a | a is total e-degree}.

Definition 4.2.8 (Rogers, Myhill). The mapping « : Dy — D, is defined as
k(dr(A)) = do(AT) for any set A.

The mapping & is an isomorphic embedding of Dp into D..

e A=r B < A" =, B (correctness);

e range(rx) = Tot. Indeed if A € a € Tot, then since A =, A" we have
AT € a= k(dr(A)) = a and thus a €range(rx). But if a € range(x), then
a=d.(AT) = a e Tot.

o Let H(dT(A)) = H(dT(B)) = At = Bt = A =r B = dT(A) = dT(B)
(injective)

o A<y B= k(dr(A)) = A"t <. Bt = k(dr(B)). (isomorphic embedding)

So, k is an isomorphism between Dp in the total degrees in D.. To see that

it is strong embedding of Dy into D.: range(k) = Tot C D., we have to show
that there are non-total degrees.

4.3 Quasi-minimal degree

In the proof we will use forcing.

Definition 4.3.1. Modeling and forcing relations.

A ):e Fa(xay) — <£L’,y> € WG(A)u
alke Fu(z,y) <= (2,y) € Wa(a™), where o™ = {z | a(z) ~ 1}.

We have the following properties of these relations:
l.aCA&alk. Fy(x,y) = A |Ee Fo(x,y) (monotonicity).
2. a CB&alr, Fy(z,y) = BlFe Fo(x,y), since o™ C T.
3. AE. Fi(z,y) = (Fa C A)(alke Fu(z,y)) (compactness).

Proposition 4.3.2. Let A be a generic set and ¢ <. A. There exists a com-
putable function v, such that ¢ C 1.

Proof. Let A be a generic set and ¢ <. A, (p) = W, (A). Then (z,y) € (p) —
A E. F.(x,y). Consider the c.e. set (the relation I, is c.e.):
S ={a| (32)By1) Fy2)(alre Fu(z, 1) & alke Fo(z, y2) & yi # ya)}-
Thereisa C A, ae€ Sor (VB2 a)(f¢5S). But a ¢ S. Let ¢(x) ~y <~
(38 2 a)(BlFe Fy(x,y)). v is a function and ¢ is computable since (1) is c.e.
Moreover if p(z) ~y = A . Fo(x,y) = (38 2 a)(Blre Fu(z,y)) = ¥(x) ~ y.
Thus ¢ C 1. O

Corollary 4.3.3. For every generic set A, the e-degree d.(A) is non-total.
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Corollary 4.3.4. If A is generic, X total and X <. A, then X <. 0.

Definition 4.3.5. A is quasi-minimal if A £, 0 and if X <, A and X is a total
set then X <. 0.

From the previous Corollary:

Proposition 4.3.6. Each generic set is quasi-minimal.

4.4 Selman’s theorem

We will describe the technique of the regular enumerations in order to prove
some more results as Selman;s theorem and Minimal pair theorem.

Definition 4.4.1. Let B C N. The total function f : N — N is a reqular
enumeration of B, if f(2N+1) = B.

In other words we code the elements of the set B on the odd position of f.
If B = (), we consider enumerations of N = () =, (.

If f is a regular enumeration of B then xg(z) ~ ci(unjz = f(2n + 1)]),
where ¢; = Ax.1, So xp <r f and B <, f.

Definition 4.4.2. B-regular finite part is a function 7 : [0;2¢ + 1] — N, such
that 2z + 1 € dom(1) = 7(2x + 1) € B.

If 7 is a B-regular finite part, then there exists a regular enumeration f of
B such that f D 7.

Definition 4.4.3. The modeling and forcing relation for regular enumerations
of B and B-regular finite parts.

f':Fe(x) <:>x€W€(<f)),
TIFFo(z) <= x € W.((1)).

The set S, = {(e,z) | TIF F.(z)} is c.e.
We have the usual properties of monotonicity and compactness:

1. 1C f&TIFF.(2) = f E Fe(x).
2. 1 Cp&krlkFo(x) = plk Fe(x).
3. fEF(z) = 37 C f)(7lF Fe(x)).

Proposition 4.4.4. Let A «. B. There exists a regular enumeration f of B,
such that A £. f.

