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A <, B if there is a c.e. set W, such that

A=W(B) = {z|3D({z,D) € W & D C B)}.

A=,Bif A<, Band B <, A.

The enumeration degree of a set A is d.(A) = {B | A =. B}.
d.(A) < d.(B)iff A <. B.

The least element: 0g = d.((), the set of all c.e. sets.

The least upper bound: de(A) V de(B) = de(A & B).

The enumeration jump: d.(A) = d.(Ka ® K 1), where
Ka={{e,z) |z e W.(A)}.
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What connects Dy and D,

Proposition
A<rBesA®A<.B&B. J

A set Ais total if A =, A ® A. An enumeration degree is fotal if it contains a
total set. The set of total degrees is denoted by 7TOT.

The embedding ¢ : Dy — D, defined by ¢(dp(A)) = d.(A @& A), preserves
the order, the least upper bound and the jump operation.
Theorem (Selman)

A is enumeration reducible to B if and only if
{xeTOT |de(A) <x} D2{xe€TOT |de(B) < x}.
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@ If X is minimal and o € Lx then for every o € X, ¢ is a subword of «.

© The Turing degrees that compute elements of X are exactly the degrees
that contain enumerations of L x.
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set.

Definition (Solon)

A set A is graph co-total it A =, G_f for some total function f. A degree a is
graph co-total co-total if it contains a graph co-total set.

Definition (Solon)
A set A is Solon co-total if there is a set A =, B, such that B is total.

total = graph co-total = co-total = Solon co-total.
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enumeration degrees

Definition

The degrees below ()’ are called the ¥ enumeration degrees.

Proposition

Y9 e-degrees are co-total.

Proposition

39 e-degrees are graph co-total.

Corollary

Graph co-total does not imply fotal.
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Proposition

If A and B are not c.e. then:
Q IfC <. Athen {C, B} are a K-pair.
Q@ A<.,Band A<.0 @ B.
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Examples of co-total enumeration degrees:

nontrivial /C-pairs

Definition

A K-pair is a pair of sets { A, B} for which there is a c.e.
AxBCWand Ax BCW.

Joins of

set W such that

Proposition

If A and B are not c.e. then:
Q IfC <. Athen {C, B} are a K-pair.
Q@ A<.,Band A<.0 @ B.
@ B<.,Aand B<, (' ® A.

Proposition
If {A, B} is a nontrivial K-pair then A @ B is co-total.

Proof: A® B <., B®A=.ADB.
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Examples of co-total enumeration degrees: Continuous
degrees

Definition (J. Miller)

An e-degree is continuous if it contains a set of the form
A=, ,({qlq< i} D{q|q> a;}, where {; };<. is a sequence of real
numbers.

8/15



Examples of co-total enumeration degrees: Continuous
degrees

Definition (J. Miller)

An e-degree is continuous if it contains a set of the form
A=, ,({qlq< i} D{q|q> a;}, where {; };<. is a sequence of real
numbers.

v

Proposition

Continuous degrees are co-total.

Proof: On the board.
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Unique correct axiom

Theorem
An e-degree a is graph co-total if and only if a contains a co-total set A, such

that for some enumeration operator I, we have that A = T'(A) and for every
n € A there is a unique axiom (n, D) € I" such that D C A.
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Q Ifi # jarein S then (i,5) ¢ E.
@ For every element i ¢ S there is a j € S such that (i, j) € S.
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Theorem
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degree.

Proof: Infinite injury relative to ().

Corollary
Co-total does not imply graph co-total. J
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Recall that K4 = @, Te(A).

Proposition
If A<, Bthen K4 <; Kpg.

Definition
The skip of A is the set A° = K 4. The skip of a degree a is a° = d.(A°).

Proposition

A degree a is co-total if and only if a° = a’.
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Skip inversion

Theorem
Let S >, (. There is a set A such that A° =, S. }

Proof: We build A so that:
0 S<. A
Q Ki<.S.
We first build a table A with one empty box in each column as a set c.e. in (}'.
The set of empty boxes will be computable from (.
Then A= AU {{n,s) |neS}.

Note! S <. A@® ('. So if we start out with an S that is not total as a set (such
as Kp) then A is not co-total.

Solon co-total does not imply co-total.

Corollary }
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Examples of skips

Proposition
If { A, B} is a non-trivial C-pair then A° =. B® (. J

@ If Ais X9 and nonlow then {Lk ,, Ry , } is a nontrivial K-pair.

Furthermore Rg?i =, A™ and R[@A =pm),

@ If A and B are non-arithmetical then their skips form a double helix.

Proposition
If G is generic relative to a total set X then (G & X)° = G @ X'. J

@ If G is arithmetically generic then the skips of G and G form a double
helix.
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A fixed point for the double skip

The enumeration operator is monotone: if A C B then I'(A) C I'(B).
ACB=KisCKp=Kas2Kp= K 2 K =

Kgy & Kgy
By Knaster-Tarski’s fixed point theorem:

Proposition

There are sets A and B such that B = A° and A = B°. The sets A and B are
above all hyperarithmetical sets.
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Sack’s intermediate skip
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Sack’s intermediate skip

Theorem

If S >, X"is IIY(X") then there is a non-total IT{(X") set A > X such that
A° =, S.

Proof: Infinite injury relative to X'.
Let PX be a computable in X listing of all TI3(X) and above X sets.
We have a computable function f such that (P e ))O =, PX', P)f ) > X and

e

X
Pf( ) is not total.

Let e be a fixed point such that P:X = f ( ) and consider the sequence
Py PV P

Corollary J

There is an arithmetical set A, such that for every n, AD is non-total.
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