FOIUIITHUK HA COPUNCKUA YHUBEPCUTET ,CB. KJIMMEHT OXPUICKU*

PARKYJITET 11O MATEMATVNKA N UHPOPMATUKA
Towm 84, 1990

ANNUAIRE DE L’UNIVERSITE DE SOFIA ,,ST. KLIMENT OHRIDSKI

FACULTE DE MATHEMATIQUES ET INFORMATIQUE
Tome 84, 1990

A NOTE ON THE C2-TERM OF THE EFFECTIVE
CONDUCTIVITY FOR RANDOM DISPERSIONS

KONSTANTIN MARKOV, KERANKA ILIEVA

Koncmanumuw Mapxoe, Kepanka Uauesa. 3SAMEYAHUE O C?.YJIEHE 90dEKTUBHON
NPOBOIVMOCTU CIYUYAWHOW NUCHIEPCUU COEP

Pabora mocBamena wncciaenoBaHUo 3(Gp(PEKTUBHON TEMJIONPOBOIHOCTU K* cryuaitnoit
pa3psaxenHoit cycnencun cpep. CmenmanbHOe BHUMAHUE yIEI€HO CQ—Koaq)qmumeHTy a9 B
Pa3JIOKEHUU DTOM HPOBOLUMOCTH IO CTEIEHAM O00DLeMHOU KoHmeHTpamuu chpep C. Ilouan-
3yfACL OIPOCTLIMUA COOOpaKEHUAMU IMOKAa3aHO, YTO (12 IPEACTABIACHA CYMMOM IOCTOAHHLI
U JUHEHHOro GyHKUMOHAJNA OT paaualibHON (yHKIUN pacupenenenus chep. B paBHUHHOM
cayuae (Marepuai apMUPOBAHHBIA BOJOKHAMY ) HalleH aHAINTUYECKAN BUI 5TOrO AApa U
BLIBEIEHLI HEKOTOPLIE IPOCTLIE OLCHKHU IJIA HEro.

Konstantin Markov, Keranka Ilieva. A NOTE ON THE C?-TERM OF THE EFFECTIVE
CONDUCTIVITY FOR RANDOM DISPERSIONS

The paper is devoted to the study of the effective conductivity kK* of a random dilute dispersion
of spheres. A special attention is paid to the 2-coefficient a2 in the expansion of K™ in powers of
the volume fraction ¢ of the spheres. The functional dependence of a2 upon the radial distribution
function is discussed and it is shown, using simple arguments, that ag is a sum of a constant and
a linear functional of the said function. The analytical form and certain estimates for the kernel
of this functional are obtained in the two-dimensional case (fiber-reinforced material).
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1. INTRODUCTION

Consider a random dispersion of spheres in the three-dimensional case (3D) or
cylinders in the two-dimensional (2D) case, i.e., an unbounded matrix of conductiv-
ity Km, containing an array of either spherical or parallel cylindrical inclusions, each
one of radius a and conductivity x¢. The centers of the inclusions, assumed nonover-
lapping, are in the random points x;. The statistics of the dispersion is described by
the multipoint distribution densities f,(y1,...,yp) that give the probability of find-
ing a center of an inclusion per each of the infinitesimal volumes y; <y <y, + dy;,
1 =1,...,p. We assume, as usual, that the dispersion is statistically homogeneous
and isotropic and f, ~ nP in the dilute limit n — 0, where n is the number den-
sity of the inclusions. The classical problem consists in evaluating the effective (or
overall) conductivity x* of the dispersion, making use of the known conductivities
km and Ky of the constituents, and of the statistical information represented by the
functions f, (cf., e.g., [1-6]). The mathematical formulation of the problem reads

(1.1) V-A{rx)Vix)} =0, (Vl(x)) =G,

where 0(x) is the random temperature field, x(x)—the given conductivity field
(k(x) = Ky or Ky, depending on whether x lies in an inclusion or in the matrix
respectively), G—the prescribed macroscopic gradient of the temperature, and (-)
denotes ensemble averaging. Upon solving the random problem (1.1), one calculates
the mean flux, which is proportional to the macrogradient G:

(1.2) (k(x)VO(x)) = K*G,

where k* is the effective conductivity of the medium. The difficulties in calculating
k* are well acknowledged in the literature: they stem from the need to account
properly for the multiparticle interactions in the dispersions and for the slow decay
of the single-inclusion field [2,4,5]. A number of approximations for x* exist; one of
the first and most famous of them has been proposed by J. Maxwell [7]. Though he
dealt with dispersions of spheres, we give the respective result in a bit more general
form in order to be able to cover both 3D (dispersion of spheres) and 2D-case
(dispersions of aligned cylinders, i.e. fiber-reinforced materials) simultaneously:

* d
(1.3a) “=1+ fa_ _ 14 dBac+dBa"c® + -+,
Km 1— Bgc
where
[x]
1.3b S s’ B e
(1.3b) Ba b [K] = K — Km;

hereafter d = 3 in 3D-case and d = 2 in 2D-case, ¢ is the volume fraction of the
inclusions, c =nV,, V, = %ﬂ'a3 in 3D-case, or ¢ = nS,, S, = ma? in 2D-case.
Let

*

(1.4) =1+acta®+---

m
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be the so-called virial (or density) expansion of £* in powers of the volume fraction
c of the inclusions. As a matter of fact, the coefficient a; is the only thing rigorously
calculated by J. Maxwell (cf. [7]): a1 = df34, while for the c2-coefficient his formula
yields only a certain approximation

(1.5) as = dBg°.

The rigorous evaluation of as has attracted the attention of many authors because
this is the simplest case in which the multiparticle interaction shows up in a non-
trivial way (see, e.g., the papers [4-6], [10]), where ag has been expressed in a closed
form, making use of the zero-density limit go(r) of the so-called radial distribution
function for the spheres, and of the one- and two-inclusion fields for the conductivity
problem under study. Let us point out also the paper [8], where certain bounds on
ag are derived in which the same function go(r) appears; the counterpart of these
bounds in 2D-case is given in [9].

In this paper we shall first concentrate on the functional dependence of as upon
the above mentioned function go(r). We shall show in §2, using the bounds of [8,9],
that ag is a sum of a constant and a linear functional of go(r) with a certain kernel
¥y, and estimates on ®; will be then proposed (§3). In §4 we shall evaluate ®;
analytically in the 2D-case, making use of a method originated by J. Peterson and
J. Hermans [10]. In this way we avoid twin expansion technique of D. Jeffrey [4]
and B. Felderhof et al. [5], needed in 3D-case when solving the two-sphere problem,
and get the eventual 2D-case result for as in an explicit integral form. Moreover,
for some simple but important particular cases the integration can be performed
analytically employing certain well-known higher transcendental functions. Finally
we consider some power series expansions for as which allow us to calculate the
latter easily (85).

2. FUNCTIONAL DEPENDENCE OF @, UPON THE RADIAL
DISTRIBUTION FUNCTION

Due to the assumption f, ~ n?, the coefficient as could depend on the two-
point distribution density fo only. As usual, we represent the latter as fa(y1,y2) =
fa(r) = n2g(r) = ngo(r) + o(n?), where g(r) is the radial distribution function and
go(r) is its zero-density limit, r = |y1 — y2|. Obviously, only go(r) could influence
asz, so that

(2.1) az = §lgo(*)]-

The functional § is defined on the space C of all bounded, piece-wise continuous
functions on the interval [2,00), go(Aa), A = r/a (due to the nonoverlapping as-
sumption) and go(r) — 1 at r — oo (no long-range order in the dispersion). The
continuity of this functional in the C-norm seems obvious so that, according to the
general representation theorem of V. Volterra [11], we can write down az in the
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form of a functional Volterra series:

oo

as = Py + (I)l()\)go()\a) d\
2/
(2.2)

+//‘I)2(>\17 A2)go(A1a)go(A2a) dAy drg + - -,
2%

where &g = const and ®1(\), P2(A1, A2), etc., are certain kernels that vanish at
infinity. These kernels do not depend on the statistics of the dispersions but only
on the ratio & = Ky/ky,, of the constituent conductivities or, which is the same,
on the parameters (4, introduced in (1.3b); to emphasize this fact we shall use the
notations &1 = @1 (A; B4), etc.

