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Abstract

We study the notion of relatively intrinsically c.e. sets with respect to a sequence of structures.
We propose a generalization of the notion of jump sequence of sets to jump sequence of structures and
study the relatively intrinsically c.e. sets in this notion.

1 Introduction

Let A = (A4; Ry, ..., Ri) be a countable abstract structure. An enumeration f of 2 is a bijection
from N onto A. For an arbitrary set X C A® the pullback of X under the enumeration f is
denoted by f~1(X) and defined as {(z1...7,) : (f(z1),..., f(z4)) € X}. The pullback of the
structure 2 under fis f~1(A) = f~H(R1) @ -+ © f1(Rx). We will consider only structures
A= (A; Ry, Ry ..., Ry, Rk) where equality is among the predicates Ry, ..., R.

Definition 1.1. A set R C A is relatively intrinsically c.e. in 2 if and only if f~1(R) is c.e.
in f=Y(A) for every enumeration f of A.

Ash, Knight, Manasse, Slaman[I] and independently Chisholm[2] show that the relatively
intrinsically c.e. sets in a structure 2 and the sets that are definable in 2 by means of computable
infinitary X9 formulas coincide.

We will generalize the notion of jump sequence of a sequence of sets which is the main tool in
many results and proofs of Soskov such as the jump inversion theorem for the enumeration jump,
the regular enumerations, Ash’s theorem for abstract structures and w-enumeration degrees.

Definition 1.2. (Soskov) Let X = {X,, }n<w and (¥n)(X,, C N). The jump sequence
P(X) = {Pn(X)}ncw of X is defined inductively:

(i) Po(X) = Xo;

(i) Pns1(X) = Pu(X). ® Xp41. Here Pp(X)., is the enumeration jump of P, (X).

We generalize the above notion to a sequence of structures in the following way:

Definition 1.3. Given a sequence of structures 2 = {2;}i<. the n-th polynomial of 2A is a

—

structure Py, (2) defined inductively:
(i) Po(2A) = Ao;

— —

(77) Pni1() = Pn(A) @ Apy1. Here the jump of a structure and the join of two structures are
appropriately defined.
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We denote by A the n-th jump of structure 2 defined inductively:
A0 = 9L Q(n+1) — (Amy.

Definition 1.4. We call two structures 2l and B equivalent: A = B if they have the same
relatively intrinsically c.e. subsets of the common part of the domains of A and B.

Our main result is the following:

Theorem 1.5. For every sequence of structures 5[, there exists a structure 9 such that for
every n we have Py, (2A) = M),

2 Preliminaries

2.1 Enumeration and <, Reducibility

We shall assume a fixed Gédel enumeration Wy, ..., Wy, ... of the computably enumerable sets.

By D, we shall denote the finite set with canonical code v. Each c.e. set W, determines an

enumeration operator W, : P(N) — P(N), so that for any sets of natural numbers A and B
A=W,(B) < (Vz)(zx € A — (Fv)({(z,v) € W, A D, C B)).

The set A is enumeration reducible to B (A <. B) if there exists a c.e. set W such that

A=W(B). Let A=. B < A <. B & B <. A. The relation =, is an equivalence relation

and the respective equivalence classes are called enumeration degrees.

For every set A of natural numbers let AT = A® (N\ A). Clearly a set B is c.e. in A if and
only if B <, AT. A set A is total if A=, AT.

Given a set A of natural numbers, set Ly = {{a,z) : x € W,(A)} and let the enumeration
jump of A be the set LX. We will denote it by AL. One property of the enumeration jump is
(AT). =, (A%)" uniformly in A. It is obvious that if A is total then A, =1 A%..

Enumeration reducibility is further generalized to a notion of enumeration reducibility of
sets to sequences of sets and to a notion of enumeration reducibility of sequences of sets to
sequences of sets. The starting point of these generalizations is Selman’s Theorem which states
that the set X is enumeration reducible to the set Y if for all sets B, Y is c.e. in B implies X
is c.e. in B. The following definition in a different notation is given by Ash:

Definition 2.1. Given a set X of natural numbers and a sequence Y = {Yi}rew of sets of
natural numbers, let X <, YV if for all sets Z C N, YV is c.e. in Z implies X is E%H n Z.

Here Y is c.e. in Z means that (Vk)(Yy is c.e. in Z;k) uniformly in k).