Proof. We construct a sequence of B-regular finite parts 0 C 7 C --- C 74 C

Let 79(0) = 0,79(1) = 20 € B. If 7, is constructed:
1. g =2e. Let 20 = uz[z € B& 2z ¢ 7,(2N + 1)]. Set 7411 = 74 * 0 * 2.

18



2. q=2e+1.

C = {z|(3p D 74)(p is a B-regular finite part &
p(I7al) =z & pl- Fe(|7q]))}-

Since C' <, B, then C # A. There are two cases:

2 (a). (Fz)(x € C&x ¢ A). Then 7441 is the minimal p satisfying C.

2 (b). (Fx)(x ¢ C&x € A). Then 7441 = 74 * x * 2o for some zy € B.

Let f=U o Ta- 1t is clear that f is a regular enumeration of B.

Suppose that A <. f, i.e. A= W.({(f)). Then f~1(A) = {z | f(z) € A} <.
f and there is e, such that n € f~1(A) < f | F.(n).

Consider the step ¢ =2e+ 1. Let n = |14| = 2¢ + 2.

Casel. n € f7YA) = f(n) € A= (Fp 2 7g)(plk Fe(n) & p(n) = f(n)).
Then f(n) € C'N A, a contradiction.

Case 2. n ¢ f~1(A) = f(n) ¢ A= (Vp 2 7)(p(n) = f(n) = pk Fe(n)),
then f(n) ¢ C - a contradiction.

So A<£. f. O

Theorem 4.4.5 (Selman). [15] A <, B <= (VX - total)(B <. X = A <,
X).

Proof. (=) From the transitivity of <..

(<) Suppose that A £, B. Then by Proposition 4.4.4 there is a B-regular
enumeration f, such that A £. (f). But (f) is total and B <. (f), then
A <. (f) - a contradiction. O

Corollary 4.4.6. If a,b € D,, then
a<b <<= (V- total)(b<z=a<uz).

The last Corollary shows that the set Tot of all total degrees in D, is a base
of the automorphisms in D, i.e. each automorphism s : D, — D., for which
»(a) = a for any a € Tot is the identity on D..

4.5 Minimal pair theorem

Definition 4.5.1. The sets F' and G form a minimal pair for B, if
1. B<. F,B <. G;
2. A< FLA<L. G= A<, B,

i.e. B is the greatest lower bound for F' and G.

Definition 4.5.2. We call f a generic reqular enumeration of B, if f is a regular
enumeration of B and for every set of B-regular finite parts and S <. B it holds
FrC )T esSV(Vp2T)(p ¢ 59)).
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Proposition 4.5.3. Let B C N, and {A,} be a sequence of sets, such that
(Vn)(An £e B). Then there exists a generic regular enumeration f of B, such

that (Vn)(An %e f).

Proof. The proof is similar to Proposition 4.4.4.

Denote by Rp = {7 | 7 is B-regular finite part}. We construct a monotone
increasing sequence of B-regular finite parts 7, : [0;2¢ + 1] — N.

Let 79(0) = 10(1) = bg € B. Suppose that we have constructed 7.

1. g = 3e. Set 7441 = 74 * 0 x b, where b is the first non-enumerated element
of B.

2. ¢ = 3e+ 1. We assure the genericity of f. Consider S, = W .(B)NRp. If
there is 7 O 74 and 7 € S, let 7,41 be the least one. If not 7411 = 7.

3. ¢ =3e+2 Lete= (nk). We will assure that f~1(4,) # Wi({f)).
From here f~1(A,) £. f and A,, £, f. Define

ng = ||
Cq ={x | (31 D 74)(7 is B-regular finite part) & 7(nq) ~ x & 7l Fj(ng)}.
—_———  ———
<.B c.e. c.e.

Then C,; <. B and thus C; # A,,.

3.(a) (Fx)(x € Cy &z ¢ A,). We get the minimal such x and set 7,11 to be
the minimal such 7.

3.(b) (Az)(x ¢ Cq& x € A,). Then set 7,41 = 74 * x * b, for some b € B.

Finally we define f as follows: f(n) ~ z <= (3¢)(74(n) ~ x). By the
construction f is a generic regular enumeration of B.

