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DEGREE SPECTRA OF STRUCTURES RELATIVELY « INTRINSIC SETS

DEGREE SPECTRA OF STRUCTURES

Enumeration of a structure

Let 2 = (N; Ry, ..., Rk) be a countable abstract structure.

@ An enumeration f of 2l is a total mapping from N onto N.
o forany A C N@ et

1A = {{x1...x3) : (f(xq),...,f(xa)) € A}
o F'A)=F"R) @ @ (R).
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DEGREE SPECTRA OF STRUCTURES

Relatively a-intrinsic sets

1989 Ash, Knight, Manasse, Slaman, Chisholm.

@ Let a be a constructive ordinal and let A C N2, The set A is
relatively a—-intrinsic on 2
if for every enumeration f of 2 the set f~1(A) <. ' (A)(),
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Relatively a-intrinsic sets on

2002 Soskov, Baleva.
@ Let {B:}¢«<¢ be a sequence of subset of N and ¢ be a
constructive ordinal.
@ Add the sets B to the structure 2 as a partial predicates
which is relatively £-intrinsic on .
@ Restrict the class of all enumerations of 2 to the class of
those enumerations f of 2 for which f~1(B;) <. f~1(20)(©),
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Relatively a-intrinsic sets on

Definition

A subset A of N2 is relatively a-intrinsic on 2 with respect to
the sequence {B:}:<,

if for every enumeration f of 2 such that

(V€ < O)(F1(Be) <e F1(2A)©)) uniformly in €,

the set f~1(A) < f~1(4)().
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Degree spectra of structures

@ The Degree spectrum of 2 is the set

DS(2A) = {d.(f~"(A)) : f is an enumeration of A}.
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DEGREE SPECTRA OF STRUCTURES

RELATIVELY « INTRINSIC SETS
DEGREE SPECTRA OF STRUCTURES

Degree spectra of structures

@ The Degree spectrum of 2 is the set

DS(2A) = {d.(f~"(A)) : f is an enumeration of A}.

@ The Co-spectrum of 2 is the set

CS(2) = {b: (Va € DS(A))(b < a)}.
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JOINT SPECTRA OF STRUCTURES FORCING RELATION
GENERIC ENUMERATIONS

Joint Spectra of Structures

Let ¢ be a recursive ordinal and let {2 }¢< be a sequence of
abstract structures over the natural numbers.

@ The Joint Spectrum of the sequence {2} is the set

DS({2e}e<c) = {a: (V¢ < ¢)(a® € DS(A))}.
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Joint Spectra of Structures

Let ¢ be a recursive ordinal and let {2 }¢< be a sequence of
abstract structures over the natural numbers.

@ The Joint Spectrum of the sequence {2} is the set

DS({2e}e<c) = {a: (V¢ < ¢)(a® € DS(A))}.

@ The ath Jump Spectrum of {2 }.<. is the set

DS*({e}e<c) = {al®) : a € DS({Aee<)}-
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Joint Spectra of Structures
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Cospectra of Structures

Definition
@ The Co-spectrum of {2 }.<. is the Co-set of
DS({¢}e<c), 1€

CS({AAe}e<c) = {b: (Va € DS({Ac}e<c))(b < a)}.
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Cospectra of Structures

Definition
@ The Co-spectrum of {2 }.<. is the Co-set of
DS({¢}e<c), 1€

CS({AAe}e<c) = {b: (Va € DS({Ac}e<c))(b < a)}.

@ The ath Co-spectrum of {2} is:

CS*({Ae}e<c) = {b: (Va € DS*({Ae}e<c))(b < a)}.
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Cospectra of Structures

Definition
@ The Co-spectrum of {2 }.<. is the Co-set of
DS({¢}e<c), 1€

CS({AAe}e<c) = {b: (Va € DS({Ac}e<c))(b < a)}.

Definition
@ The ath Co-spectrum of {2} is:

CS*({Ae}e<c) = {b: (Va € DS*({Ae}e<c))(b < a)}.
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GENERIC ENUMERATIONS

The jump set

Let 7. be an enumeration of ¢ and f = {f¢}e<c.

The jump set P! of the sequence {A¢}e<(:
(i) Ph= 13" (o).
(ii) Leta =B+ 1. Thenlet P} = (P}) & £ ().
(iii) Leta =lima(p). Then set PL, = {(p,x) : x € P!} and
let PL =PL, @ f71(Aa).