Ash presents a characterization of “<,,” using computable infinitary propositional sentences.
Another characterization in terms of enumeration reducibility is obtained by Soskov and Ko-
vachev:

Theorem 2.2. (Soskov) X <, YV if and only if X <. P, ().
Soskov further generalized the notion to a sequence of structures:

Definition 2.3. Let 2 is a sequence of structures and the union of their domains is A.
For R C A we say that R <, 2 if f~Y(R) <,, f~Y(A) for every enumeration f of .

Theorem 2.4 (Soskov[d]). For every sequence of structures 5{, there exists a structure 9, such
that for each n, the relatively intrinsically 3,41 sets in M sets coincide with the sets R <, 2.
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The structure 91 is the Marker’s extension of the sequence of structures 2l as defined below.

First we will define the n-th Marker’s extension 9,,(R) of R C A™, where A is the union of
the domains. Let X, X1, ... X, be new infinite disjoint countable sets - companions to 0, (R).
Fix bijections:

ho:Rg)Xo
hli(AmXXo)\Gho — X1

hp it (A" X Xogx X1+ X Xp—1) \ Gp,,_, = Xn

Let E)ﬁn(R) = (A @) XO y---u Xn, )(0,)(17 ce Xn, Gh")~

Now for every n construct the n-th Marker’s extension 9, (2,,) of 2, by constructing the
n-th Marker’s extension for all of its predicates A,, RY, ... R}, ~with disjoint companions and
let M, (An) = My, (An) UM, (RT)U---UIM, (R, ). Finally for the whole sequence of structures
set M to be |J,, M, (A,,) with one additional predicate for A. For further details refer to [4].

2.2 Moschkovakis’ Extension and the Jump Structure

Let 2 = (A;Ry,...,Rs) be a countable structure and let equality be among the predicates
Ry,...,Rs. Following Moschkovakis[3] the least acceptable extension of the structure 2 is
defined as follows.

Let 0 be an object which does not belong to A and II be a pairing operation chosen so
that neither 0 nor any element of A is an ordered pair. Let A* be the least set containing all
elements of A9 = AU {0} and closed under operation II.

Let L and R be the decoding functions on A* satisfying the following conditions:

L(0) = R(0) =0; (Vte A)(L(t) = R(t) =1%); (Vs,t € A*)(L(II(s,t)) = s & R(II(s,t)) =1).

We associate an element n* of A* with each natural number n by induction:

0* = 0; (n+ 1)* =T1I(0,n*).
The set of all elements n* defined above will be denoted by N*.

The pairing function allows us to code finite sequences of elements: let II1(t1) = t,
Hn+1(t17t27 . ,tn+1) = H(tl, Hn(tg, Ce 7tn+1)) for every t1,%9,...,th41 € A*,

For each predicate R; of the structure 2 define the respective predicate R} on A* by

Ri(t) < (Ja1 € A)...(Fa,, € A)(t =11,,(a1,...,ar,) & Ri(ar,...,ar,)).

Definition 2.5. Moschovakis’ extension of 2 is the structure
Q[* = (A*a A()v RT? sy R:7 GH7 GL) GR7 :)7
where G, G, and Gr are the graphs of II, L and R respectively.

We will now define the jump of a structure [5]. We define a forcing with conditions all finite
mappings of N into A. For any e,z € N and for every finite mapping § of N into A, define the
forcing relations § I+ F(z) and ¢ IF = F,.(x) as follows:

SIFFy(z) == zewd @, §IF —~Fy(z) <= (V1 2 8)(r If F.(z)).
Where §71(21) is a finite function that is an initial part of the characteristic function of f~1(2A)
for an enumeration f O § of 2. We also assume that if the oracle is called with an argument
outside the domain of § then the computation {e}éfl(m)(x) halts unsuccessfully.

With each finite mapping 7 # @ such that dom(7) = {z; < --- < z,} and 7(z;) = 54,1 <
i < n, we associate an element 7* = IL, (II(z}, s1), ..., H(z%, s,)) of A*. Let 7* =0 if 7 = 0.

Define Ko = {II3(0*,¢e*,2*) | (3T 2 0)(7 Ik Fo(x)) & e*,2* € N*}. The set Ky is an
analogue of the Kleene set K.
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Definition 2.6. We define the jump of structure A to be
A' = (A*, Ag, RY,...,R:,Gn1,GL,GRr,=, Kg).
The main property of the jump structure, obtained in [6], is that for all X C A:

Theorem 2.7. X is relatively intrinsically X1 in A <= X s relatively intrinsically 31 in
AM),

Let A be a set, X C A and f, g are enumerations of A. We will denote by Ef(’g the set:
EL = {(z,y) | f(z) = g(y) € X}.
The following two lemmas give the connection between enumerations of a structure and enu-
merations of its jump structure. They can be proved following [5](Propositions 13 and 15).