We will show that f~1(4,) £ f.

Suppose that f~1(A,) =. Wi({f)) for some n and k. Consider the step
qg=3(n,k)+2. We know f(ny) ~ z is a witness for A, # Cj.

l.zeCy&x ¢ A,. Then

fE Fr(ng) = ng € fH(An) = f(ng) =z € A, - a contradiction.
2. 2¢ Cy&kax e A, Then
ng € fHAR) = 31 2 7)) (7(ng) ~ 2 & 7IF Fi(ng)) = = € Cy - a contradiction.
Thus f~1(An) e [ = Ay £e f. O
Lemma 4.5.4. If f is a generic reqular enumeration of B, then f £. B.

Proof. Suppose that f <. B. Consider
S = {7 - B-regular finite part | (3z)({ 7(x) & 7(x) # f(z))}.
S <. B&(f), but (f) <. B= S <. B. By genericity of f we have

(31 C NSV 2 & S)).
¢ f not true fRp2T
In both cases we have a contradiction. O
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Theorem 4.5.5 (Minimal pair theorem). For any B C N there is a minimal
pair F' and G for B.

Proof. Let f be an arbitrary generic regular enumeration of B. Let {A,}, be a
sequence of those sets which are enumeration reducible to f and which are not
enumeration reducible to B. By Proposition 4.5.3 we can construct a generic
regular enumeration g of B, such that (Vn)(A, £. g). Set F = (f),G = (g).
By Lemma 4.5.4 since (f), (g) are the graphs of generic regular enumerations
of B we have that B <. F,B <. G. Suppose that A <, F;A <. G. Then
A ¢ {A,}, otherwise A £, G. Since A ¢ {A,},, then A <. B. O

Definition 4.5.6. (Cooper, McEvoy) For any set A C N denote by F4 =
{(i, )|z € ¥;(A)}. The set J.(A) = EF is called the enumeration jump of A.

The enumeration jump J. is monotone and agrees with the Turing jump
Jr(A) = K4 in the following sense:

Theorem 4.5.7. For any A CN, Jr(A)T =, J.(AT).

Corollary 4.5.8. Let d.(A) = de(J.(A)). The jump is always total and agrees
with the Turing jump under the embedding k.

5 Degree Spectra and Co-spectra

We will illustrate some results of the Computable Structure Theory based on
the enumeration and Turing reducibilities. We start with the notion of degree
spectrum of a structure, which in some sense is a measure of the complexity of
a countable structure.

Let 2 = (N; Ry, ..., Ri) be a denumerable structure. An enumeration of 2
is every total surjective mapping of N onto N.

Given an enumeration f of 2 and a subset of A of N?, let

F7HA) = {{or, - wa) = (f(21), -, f(wa) € AL
Set fHA) =fHR) @@ fTHRe)© fTH(=) @ fHA)
Definition 5.0.9. (Richter) The Turing Degree Spectrum of 2 is the set

DS7(2A) = {dr(f~*(A)) : f is an one to one enumeration of A)}.

The notion of a degree spectrum of a countable structure is introduced by
Richter [14] and further studied by Ash, Downey, Jockush and Knight in [10, 1,
6]. If a is the least element of DS7(2l), then a is called the degree of 2.

5.1 Enumeration Degree Spectra

We will follow [17] to represent a notion of degree spectra of structure based on
the enumeration reducibilities.
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Definition 5.1.1. The Enumeration Degree Spectrum of 2 is the set
DSA) = {de(f*(A)) : f is an enumeration of A)}.
If a is the least element of DS(2L), then a is called the e-degree of .

Proposition 5.1.2. If 2 has e-degree a then a = d.(f~1(A)) for some one to
one enumeration [ of A.

This Proposition shows that if we are interested of the least element of the
degree spectrum it is not important that we consider all enumerations of the
structure not only one to one. The benefit of considering arbitrary enumerations
is that in this way we ensure that the degree spectrum is closed upwards with
respect to the total e-degrees.

Proposition 5.1.3. If a € DS(2), b is a total e-degree and a <., b then
b e DS().

Definition 5.1.4. The structure 2 is called total if for every enumeration f of
2A the set f~1(A) is total.

