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Definition (Enumeration operator)
M, :P(N) — P(N):

x €lz(B) < 3v((v,x) e W;& D, C B).

D, — the finite set having canonical code v,
W, ..., W;, ... —the Gbdel enumeration of the c.e. sets.

» Ais enumeration reducible to B, A <. B,
if A= T,(B) for some enumeration operator I';.
» A=, B <— A<.,B& B<,A

> de(A) = {B: B =¢ A}

> de(A) < de(B) — A<¢B.

» D¢ = (De, <,0¢) — the structure of e-degrees.
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Let A B={2x | x € Aju{2x+1 | x € B}.
Definition (A total set)

» At =A® (N\ A).
» Alis total iff A=, AT.
» A degree is total if it contains a total set.

The substructure D of D, consisting of all total degrees
is isomorphic of the structure of the Turing degrees.

» A <7 Biff At <o B.
> A<ce Biff A<, B".
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The enumeration jump operator is defined by Cooper:
Definition (Enumeration jump)
Given a set A, let
» K ={(x,2) : x € T,(A)}.
A = (K3)*.
An+1) — (A(n))/_

v

v

v

If A<¢ B, then A' <. B'.
Ais T9_, relatively to Biff A <¢ (B*)(".

v
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» The enumeration jump is consistent with the Turing
jump on the total enumeration degrees.
> Leta = d.(A) and a < wfK.
» By A(® we shall denote the a-th iteration of the
e-jump of Aand let a(®) = d.(A(®).
» BN =A;
> Ly = (B
> If a =lima(p), then E5 = {{p, x) | x € E/,)}.
» Set Al®) = EA,

» (Selman) If for all total X (B <. X(®) = A <, X(®)),
then A <. B@® 0.
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Let A = (N; Ry, ..., Rk, =, #) be a countable abstract
structure.

» An enumeration f of 2 is a total mapping from N
onto N.

» for any A C N4 et
Y A) = {{x1...Xxa) : (f(x1),...,f(xa)) € A}.

> @)= (R)e-ef ((R)ef(=)ef(#)
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Definition

The Degree spectrum of 2 is the set

DS(A) = {d.(f~'(A)) | fis an enumeration of 2A}.

» If ais the least element of DS(2), then a is called the
degree of 2.
» L. Richter [1981] — degrees of structures.
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DEGREE
SPECTRA OF

Definition STRUCTURES
Let a <w{. Then the a-th jump spectrum of 2 is the

set

DS, () = {de((F~1(A))(™)) | fis an enumeration of A}.

» If ais the least element of DS, (%), then a is called
the a-th jump degree of 2.
» J. Knight [1986] — jump degrees of structures.



Definition

A structure 2 is total if all elements of DS(2) are total.

» The definition of the pullback:
AT = (N, Ry,..., Rk, ~Rq,...,~Rx).

» DS(2) consists only total enumeration degrees.

» Only bijective enumerations are considered.

» Example 2 = (N; =, #).
» only the bijective enumerations: DS(2() = {0},

» all surjective enumerations: DS(2() will consist of all

total enumeration degrees.
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Proposition

Let f be an arbitrary enumeration. There exists a bijective
enumeration g s.t. g~ 1 () <e ().

The Degree Spectra are upwards closed with respect to
the total degrees:

acDS(),bistotalanda < b = b € DS().
Proposition
Let g be an enumeration, o <w{Kand let F be a total set

s.t. g 1(A) ) < F.
There exists an enumeration f s.t.

g () <e F1(A) and F1(A)@) =, F.
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Co-spectra of structures

Definition
Let 0 # A C De.

The co-set of A is the set co(.A) of all lower bounds of A:

co(A)=1{b:beD. & (vac A)(b <a)}.

Example
Fixad e D, and let Ay = {a:a>d}. Then
co(Aq) = {b:b <d}.

» co(A) is a countable ideal.

Definition
The Co-spectrum of 2 is the co-set of DS():

CS(2) = {b: (va € DS())(b < a)}.
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Definition
The ath co-spectrum of 2 is the set SO SPECTHA OF
CSa(A) = co(DS,(2)).

» If CS, (%) contains a greatest element a, then a is
called the a-th jump co-degree of L.

» Observation: If 2( has «a-th jump degree a, then a is
also a-th jump co-degree of 2. The opposite is not
always true.



Normal Form

Definition

Let AC N, a <wf and let f be an enumeration of 2. The
set Ais called a-admissible in the enumeration f if

A <e F1(A)(),

The set Ais a-admissible in 2 if A is a-admissible in all
enumerations of 2.

Theorem
a € CS, (%) iffa contains an a-admissible in 2 set iff all
elements of a are a-admissible in 2.

Theorem ( Ash, Knight, Manasse , Slaman, Soskov)

The a-admissible sets are the sets definable on 2 by
means of recursive (L} ) infinitary formulae.
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1981 (Richter) Let 2 = (N; <, =, #) be a linear ordering. STRUCTURES
» DS(2() contains a minimal pair of degrees,
CS(A) = {0}

» If DS(2() has a degree a, then a = 0.
1986 (Knight 1986) Consider again a linear ordering 2I.