Lemma 2.8. Let 2 be a countable structure with domain A. For every enumeration f of
2 there exists an enumeration g of A’ such that g~ (A') <7 (f~1(A))} and Ei;’g is c.e. in

(f~HQ0)7-

Lemma 2.9. Let 2 be a countable structure with domain A. For every enumeration f of U’
there exists an enumeration g of A such that (g1 (20)) <t () and Ef;’g is c.e. in f7H(A).

We now define the join of two structures:

Definition 2.10. Let A = (A; Ry,...,Rs,=) and B = (B; P1,...,P,,=) be countable struc-
tures in the languages £1 and £o. Suppose that £1NLs = {=} and ANB = 0. Let £ = £, ULyU
{A, B} where A and B are unary predicates. Define A& B = (AU B;Ry,...,Rs, P1,..., P,
A, B,=) in language £ where predicates A and B are true only on the elements of the domain
of A and B respectively.

In order to satisfy this definition we will only consider sequences of structures A = {2 }icw
where the domains of 2; and 2; don’t have common elements for all ¢ # j.

3 Proof of main result

Let A = {;}icw be a sequence of structures and the domain of ; is A;. Denote by ASn =
Ui~y Ai- Let f be an enumeration of A = {J,,, A; then we denote by P/ the following:
Pi=f7@)  Pla= Pl @),
Note that for the structures we are considering the set P} is total for all n and f.
First we prove two lemmas which follow from Lemma and Lemma by induction:

Lemma 3.1. For every enumeration f ofﬁ and every n € N there exists an enumeration gy

of Pu(2), such that g; (P (A)) <1 P/ and Ef;’glﬁ is c.e. in P}

—

Lemma 3.2. Let n € N. For every enumeration g of P,(2l) there exist an enumeration f, of
2, such that Pl <1 g~1(P,(A)) and Efé’; is c.e. in g~ (Pn(A)).

Now using these two lemmas above we can prove the following:

Proposition 3.3. Let n € N and X C AS™. We have the following equivalence:

X is relatively intrinsically c.e. in Pn(gl) — X <, A
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PROOF: (=) Suppose that X is relatively mtrlnsmally c.e. inP, (A ) and let f be an enumer-
ation of A. By Theorem .We should only prove that f~ ( ) <. PL. Accordmg to Lemma
for the enumeration f we can find enumeration g, of P, (2) such that g;*(P,(A)) <r P/ and
Ef;’ﬁf; is c.e. in 73,{. Now note the equivalence:

ze fHX) <= (F)((z,y) € EQE’Z &y € g, (X))

Because X is relatively intrinsically c.e. in P,(2), the set g, (X) is c.e. in g; (P, ().
Also g7} (P, (2A)) <t P{ from the properties of g,,. Then we have that g;'(X) is c.e. in PJ.
We also know that E%27 is c.e. in PJ, so we can conclude that f~'(X) is c.e. in PJ. Since P}
is a total set we have that f~1(X) <, PJ.

(<) Suppose that X <, 2. Let g be an enumeration of P, (2). According to Lemma
for enumeration g there is an enumeration f,, of 2, such that Pf» <t g~ (P, (A)) and Eif’; i
ce. in g7L(P,(2A)).

Because X <, 2 we have that f7H(X) <. Pln. The set P/ is total so we also have that
frY(X) is ce. in Pfr. We also know that PI» <p ¢g~1(P,(A)) by the properties of f, and so
the set £ 1(X) is c.e. in g~ (Pn(2A)). Now note the equivalence:

re g (X) <= Gy)(wy) € BS & ye f71(X)).
It is obvious that g~ (X) is c.e. in g~ (P (2)). O

We can now prove our main result Theorem 5] Note that the structure 9 is the Marker’s
extension of the sequence 2 and the domains of M and P, 2 ) depend on the Moskovakis’
extension. We shall assume that the common part of the domains is exactly AS™.

PROOF: [of Theorem [1.5 - | Let n € N. By Theorem [2.7] - 7| X is relatively intrinsically c.e. in
oM™ if and only if when X is relatively intrinsically ¥, in 90t

Now by Theorem [2.4] we have that this is equivalent to X <, 2A.

Lastly using the previous Proposition [3.3] we conclude that X is relatively intrinsically c.e.
in M) if and only if X is relatively intrinsically c.e. in P, (2 ) Which can be written as:

m =P, ().
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