Proposition 5.1.5. If A is a total structure then DS(A) = k(DSp(2)).

Given a structure 2 = (N, Ry, ..., Ry), for every j denote by R§ the com-
plement of R; and let A" = (N, Ry,..., Rg, RS, ..., Rf).

Proposition 5.1.6. The following properties hold:
1. k(DST(A)) = DS(AT).
2. If the structure 2 is total then DS(2) = DS(AT).

Clearly if  is a total structure then DS(2) consists of total degrees. The
vice versa is not always true.

Let K be the Kleene’s set and A = (N; Gg, K), where Gg is the graph of
the successor function. Then DS(2l) consists of all total degrees. On the other
hand if f = Az.z, then f~'(A) is an c.e. set. Hence K £. f~'(A). And
K <. (f7120)". So f~1(2) is not total.

We are interested to answer to the following question: Is it true that if
DS () consists of total degrees then there exists a total structure B such that
DS() = DS(%B)?

Definition 5.1.7. Let A be a nonempty set of enumeration degrees the co-set
of A is the set co(A) of all lower bounds of A. Namely

co(A)={b:beD. & (Vac A)(b <. a)}.

Example 5.1.8. Fiz a € D, and set Aa ={b €D, :a<.b}. Then co(Aa) =
{beD,:b <, a}.

Definition 5.1.9. The set CS(A) = co(DS(2A)). is called the co-spectrum of
2. If a is the greatest element of C'S(2() then call a the co-degree of 2.
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Definition 5.1.10. A set A of natural numbers is admissible in 2 if for every
enumeration f of A, A <. f~1(2).

Clearly a € C'S() iff a = d.(A) for some admissible in 2 set A.

We will give a characterization of the admissible in 2 sets in terms of the
structure. Thus we shall obtain some information about the elements of C'S(2).

We will use the following forcing relation. For every finite part 7 and natural
numbers e, x, let

TIF F.(v) <= =€ W.(7~*(2)) and
Tk =F.(x) <= (Vp 2 7)(pW¥ F.(x)).

As usual an enumeration f is generic if for every e,x € N, there exists a 7 C f
such that 7 IF F.(z) V 7 Ik = F.(z).

Definition 5.1.11. A set A of natural numbers is forcing definable in the struc-
ture 2 iff there exist finite part § and natural number e such that

A={z|(3r 20)(r Ik Fe(x))}.

Theorem 5.1.12. Let A C N and d.(B) € DS(2). Then the following condi-
tions are equivalent:

1. A is admissible in .

2. A<, f~Y) for all generic enumerations f of 2A.

3. A is forcing definable.

If the structure 2 has a degree a then a is also the co-degree of 2. The vice
versa is not always true. For example, consider the linear ordering 20 = (N; <
,=,#). It is easy to see by a direct analysis of the forcing definable on 2 sets
that the co-degree of A is 0.. The first results about degrees of structures are
obtained by Richter [14]. Richter showed an example of a linear ordering which
has no degree. Let 2 = (N; <) be a linear ordering. She proved that D.S(2l)
contains a minimal pair of degrees and hence CS() = {0.}. Clearly 0. is the
co-degree of 2. Therefore if 2 has a degree a, then a = O,.

Knight [10] defined the so called jump degree of a structure. The jump
spectrum DS1(2L) of 2 is the set of all jumps of the elements of DS(2L). The co-
set of the jump spectrum DS;(2) is denoted by C'S1(21). The least elements of
DS () and CS1(2A) are called a jump degree and a co-jump degree respectively.

Knight proved that for a linear ordering 2, C'S1(2() consists of all £9 sets.
The first jump co-degree of 2 is 0),. So if a linear ordering has a jump degree
it should be 0,. In the last section we will present more results about degrees
and co-degrees of sructures

There are examples of structures with more sophisticating properties. Inde-
pendently Slaman [16] and Wehner [20] proved that:

Example 5.1.13. (Slaman 1998, Wehner 1998) There exists an 2 such that
DS(A) ={a: a is total and 0. < a}.