«

.
@%
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GENERIC ENUMERATIONS

The jump set

Let 7. be an enumeration of ¢ and f = {f¢}e<c.
The jump set P! of the sequence {A¢}e<(:
(i) Ph= 13" (o).
(ii) Leta =B+ 1. Thenlet P} = (P}) & £ ().
(iii) Leta =lima(p). Then set PL, = {(p,x) : x € P!} and
let PL =PL, @ f71(Aa).

de(A) € CS*({Acte<c)
( for every enumeration f = {f¢}¢<¢)(A <e PL) . §
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Modelling

(i) f o Fe(x)iff (3V)((v,x) € We & Dy C £ (p));

. Soskova Properties of the Joint Spectra of Sequence of Structures



JOINT SPECTRA OF STRUCTURES
JOINT SPECTRA OF STRUCTURES FORCING RELATION
GENERIC ENUMERATIONS

Modelling

(i) f o Fe(x)iff (3V)((v,x) € We & Dy C £ (p));
(i) a=8+1.

fEa Fe(X) v, X) € We & (Yu € D,)(
0, eu, Xu) & f =5 Fe,(X4)) V
1,eu, Xu) & f =5 ~Fe,(Xu)) V
2, xy) & Xy € 11 (Aa)))):

o~ o~~~
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Modelling

(i) f o Fe(x)iff (3V)((v,x) € We & Dy C £ (p));
(i) =B +1.

fEa Fe(x) <= (3Av)((v,x) € We & (Vu e Dy)(
(u=(0,ey, xy) & f =5 Fe,(xu)) V
(u=(1,ey,xu) & f =3 =Fe,(Xu)) V
(u=(2,x) & xu € 177 (%a))));

(i) Let a =lima(p). Then

flea Fo(x) <=  (3v)({v,x) € W & (Yu € D,)(
(u= (0, pu; €u, Xu) & f Fo(p,) Feu(Xu))V
(u=(2,x) & xy € £, (Ua)))):
¥
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Modelling

(i) f o Fe(x)iff (3V)((v,x) € We & Dy C £ (p));
(i) =B +1.

fEa Fe(x) <= (3Av)((v,x) € We & (Vu e Dy)(
(u=(0,ey, xy) & f =5 Fe,(xu)) V
(u=(1,ey,xu) & f =3 =Fe,(Xu)) V
(u=(2,x) & xu € 177 (%a))));

(i) Let a =lima(p). Then

fEqs Fe(x) < (@3v)((v,x) € We & (Vu e D,)(
(U = <07pUa eU7XU> & f ):oc(Pu) Feu(XU))\/
(u=(2,x0) & xy € £ (%a))));

(IV) f}:a _‘Fe(X) — f}#a Fe(X)- Q@E
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Forcing

Proposition

A<. Pl — (Fe)(A={x:fl=a Fe(x)}).
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Forcing

Proposition

A<. Pl — (Fe)(A={x:fl=a Fe(x)}).

@ The forcing conditions finite parts are sequences 7
of finite mappings 7¢,£ < ¢ from N to N, so that
Ug< dom(7e) is finite.

@ If 7 and p are finite parts, then = C pif for each ¢ < ¢
(¢ € pe)-
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Forcing

(i) 7lFo Fe(X) <= (Av)((v,x) € We & Dy C 75 (p));
(i) a =3 +1.

Tlra Fe(x) <= (3v)((v,x) € We & (Yu € D,)(
(u=(0,ey,xy) & 7lFg Fe,(xy)) V
(u=(1,ey,xy) & 7lFg ~Fg,(Xu)) Vv
(u=(2,X) & xu € 7, (%a)))):

(i) Let a =lima(p). Then

TlFa Fe(x) <= (3v)((v,x) € We & (Yu € D,)(
(u=1{0,pu, €y, Xu) & 7 ”_oc(pu) Feu(Xu))\/
(u=(2,x0) & xy € 7, (Ua))));

(iv) 7lky =Fe(x) <= (VYp 2 7)(p o Fe(X)). @E
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Forcing a-definable sets

Theset ACNis forcing a- definable on {R¢}e< if
there exist a finite part § and e € N such that

X€EA < (I 20)(r Ira Feo(x)).
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Forcing a-definable sets

Theset ACNis forcing a- definable on {R¢}e< if
there exist a finite part § and e € N such that

X€A <= (3r26)(r o Fo(x)).