Let us recall now the bounds on ag, derived in [8,9] in the 3D- and 2D-cases
respectively:

d d
(2.3a) g3 (1 + T%”h) <ap < dp? (1 + rﬁdﬂdﬂh),

i 21
2

As a first consequence of (2.3) we shall show that the functional (2.1) has the
form

o0

(2.4) 02 = 45+ [ 1% fa)gn(Aa)
2

i.e.

(2.4a) Oy = d

and

(2.4b) By= D5 =...=0.

The proof is based on the fact that (2.3) holds for all admissible functions go(r) €
C. Indeed, consider the class of functions 964 € C such that g()“(r) =0atr <A
and g¢'(r) = 1 at r > A, A > 2a. The statistical parameter in (2.3b) depends then
on A, my = m’24, and it can be easily calculated in this case, but we need here only
the obvious fact that

(2.5) miy — 0 at A — oo.
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On the other hand,

of = / B1(A)gf (Aa) dA — 0,
(2.6) ’

(f)‘; ://q)Q(Al,)\2)964()\10/)964()\20/) d)\ld)\Q - 0,
22

etc., at A — co. We employ now (2.3a) for the function go(r) = gi'(r):

dBa dBa A> '

2 A\ < A AL < dp2
d6d<1+1_(d_1)ﬁdm2>_¢o+¢1+¢2+ _d6d<1+1+ﬁdm2

Letting A — oo and recalling (2.5) and (2.6), we get from the last inequalities
that ®y = dB% which proves (2.4a).

The proof of (2.4b) is very simple if the functional series (2.2) is finite, containing
N terms, N > 2. Let N = 2 first. Consider the kernel ®; and suppose that in the
neighbourhood

Ac=A0 =&, X +e) x (A —¢&,X3 +¢)

of the point (A}, AJ) € R?* we have, say, ®2(\1,A2) > 0 . We consider the class of
step-constant, functions go(r) € C, such that go(r) = pif r € (A —e, X0 +2) U (X —
£, +¢€); go(r) = 1 at r > A and vanishes otherwise. In this case the parameter
mg is a linear function of p. On the other hand, the two-tuple term in (2.2) is a
quadratic function of y with a positive multiplier of u2. If u and A are big enough,
the inequality (2.3a) will be violated, which proves that ®2 = 0. The proof in the
case when NV > 2 but is finite, is fully similar.

We should finally show that the series (2.2) for as is finite. To this end it suffices
to recall the definition (1.2) and the representations

5(%) = (k) + ] / h(x — y)'(y) d,
0(x) = G -x+ / Ty (x — y)o'(y) d

+ /TQ(X7Y1aX*Y2)D£;2)(y1ay2)dSYI d*ys + o(n?),
(x)

where w'(x) = w(x) — n,

wx) =Y d(x—x;)
J
is the random density field for the dispersion and
DP (y1,y2) = w(y1)w(y2) — d(y1.2) — ngo(yr.2)lw' (y1) + ' (y2)] — n*go(y1,2),
V12 = y1 — y2. The kernels Ty and 7> have been specified in [6], but we need

here only the fact that the two- and three-point moments of w(x) depend linearly
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on go(r), to the needed order n? [12], so that the series (2.2) should be finite and,
moreover, should indeed have the form (2.2), truncated after the one-tuple term.