Clearly the structure 2 has co-degree 0. but has not a degree.
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Obviously if a structure A has a co-degree, then C'S(2) is a principal ideal.
Building on results of Coles, Downey and Slaman [4] we shall show that every
principle ideal of enumeration degrees can be represented as C'S(G) from some
subgroup G of the additive group of the rational numbers Q = (Q; 4+, =,#). Let
G be a nontrivial torsion free Abelian group of rank 1, i.e. G is a subgroup of
Q. Let a # 0 € G. For every prime number p let hy,(a) be the greatest k such
that (3z € G)(p*.2 = a), and hy(a) = oo if p*|a in G for all k. Let {p;}; be the
sequence of the prime numbers. Consider

Sa = {<Zvj> | J< hpz(a)}

For a,b# 0 € G, it is easy to see that S, =, Sp.

Set s¢ = dc(S,). Then DS(G) = {b : b is total and sg <. b}. The co-
degree of G is sg. The group G has a degree iff sg is total. s/G is the jump
degree of G.

For every d € D, there exists a G, such that s¢ = d. Hence every principal
ideal of enumeration degrees is C'S(G) for some G.

Similar results on algebraic fields are obtained by W. Calvert, V. Harizanov
and A. Shlapentokh (2007) [3] and A. Frolov, I. Kalimullin and R. Miller (2009)
[7].

In [17] the representation of an arbitrary countable ideal I of enumeration
degrees as a co-spectrum of a structure is obtained. Without loss of generality
we may assume that there exists a sequence by, bq,...,bg,... of elements of
the ideal I such that @ € I <= (3k)(a < by). For every k fix a set By, € by.
Set 2l = (N; f; 0,=, #), where

f((,m)) = (i + 1,n);
o={{(i,n):n=2k+1Vn=2k & i€ By}.
Then CS(A) = I(de(By),--.,de(Bp),...)

Definition 5.1.14. Consider a subset A of D.. Say that A is upwards closed
if for every a € A all total degrees greater than a are in A.

There are some general properties of upwards closed sets of enumeration
degrees. Let A be an upwards closed set of degrees. First property is an
analougue of Selman’s theorem [15] for enumeration degrees.

Proposition 5.1.15. (Selman’s Theorem) Let A, = {a:a € A & a is total}.
Then co(A) = co(Ay).

The elements of an upwards closed set A with arbitrary high jumps deter-
mine completely the co-set of A.

Proposition 5.1.16. Let b be an arbitrary enumeration degree and n > 0. Set
Apn ={a:ac A& b <. a™}. Then co(A) = co(Ap.n).

We will consider some specific properties of the degree spectra which are not
true for an arbitrary upwards closed set of enumeration degrees.
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Theorem 5.1.17. Let A be a structure, 1 <n and c € DS, (). Then
CS(A) = co({b € DS(A) : b™ = c}).

The Theorem shows that the elements of the degree spectrum DS(2() with
low jumps also determine its co-set C'S(2(). Here is an example of an upwards
closed set for which the last Theorem is not true.

Consider two sets A and B of natural numbers such that B £. A and
A £, B’. Tt is enough to take an arbitrary non c.e. set and construct and
construct a set A as a B’ generic and B £ A.

Let D={a:d.(A) <ca}lU{a:d.(B) <.a}.Set A={a:aeD&a =
de(B)'}. Clearly if a > d.(A), then a ¢ A. Then d.(B) is the least element of
A and hence d.(B) € co(A). d.(B) £ d.(A) and hence d.(B) ¢ co(D).

5.2 The Minimal pair theorem for Degree spectra

An analog of the Minimal pair theorem for the enumeration degrees is the
following result:

Theorem 5.2.1. Let ¢ € DS(). There exist f,g € DS(2) such that f,g are
total, ' = g" = c” and CS(A) = co({f,g}).

Notice that for every enumeration degree b there exists a structure 2y, s. t.
DS(Qy) = {x € Dr|b <. x}. Hence

Corollary 5.2.2 (Rozinas). For every b € D, there exist total £, g below b”
which form a minimal pair over b.