@ A<, P! forall f - enumerations of {¢}¢<, if and only if
@ A s forcing a-definable on {¢}¢<¢, if and only if
® do(A) € CS*({Ae}e<c)-
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a-generic enumerations

Definition
An enumeration f of {2A¢}¢<¢ iS a- generic if for every g < a,
e, xeN

(VS AEp27)(p ks Fe(x)) =
(37 C £)(7 IF5 Fe(X))
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a-generic enumerations

An enumeration f of {2A¢}¢<¢ iS a- generic if for every g < a,
e, xeN

(VS AEp27)(p ks Fe(x)) =
(37 C £)(7 IF5 Fe(X))

If f is an (« + 1)-generic enumeration, o < ¢, then

fEa (0)Fe(Xx) <= (31 C f)(7 IFo (7)Fe(X)) -
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QUASI-MINIMAL DEGREE

PROPERTIES OF JOINT SPECTRA

Minimal Pair Theorem

Theorem (Soskov)

There exist elements f and g of DS(21) such that for any
enumeration degree a and any a < ¢

a<f®g&ac< g("‘) = a € CS*(2).
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PROPERTIES OF JOINT SPECTRA

Minimal Pair Theorem

Theorem (Soskov)

There exist elements f and g of DS(21) such that for any
enumeration degree a and any a < ¢

a<f®g&ac< g(“) = a € CS*(2).

There exist elements f and g of DS({2¢ }¢<¢), such that for any
enumeration degree a and o < (:

a<f® &a<g® = ae s ({Aede).
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Minimal pair theorem

@ g = {g¢}e<c-arbitrary enumeration.

o There is a total set F, g ' () <. F©).
® h={hche<c, ;' (Ae) = FO.

@ (a + 1)-generic enumeration f:

A<.Pl & A<.Pl"= Ais forcing a-definable.

@ There is a total set G, f; () <. G(®) and G(*) omits any
A <. P not forcing a-definable.
@ If X <. F@) and X <. G and X is a total set then
de(X) € CS*({Ae}e<c)-
o Set di(F) = fand d.(G) — g. G
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PROPERTIES OF JOINT SPECTRA

Quasi-Minimal Degree

Definition (Soskov)

An enumeration degree qq is quasi-minimal with respect to
DS(2lp) if

® qo ¢ CS(Ao)

o for every total degree a: if a > qq, then a € DS(2lp)

@ if a < qp, then a € CS(2p).
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PROPERTIES OF JOINT SPECTRA

Quasi-Minimal Degree

Definition (Soskov)
An enumeration degree qq is quasi-minimal with respect to
DS(2lp) if

® qo ¢ CS(Ao)

o for every total degree a: if a > qq, then a € DS(2lp)

@ if a < qp, thena € CS(2p).

There exists an enumeration degree q such that:
Q ¢ e DS(An),a < ¢, q & CS({Acte<c);
@ Ifais atotal degree and a > q, thena € DS({U¢}e<c);
© Ifais a total degree and a < q, then a € CS({¢}e<c)- L
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PROPERTIES OF JOINT SPECTRA  QUASIMINIMAL DEGREE

Quasi-Minimal Degree

@ Let qp be a quasi-minimal degree qgp with respect to DS(2lg)
[Soskov].
@ Let By C N, d:.(Bp) = qo, and {f¢}¢<¢ be fixed total
enumerations of {2A¢}e<c.
@ There is quasi-minimal over B set F, such that
] Bo <e F,
o 171(As) <c F@, a <
e if A<, F, then A <. By, for any total set A.
@ Then q = d.(F) is quasi-minimal with respect to
DS({2A¢ }e<c)-

Ol
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Quasi-Minimal Degree

continued.

@ Since qq is quasi-minimal with respect to DS(2),
qo & CS(Ao).

@ But qo < q and thus q ¢ CS(2p). Hence q & CS{A¢}e<c)-

@ q(@ € DS(,).

@ X —total, X >. F. Then d.(X) > qo. But qp is
quasi-minimal, thus d.(X) € DS(2lp). Since
X(@ >, F@) > f-1(2,), and X(@) is a total,
de(X(@)) € DS(2,), and hence d.(X) € DS({Ae}e<c)-

@ X —total, X <. F. Then, X <. By. From the
quasi-minimality of qg, a.(X) € CS(2Ag) = CS({™A¢ }e<c)-

@ The existence of the set F — quasi-minimal over By, uses
the technique of partial regular enumerations. L4
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Properties of joint spectra of sequence of structures

@ The Minimal pair theorem.
@ The Quasi-minimal degree.

@ Questions:

e Another specific properties of Joint spectra of structures?
e Do there exist a structure 2 such that
DS(2) = DS({¥¢}e<c)?
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