3. BOUNDS ON THE KERNEL &,

Let us denote by a) the c?-deviation of as from its Maxwell value (1.5), i.e.
ah, = as — df33. From (2.3) and (2.4) we have

o0

(3.1) a = / By (: Ba)go (Aa) X,
2
d*53 ,_ B3
(3.2) mmz <ag < e ﬁde'

Since the statistical parameter mg is a linear functional of go(Aa) and (3.2)
should hold for all admissible functions gy € C', we can conclude that

2(d-1)p3 At
1—(d—=1)8a (N = 1)

< D1 (X; Ba)

< d?(d—1)83 A1
- 148 (-1

(3.3) A€ [2,00).

The proof employs the arbitrariness of go(Aa) in the space C and is fully similar to
that in §2.
Note that the estimates (3.3) imply that ®; decays as A~ (1) at A\ — oo and

d—1
(3.4) B3 (0% ) = ¢ (d — )57 + ol

If Kf/km — 00, i.e. B4 — 1, the upper bound (3.3) degenerates; if kf/Kkn — 0,
i.e. B3 — —1 or B2 — —1, the lower bound (3.3) degenerates (cf. Fig. 2 below).

4. EVALUATION OF THE KERNEL &, IN 2D-CASE

Let us recall first the formula for af, derived in [4,10], see also [6], which in the
2D-case reads

1
(4.1) ayG = Lﬂﬁ/tfx/go(z) [VmT(Q)(x;z) — VIV (x)| d?z,
‘S,  Z

2a

where Zyq = {z | |z| > 2a} C R?, and

Wror s L
(4.2) Tl(x)— 8G -x at |x| <q; ﬁ_ﬁ2_lif+lim,
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is the solution of one-inclusion problem at |x| < a; the inclusion hereafter is the
disc Sq = {x | |x| < a} of radius a, located at the origin. The field T3 (x;z) is
the solution of the two-inclusion problem which represents the disturbance to the
temperature field introduced by the pair of equal discs 1 and 2 centered at the origin
and at the point z, respectively, when the temperature gradient at infinity equals
G. The field T?(x; z) satisfies the equation

43) kAT (x;2) + 5]V - { [(x) + h(x —2)] [G + VT (x; 2)] } =0;

here z plays the role of a parameter and z € Zs,, since the discs are not allowed to
overlap. The integral in (4.1) is conditionally convergent and is understood in the
sense

R

(4.4) /-d2z: lim -d*z; /-dQZ:/rdr/-dQ,
R—o
Q

Z2a,R Z3a,R 0

where Z, p = {z |2a <|z| <R } This means that in the integral over the region
Zaq,r We first integrate with respect to the angular coordinates, i.e. on the unit
circle @ = {z | |z| =1}, and then with respect to the radial coordinate r = |z|, see
[4,6].

We shall calculate here this integral by means of an obvious extension of the
arguments of J. Peterson and J. Hermans [10], who tacitly considered only the
well-stirred case go(r) = 1.

Let us introduce the tilted coordinate system (z,x5) as shown in Fig. 1, where
|O'O1| = |O'O2| = L, and the bipolar coordinate system (o, 7) for which

hr >
Pop— 20T p (1425 e
N =0T —coso + Z € eospa

p=1
(4.5)
sin o =
2h =b—-"""— =2b) e P sinpo.
2 ch7 —coso Z pe
p=1
The boundaries of the two discs I and 2 correspond to the coordinate lines
T = 479, where

b
4.6 =
( ) @ Sh’]’()7

L =achmy.