Not every upwards closed set of enumeration degrees has a minimal pair.
Indeed consider the finite lattice L consisting of the elements a,b,c,a A b,a A
c,bAc, T, L such that T and L are the greatest and the least element of L. Since
every finite lattice can be embedded in the semi-lattice of the Turing degrees, the
lattice Lcan be embedded in (Dr, <) and hence it can be embedded in (D,, <).
So we may assume that L is a substructure of (D,, <). Let A={d € D.: (d >
a)V(d >b)V(d > c)}. Clearly A is an upwards closed set of enumeration
degrees. Assume that there exist fo, f; € A such that co({fo,f1}) = co(A). Let
X0,X1 € {a,b,c} be such that fo > xo and f; > x3. Let x2 = min{xo,x1}.
Clearly x2 € co({fo,f1}) but x2 & co(A). A contradiction.
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5.3 The Quasi-minimal degree

Now we present the third property of DS(2) which shows the existence of
enumeration degrees which are quasi minimal with respect to C'S(A).

Definition 5.3.1. Let A be a set of enumeration degrees. The degree q is
quasi-minimal with respect to A if:

1. q & co(A).

2. If a is total and a > q, then a € A.

3. If a is total and a < q, then a € co(A).

Theorem 5.3.2. If q is quasi-minimal with respect to A, then q is an upper
bound of co(A).

Theorem 5.3.3. For every structure 2l there exists a quasi-minimal with respect
to DS(A) degree.

Corollary 5.3.4 (Slaman and Sorbi). Let I be a countable ideal of enumeration
degrees. There exist an enumeration degree q such that

1. Ifa€ I then a <. q.

2. If a is total and a <. q thena € I.

Definition 5.3.5. Let 5 C A be sets of degrees. Then B is a base of A if
(Vae A)(Fb € B)(b < a).

Theorem 5.3.6. Let A be an upwards closed set of degrees possessing a quasi-
minimal degree. Suppose that there exists a countable base B of A such that all
elements of B are total. Then A has a least element.

26



Corollary 5.3.7. A total structure 2 has a degree if and only if DS(21) has a
countable base.

Now we can construct an upwards closed set A of degrees which does not
possess a quasi-minimal degree. Indeed let a and b be two incomparable total
degrees. Let A = {c:c >aVc > b}. Clearly A has a countable base of total
degrees, but it has not a least element. So, A has no quasi-minimal degree.

5.4 Jump spectra

Definition 5.4.1. The nth jump spectrum of a structure 2 is the set
DS, () = {a™|a e DS()}.

If a is the least element of DS, () then a is called n-th jump degree of 2.

Here we consider the relationships between the spectra and the jump spectra.
Since the degree spectra are upward closed sets of e-degrees we have the following

property.
Proposition 5.4.2. For every A, DS1(2) C DS().

Our first result is that every jump spectrum is also a spectrum of a struc-
ture, i.e. we show that for every structure 2 there exists a structure 8 such
that DS1(2() = DS(B). The structure B is constructed in two stages. First,
we define the least acceptable extension 2A* of 2 which we call Moschovakis’
extension of /. Roughly speaking 20* is an extension of 2 with additional cod-
ing machinery. Using this coding machinery we define the set Ky which is an
analogue of Kleene’s set K. Finally we set 8 = (A*, Ky).

Let A = (N;Ry,...,Ry).

Let 0 ¢ N. Set Ny = NU {0}. Let (.,.) be a pairing function such that none
of the elements of Ny is a pair and N* be the least set containing Ny and closed
under (., .).
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Definition 5.4.3. Moschovakis’ extension of 2 is the structure
Q[* = (N*u R17 ey Rnu NOu G<>7 GL7 GRu :)
Proposition 5.4.4. DS(2) = DS(2A*)

Let Ko = {(d,e,z) : (3 D §)(7 IF Fe(x))}. Set A% = (A*, Ko, N* \ Kg).
The structure 203, is total. And DS () = DS(203,).

Theorem 5.4.5. [18] For every structure 2 there exists a structure B such that
DS (A) = DS(B).

Montalban (2009)[13] presented a different approach adding to the structure
a complete set of computable II{ relations and the received structure he called
the jump of the structure. It turns out that the both approaches lead to a
structure whose degree spectrum is the jump spectrum of the initial structure.

5.5 The Jump Inversion Theorem

The main result in this subsection sounds like a Jump inversion theorem. Con-
sider two structures 20 and 8. Suppose that

DS(B8); = {ala € DS(*B) and a is total} C DS ().