» CS¢(2) consists of all £3 sets. The first jump
co-degree of A is 0.



1990 (Ash, Jockush, Knight and [1992] Downey, Knight)
For every a <w®there exists a linear ordering 2
with a-th jump degree 0 and with no 8-th jump
degree for § < a.

1998 (Slaman, Wehner)

DS(2) = {a:ais total and 0. < a},

» CS(2) = {0¢}.
The structure 21 has co-degree 0, but has not a
degree.
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1998 (based on Coles, Downey, Slaman) Let G be a
torsion free abelian group of rank 1, i.e. Gis a
subgroup of Q. Let a# 0 € G and let p be a prime
number.

k if k is the greatest s.t. p¥|a,
hp(a) = ok
oo if p¥laforall k.
Let x(a) = (hgy(), hp, (@), ...) and
Sa = {(i,)) : j < the i-th member of x(a)}.

Fora,b#0¢€ G, Sz =¢ Sp.
Set SG - de(Sa)
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DS(G) = {b : bis total and sg < b}. CO.SPECTRA OF

STRUCTURES
» The co-degree of G is sg.
» G has a degree iff s is total
» If 1 < q, then s(GO‘) is the a-th jump degree of G.
For every d € D, there exists a G, s.t. sg = d. Hence

every principle ideal of enumeration degrees is CS(G) for
some G.



2002 (Soskov) Representing all countable ideals as CS of
structures.
Let By, ..., By, ... be a sequence of sets of natural
numbers. Set A = (N; G,; 0, =, #),

p((i,m) = (i+1,n);
={(i,n:n=2k+1Vvn=2k & ic By}.

» CS(A) = I(de(Bp), - - - d(Bn),...)
» [ CCS(2A): By —1(2A) for each k;
» CS(A) C /:if e( )e S(2), then A <, By for some

K.
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Properties of the degree spectra
Let A C De. Then A is upwards closed if

ac Abistotalanda<b=Dbc A.

» The Degree spectra are upwards closed.

» General properties of upwards closed sets of
degrees.

Theorem

Let A be an upwards closed set of degrees. Then
(1) co(A) = co({b € A : b is total}).

(2) Let1 < a <wP*andc € De. Then

co(A) = co({b € A:c < b®}).
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Theorem
Let A be a structure, 1 < a <w$K, and ¢ € DS, (). Then
CS(2A) = co({b € DS(A) : b(®) = ¢}).
PROPERTIES OF
THE DEGREE
SPECTRA AND
Example CO-SPECTRA

Let B £c Aand A £, B'. Set
D={a:a>ds(A)}u{a:a>ds(B)}.
A={a:aeD&a =d.(B)}.

» d.(B) is the least element of A and hence
d.(B) € co(A).

» d.(B) £ d.(A) and hence d.(B) ¢ co(D).



Minimal Pair Type Theorems S
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Letc € DS, (). There exist total f, g € DS(2), such that
' =g” = ¢ and CS() = co({f ,g}).

Theorem
Leta <wSand letb € DS, (). There exist elements f, B
and f, of DS(2() such that SPECTRA AND

CO-SPECTRA

> fga) <b andfga) <b.
» If 3 < a, then féﬁ ) and fﬁﬁ ) do not belong to CSz().
> If3+1 < a, then co({f{" #71) = CS4().

Example
Finite lattice L = {a,b,c,anb,aAnc,bAc, T, L}.

A={deDes:d>avd>bvd>c}.



The Quasi-minimal degree

Definition
Let A be a set of enumeration degrees. The degree q is
quasi-minimal with respect to A if:

> q ¢ co(A).
» If ais total anda > q, thena € A.
» If ais total and a < q, then a € co(A).

Theorem
If q is quasi-minimal with respect to A, then q is an upper
bound of co(A).

Theorem
For every structure 2 there exists a quasi-minimal with
respect to DS(2l) degree.
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Definition
Let B C A be sets of degrees. Then B is a base of A if

(vae A)(3b € B)(b < a).

PROPERTIES OF
THE DEGREE

Theorem A
Let A be a set of degrees possessing a quasi-minimal

degree. Suppose that there exists a countable base B of

A such that all elements of B are total. Then A has a

least element.

Corrolary
A total structure 21 has a degree if and only if DS(2() has a
countable base.



Degree Spectra of
Structures

Alexandra A.
Soskova

Corrolary

Leta and b be incomparable Turing degrees. There does
not exist a structure 2 such that DS(2) is equal to the

union of the cones above a and b. BTG 6

THE DEGREE
SPECTRA AND
Example CO-SPECTRA

An upwards closed set A of degrees which does not
possess a quasi-minimal degree.

Let a and b be two incomparable total degrees.
LetA={c:c>avec>b}.