The solution of the problem (4.3), bounded at infinity can be obtained straight-
forwardly, making use of the bipolar coordinates (o, 7) (see, e.g., [10]). We shall
need in what follows only the values of the solution at the boundary 7 = 7y of the
disc I:

(G X+ T<2>(x;z))

T=T0

(4.7)

o0 o0 .
2Km cos po 2K sin po
=bG (1 m bG! m ,
1( +Z§'ff5hp70+lim€hpﬂ)) * 2; K¢ chprg + Kmshprg
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where G| and G, are the projections of the temperature gradient at infinity G on
the axes x} and x}, respectively.
As it follows from (4.2),

(4.8) TW(x) = —BG - x = — (G2} + Gha’) + const,
so that the field W(x;2z) = T®) (x;2) — T™M(x), needed in (4.1), has the form

W(x;z) = GYW{ + Gy W3,

(4.9) Wi = Z W,y cospo, W; = Z Wy sin po,
p=0 p=1
iy Bbe 2070 , iy Bbe 2070

W' o— W' = — .
pl k¢ shpro + Km chpry’ p2 kg chpry + K shpg

Let us change now the order of integration in (4.1) and then apply the Gauss
theorem

1
(4.10) ayG = %S—g/go(z)d% / nW(x;z)ds;
Z2a |z|=a
9 ﬂk
n o
4 o
€9 P
‘ (G
1 —=
01 e !

Fig. 1. Coordinate systems in the two-inclusion problem (2D-case).
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here n is the unit outward normal to the disk 1 and ds is its element of length

do b
411 gs=do b
(4.11) ST chty —coso

Since the integral with respect to z is to be understood in the sense (4.4) and
90(z) = go(|z]), we carry out the integration consecutively: first, at fixed |z| =
2L = 2achy, i.e. at fixed 79, we integrate with respect to all orientations of the
dumb-bell shaped figure (see Fig. 1), described by the angle ¢. Next we integrate
with respect to all |z, i.e. to all 7p. This procedure is equivalent to a transition to
the polar coordinates (p, @) in the plane (x1,22) with a center at the point Oq, so
that p = |z| = 2L, after which the integration is performed first with respect to «
and then with respect to p (cf. Fig. 1).

Consider first the integration with respect to p. Due to (4.9); and (4.11), we
have

K(L) :/da/ nW(x;a)ds
o |z|=a
(4.12)
:/da / n(GYW{ + GyW3) ds :/da / (W{ne| + Wine,)ds - G.
-7 |z|=a -7 |z|=a

In this expression we should once integrate over the orientations of the pair of unit
vectors €}, €, and once over the orientations of the normal n. Instead, we first fix
the angle ¢ between n and e}:

(4.13) n-ej =cosy, n-eh=siny,

and rotate rigidly the triad €/, e}, n. The dyadics ne/, ne}, after such an integration
become proportional to the unit second-rank tensor I, so that, in virtue of (4.11)
and (4.13), the integral in (4.12) becomes

(4.14) K(L) = =G / (GL W] + Gy C%’

It remains to integrate with respect to the angle v only.
Let us recall now the formulas

Ccos Y chrgcoso — 1 =
=b =2b pro
h (chTg — cos )2 ; be — T eosbe,
(4.15)
sin vy sh 7y sino = .
=b =2b pTo
h (chTy — coso)? Z pe SHPa,

p=1
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which, when substituted into (4.14), together with (4.9) yield

K(L) = 7bG > pe "™ (W), + Wy,)

p=1
(4.16)
© —6p7o
= 167212 2K7mG L.
w0 Km + Kf pz:; 1— p2e—4p7o

Since the radius a of the discs is fixed, the integration with respect to p = 2ach
is an integration over 7 € (0, 00) and

pdp = 4a® ch o sh o dro.

Making use of (4.7) and (4.16), we thus get

G = L2 [K(L(o)pdo = 151916,
2a

Km S2
(4.17)
< 7 h 7o sh®r
cnTosS 0 —6p7
M(B) = 162:121/90(206h70)m6 P70 .
b= 0

Upon inserting (4.17) into (4.1) we easily obtain the eventual ¢?-formula for the
effective transverse conductivity x* of a fiber-reinforced material:

*

(4.18) =1+ 2Bc+23*(1 +28M(B))c* + o(c?),

with the function M (5) defined in (4.17). This function is obviously even, which
implies the relation

(4.19) as(B) + az(—pB) = 43*

for the coefficient as, considered as a function of the parameter 3. It is to be noted
that (4.19) is a simple consequence of the Keller interchange formula [13], which
reads

K (Kfy Bm)K" (Kms Kf) = Kflm;

here k*(ky, km) denotes the effective transverse conductivity of the fiber material
under study and &*(km, k¢) is the conductivity of the same material, but when the
fibers are made of the matrix material and the matrix—of fiber’s.