Theorem 5.5.1. [18] There exists a structure € such that DS(€) C DS(2)

The structure € is constructed as a Markers extension [12] of 2, an idea
influenced by the results of Goncharov and Khoussainov [8] .

Corollary 5.5.2. Let DS(®B) C DS1(). Then there exists a structure € such
that DS(€) C DS(A) and DS(B) = DS:1(¢).

Corollary 5.5.3. Suppose that DS(B) consists of total degrees greater than or
equal to O'. Then there exists a total structure € such that DS(B) = DS(’).

This Corollary gives a positive answer of the question above: If the degree
spectrum of a structure consists of total degrees greater than or equal to 0/,
then there is a total structure with the same degree spectrum.
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We can generalize the Jump inversion theorem by induction using the results
from Theorem 5.4.5 and Theorem 5.5.1.

Theorem 5.5.4. Let n > 1. Suppose that DS(B) C DS, (). There exists a
structure € such that DS, (€) = DS(B).

Corollary 5.5.5. Suppose that DS(8) consists of total degrees greater than or
equal to 0. Then there exists a total structure ¢ such that DS, (€) = DS(B).

Stukachev (2009)[19] proved a similar result for ¥ reducibility using Marker’s
extensions.

5.6 Applications

Recall that a nth jump degree is called the minimal element (if it exists) of the
nth jump spectra. Notice that if a structure 2 possesses a nth jump degree
then it possesses (n + k)th jump degrees for all k. The definition of the nth
jump degree can be naturally generalized for all recursive ordinals «. In [6]
Downey and Knight proved with a fairly complicated construction that for every
recursive ordinal a there exists a linear order 2 such that 2 has ath jump degree
equal to 0% but for all § < a, there is no Sth jump degree of 2.

As an application of Theorem 5.5.4 we will present a construction of a total
structure € such that € has a (n + 1)-st jump degree 01 but has no k-th
jump degree for k < n.

Suppose that we have a structure B satisfying the following conditions:

1. DS(B) has no least element.

2. 0("*1) is the least element of DS (B).

3. All elements of DS(B) are total and above 0(™).

Let 2 = (N;=) be a structure such that DS(2) is equal to the set of all
Turing degrees. Clearly DS(B) C DS, (2). By Theorem 5.5.4, there exists
a structure € such that DS, (€) = DS(B). Therefore € does not have a nth
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jump degree and hence it has no kth jump degree for £ < n. On the other hand
DS,11(€) = DS1(B8) and hence the (n + 1)th jump degree of € is 0(**+1),

Now we could provide an example of a structure satisfying the conditions 1.
3. Consider a set B satisfying the following conditions:

(a) B is quasi-minimal above 0("),

(b) B =, 0+,

Let G be a subgroup of the additive group of the rationales such that Sg =,
B. Recall that DS(G) = {a|d.(S¢) <. a and a is total} and d.(Sg)’ is the
least element of DS1(G). So the structure G satisfies the conditions 1.- 3.

Our second application is a generalization of results of Slaman [16] and
Wehner [20]. They give an example of a structure with degree spectrum con-
sisting of all noncomputable Turing degrees.

The relativized result is the following: Let n > 0. There exists a total
structure € such that DS, (€) = {al0™ <. a}.

It is sufficient to construct a structure B such that the elements of DS(B) are
exactly the total e-degrees greater than 0(™). We use the Wehner’s construction
using a special family of sets. First we relativize this construction. Let B C N.
There is a family F of sets, which has no c.e. in B enumeration, and for
every set X >p B there is a enumeration of the family F, computable in
X. Following an idea of Kalimullin [9] we consider the following family of sets
F = {{0}eB}u{{1}@B}U{{n+2}@F | F - finite set, F' # W;}}. We construct
the structure B, such that DS(B) = {x | x >r b}, using the family F in the
same way as is done in [20]. Let 20 = (N;=). It is clear that b € DS, (2) for
each x > 0. Thus DS(B) C DS,,(2). By the Jump inversion Theorem 5.5.4
there exists a structure €, such that DS, (€) = DS(B).
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