Clearly A has a countable base of total degrees, but it has
not a least element. So, .4 has no quasi-minimal degree.



Relatively a-intrinsic sets

1989
>

2002

Ash, Knight, Manasse, Slaman, Chisholm.

The set A is relatively a-intrinsic on 2 if for every
enumeration f of 2 the set f~1(A) <. F~1(2)(»,( « -
constructive ordinal).

Soskov, Baleva.

Let {B.}a<c be a sequence of subset of N and ( be
a constructive ordinal.

Add each set B, to the structure 2 as a new
predicate which is relatively a-intrinsic on L.

Restrict the class of all enumerations of 2 to the
class of those enumerations f of 2 for which
F~1(B,) <e F1(2A)(@),
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Let 24, ...,%2, be arbitrary abstract structures on N,
k<n.

An enumeration f of 2 is k-acceptable with respect to the
structures 24, ..., Ay, if

(A1) <e (F(RA)) .. 1 (RAk) <e (F7(2A))H.
RELATIVE
Denote by & the class of all k-acceptable enumerations.  FE500F

Definition
The Relative spectrum of the structure 2 with respect to
Aq,..., A is the set

RS(A, Ay, ..., %p) = {A(F () | f € &}
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Lemma
If F is a total set, f € £, and ! () <. F, then there

exists an enumeration g € &,, such that
Lol =Faf'(A)=F;
2. g Y(B) <. F® f~(B), for every BC N. e

SPECTRA OF
STRUCTURES

Corollary
The Relative spectrum RS(, 4, ..., 2Ap) is upwards
closed.
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Let k < n. The kth Jump Relative spectrum of 2 with
respect to 24, ..., %, is the set
RSk(2, 21, ..., 2%A,) = {a® |a e RS(A, Aq,...,An)}.
Proposition SPECTRA OF
STRUCTURES

The kth Jump Relative spectrum RS (2, 4, ...2,) is
upwards closed.



Relative Co-spectra of Structures o otres.
Moo
Definition

The Relative co-spectrum of 2 with respect to
Aq,...,An, is the co-set of RS(A, Ay, ..., Ap), i.e.

CRS(2,2s,...,%,) = {b]| (Va € RS(A, Ay, ..., %n))(b < a)}.
RELATIVE

SPECTRA OF

Let k < n. The Relative kth co-spectrum of 2 with STRUCTURES

respect to 24, ..., 2, is the co-set of RS, (A, Ay, ..., 2Ap),
i.e.

CRSK(2, 2y, ...,Ap) = {b | (Va € RSk(, 2, ..., %,))(b < a)}.



The jump set

The jump set P[ of 2 with respect to 2l4,..., 2, :
1. P =f1().
2. Phyoy = (P @ 71 (Aki1).

Theorem

Forevery A C N and k < n, the following are equivalent:

1. de(A) € CRSk(A, Ay, ..., Ap).

2. A <. P, for every k-acceptable enumeration f of
with respect to 4, . .., Ay.
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The set A is formally k-definable on 21 with respect to
A4,...,2, if there exists a recursive sequence
{YX) (W, ..., W,)} of ) formulae and elements
ti,..., t of N such that:
XEA = (AAq,...,A) EOO(Wy/ty,..., W, /t,).
> Zg C3AY)B & ... & Bk); RELATIVE _
» ¥/ : c.e. disjunction of (3Y)®(X,Y), SIEOCITEES
O=(d1 & ... & & B).
Theorem

d.(A) € CRSk (2,24, ...,2,) if and only if A is formally
k-definable on 21 with respect to U4, ...,2A,.



The connection with the Joint Spectra P ructres

Alexandra A.
Soskova
Definition
The Joint spectrum of 2,214, ...,%, is the set
DS (A,24,...,%A,) =
{a:acDS(2),a €DS(Aq),...,aM e DS(A,)}.
1. CS(A,Aq, ..., An) = CRS(A, Ay, ..., Ap). SPECTRA OF
STRUCTURES

2. There are structures 2l and 214, for which
CS1(2,24) # CRS¢(A,2q).
3. The difference:
» A< P(FIRA), £71(RAy), ..., £ 1 (An)) for every
enumerations f of 2, f; of 4,..., f, of Ap.
» in the normal form (2,2 ...,2,) —as a
many-sorted structure with separated sorts.



Minimal Pair Theorem

Theorem

For any structures A, 24, . .., 2, there exist enumeration
degrees f and g in RS(A, Ay, ...,Ap), such that for any

enumeration degree a and each k < n:

a<fkga<g® = aecCRS(AA,.

L 2U).
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Quasi-Minimal Degree

Theorem
For any structures 2,214, ..., A, there exists an
enumeration degree q such that:
1. q & CRS(A, Aq,...,2An);
2. Ifais a total degree and a > q, then
acRS(AAq,...,An);

3. Ifais a total degree and a < q, then
a c CRS(2L, 2y ...Ap).
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