The comparison of (3.1) and (4.17) yields the analytical form of the kernel ®;:

(o) Aﬁp
(4.20) i\ B) =488\ — ) S 22
1 pz:; 1 — B2A6p

here A = e~ = %()\—\/)\2—4), A>2.
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Fig. 2. Plots of the kernel ®; (continuous line) and the bounds ®¥ and @Y
(dashed lines) (2D-case); a) 8 =0.5; b) 5 =0.9

By means of (2.4) and (4.20) we can evaluate numerically the coefficient ag
for an arbitrary sphere statistics, represented here by the function go(r). Thus in
2D-case under study we avoid twin expansion technique of D. Jeffrey [4] and B.
Felderhof et al. [5], needed in 3D-case when solving the two-sphere problem, and
get the eventual result for as as an explicit integral. Moreover, for some simple but
important particular cases the integration can be performed analytically employing
certain well-known higher transcendental functions, as we shall see in the next
Section.

The bounds (3.3) in 2D-case under study have the form

DL (N B) < @1(N;8) < @Y (N ),

(4.21) BT B

LT -1

v 48 A
NI

The exact values of the kernel ®; together with the bounds ®f and ®Y as
functions of A are shown in Fig. 2 in two cases: § = 0.5 and g = 0.9.
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5. SOME FORMULAS CONCERNING @ 2 IN 2D-CASE

In order to make easier the numerical evaluation of as for the fiber-reinforced
materials let us expand the function M () in (4.17) in powers of the parameter [:

5.1 MB%*, B = 7[ al
(5.1) kZO W B
(5.2) =16 Z]/ (2ach7) ch7sh37e~21G+20)7T g
j=1
The estimates (3.2) for az now imply
26 20
. — < < —
(5.3) e S 20M(B) < T,
so that
!
2
(5.5) M(f) =ma +O(B), ie. az=26%(1+20ms)+o(8).

The formula (5.2) can be recast as

7 ch7sh3r
M, =4 2acht)————d7
g O/go( )sh2(3—|—2kz)r

Having used the known formula for shnr and making the substitution A = 2ch,
we get eventually

—1
k+1

(5.6) My, :/)\900\@) Z(_l)ngJerfj)‘Q(Qk_j—H) dA.
3=0

The formula (5.4) coincides with (5.6) at k = 0. At k =1 we have

7 Ago(Aa)
. dX
(5:7) / —3X\241)2 77
2

and this integral, as well as the integral in (5.4), can be easily evaluated in the most
frequently used well-stirred approximation for which g(r) = go(r) = go(Aa) = 1 at
A > 2, yielding

1 1 V5. 3—+5
58 w = (\/1 ws _ /u — ?'\4'“15 — 1 .
(5.8) 0 o T T TR 2
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However, the analytical evaluation of M, by means of (5.6) at k > 2 is not easy
even in the well-stirred case. In the latter case we employ (5.2) which leads, after
simple manipulations, to the following result:

1/ 2
(5.92) Mys =2 {2¢(1 +ex) = 20(1+20) + - (Singffck - 1) } ,
where
1 - I(x)

so that ¢(x) is the logarithmic derivative of the Euler Gamma-function which is
investigated in detail and tabulated [14,15]. As a matter of fact, the formula (5.9)
is given in [10]. Note that since the arguments 1 + ¢, and 1+ 2¢; are rational, we
can employ the formula for ¢(p/q), cf. [15, p.722], which allows us to represent
MP® by means of elementary functions, namely

k+1

) 1
(5.10) MPS =ci{ —+38 Z sin(jmer) sin(3jmey) lnsin(jmey,)
QCk =

Note also the asymptotic formula
(5.11) M® = 6(3)c, + 30((5)ch + o(ch),

where ((3) = 1.2021 and ¢(5) = 1.0369 are the respective values of the Riman (-
function. The formula (5.11) gives four correct decimal numbers for M*® at k > 4
and six at £ > 6.

The formulas (5.10) and (5.11) make possible to evaluate ag in the well-stirred
case, having truncated the series (5.1) and replacing the remaining coefficients M"*
with their asymptotic values (5.11). In this way one easily finds, e.g.,

ay®=27450 at B=1, ie. Kf/km = 00,

(5.12) ay® =1.2550 at B=—1, ie. ky/km=0.

The dependence as = az(() is shown in Fig. 3 together with the bounds (2.3a),
which in the well-stirred 2D-case under study read

¥ ws v
2ﬁ2(”3<1+6))§“2 Swz(”sum)'

It is instructive to consider as well the more general radial distribution function
a
(5.13) go(T):1+A1;, r > 2a,

where A; is a certain scalar parameter such that A; > —2 (in order to have go(r) >
0). The coefficients M}, corresponding to the distribution function (5.13) can be
easily evaluated by means of (5.2) and the final result is

(5.14) My = My’® + A1 Nk,
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as A

Fig. 3. The c?-coefficient ay in the well-stirred 2D-case as a function of 3.

3 1 3 mcos(mey/2) 2
5.15 Ni==c2320(1+ =¢;) — (1 + = s Z
(5.15) k 2ck{ P+ ga) —w(l+ge) + sin(37cr/2)  3cx )’
k=0,1,..., where ¢ are defined in (5.9b) and M;’® are the respective coefficients
in (5.1) in the well-stirred case, cf. (5.10). Having applied the above mentioned

formula for ¥ (p/q) from [15, p. 722], we get

2(k+1)

3 2 ;
(5.16) Ni = 502 E +4 ]; sin(jﬂck)sin(2j7rck)lnSin‘% )
so that N, >0, k=0,1,....
In particular,
1_1 1,95 3-5
No=-—-1In3 = 1
T3 T M TE T I00 T2

The asymptotic formula for Ny reads
Ny = 3((3)cy + olch).

It gives four correct decimal digits at k£ > 2 and six at k > 8.

Since A; should only exceed —2 and thus it can take arbitrarily big values,
equation (5.14) suggests that the statistics of the dispersion affects very strongly
the c?-coefficient in the virial expansion (1.4) of the effective conductivity. This is
illustrated in Fig. 4 for the radial distribution function (5.13) in the cases A1 = —2,
Ay =0 (well-stirred) and A; = 5.
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Fig. 4. The c?-coefficient a5 in the well-stirred 2D-case as a function of 3 for
the distribution function go(r) given in (5.13);
1 — Ay =-2;2— A; =0 (well-stirred); 3 — A; =5

Let us note finally that M(8) > 0 at 8 € (—1,1), cf. (4.17), and it could take
arbitrarily big values, e.g. for the distribution function (5.13). Then (4.19) implies
the following sharp estimates for the coefficient as in 2D-case:

267 < ag < oo, if >0, ie Kf> K,
(5.17)
—oo<ay <20, if B<1, ie Kf<Km,

having taken supas and infas with respect to all admissible radial distribution
functions go(r) (so that varying, in particular the parameter A; in (5.13) from —2
to infinity). We can thus conclude that there is no finite interval, independent of the
statistics of the fibres, within which the c?-coefficient as is to be always found. Note
that similar to (5.17) estimates are to be expected to hold in the 3D-case, i.e. for
dispersions of spheres, with the only difference that the factor 2 should be replaced
by 3, and again there will be no finite interval for the coefficient as, independent of
the statistics of the dispersion.
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