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For arandom dispersion of identical spheres, the known two-point correlation functions like “particle-
center," “center-surface," “particle-surface," etc., are studied. Geometrically, they give the probability
density that two points, thrown at random, hit in various combinations a sphere’s center, a sphere,
or a sphere’s surface. The basic result of the paper is a set of simple and integral representations of
one and the same type for these correlations by means of the radial distribution function for the set
of sphere’s centers. The derivations are based on the geometrical reasoning, recently employed by
Markov and Willis when studying the “particle-particle" correlation. An application, concerning the
effective absorption strength of a random array of spherical sinks, is finally given.
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1. INTRODUCTION

In many cases of great practical interest the macroscopic behaviour of a two-phase
medium is strongly influenced by the amount and the internal distribution of the interfacial
surface. A classical problem of such a kind is supplied first of all by the theory of diffusion-
controlled reactions, as initiated by Smoluchowski in 1916. Formally, this is equivalent
to the problem, concerning a species (defects) diffusing in the presence of an array of
ideally absorbing traps (sinks). Another classical problem is the quest for the permeability
of porous solids. The reason is that in both problems the observed macroscopic response



is ruled by the events that take place at the boundary between the phases: in the first
case chemical reactants’ encounter (or absorption of defects) happens there and in the
second case the viscous fluid flows around the patrticle surfaces, where no-slip boundary
condition is to be satisfied. Hence it is natural that in studying both these phenomena
the interfacial statistics should essentially enter the appropriate theories. Perhaps the first
example was provided by Doi [3] who derived bounds on both the effective sink strength and
the permeability. These bounds were put on a firmer base and generalized by Torquato and
co-authors|[9, 16, 10, 1]. The bounds include integrals of the interfacial two-point statistical
correlations, which later on were thoroughly studied within a more general framework by
Torquato [15, 14]. An alternative approach in the absorption context has been proposed by
Talbot and Willis [12] who, using a Hashin-Shtrikman’s type variational principle, derived

a bound on the effective sink strength for a dispersion of nonoverlapping spheres which
eventually utilizes only an integral incorporating the total correlation function. At a first
glance this bound is entirely different from Doi's one since no interfacial statistics is even
mentioned in Talbot and Willis’ reasoning. As we shall see below, the Talbot and Willis
bound turns out, however, to be identical to that of Doi.

The evaluation of the interfacial statistical characteristics for realistic two-phase ran-
dom models meets with considerable difficulties. Only for the simplest model of fully
penetrable spheres (the Boolean model) the needed quantities can be comparatively easily
evaluated, as done by Doi himself. For dispersions of nonoverlapping spheres — a model
that very often is appropriate for particulate type media — such an evaluation is much more
involving, and the reason can be well seen from the already mentioned paper of Torquato
[15]. In the same paper the author notes that the needed interfacial correlations have a
convolution structure which allows, in principle, to reduce them to single integrals con-
taining the total correlation functions for the dispersions, provided the Fourier transform is
employed in the statistically isotropic case. No further details are given in [14], however,
apart from appropriate formulae valid for a dilute dispersion, and numerical results for the
semi-empirical Verlet-Weis distribution [18], see also [13]. (Note that the dilute results
have been derived by Berryman [2] by means of a different approach.)

In the recent paper [7], a simple geometrical reasoning was proposed, which allowed
the authors to represent the two-point correlation function of the region, occupied by the
spheres (that is, the “particle-particle” correlation), as a simple integral that contains the
radial distribution function of the spheres. The aim of the present work is to demonstrate
that the same geometrical reasoning can be straightforwardly applied when considering
the two-point interfacial correlations, if combined with a formula, noted by Doi [3]. In
this way the said correlations will be reduced to even simpler integrals shthetype as
that for the “particle-particle” one. To accomplish this, the definitions of the three basic
interfacial characteristics are first introduced in Section 2, preceded by that of the simple
“particle-center” correlation. The investigation of the latter in Section 3 serves as a model
for a similar treatment of the interfacial characteristics, performed in Sectiené 5 and
6. (The study of the “particle-center" correlation, detailed here, is outlined in the author’s
paper [6].) The formulae for all two-point correlations have a fully similar structure, which
is summarized in Table 1 (Section 9). In Section 7 the first two moments of the various
two-point correlations are directly evaluated by means of an alternative and simpler method
which is applicable in the 2-D case as well. As an elementary application of the obtained
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formulae it is finally shown (Section 8) that the Doi’s bound on the effective sink strength
of the dispersion coincides with that of Talbot and Willis.

2. DEFINITIONS OF THE BASIC TWO-POINT STATISTICAL CHARACTERISTICS

Consider a dispersion of equal and nonoverlapping spheres of raiiug ®, whose
centers form the random set of points,, }. The assumption of statistical isotropy and
homogeneity is adopted henceforth. Introduce after Stratonovich [11] the so-called random
density field for the dispersion

P(x) =) bz — za), (2.1)

d(x) is the Dirac delta-function. All multipoint moments of the figldz) can be easily
expressed by means of the multipoint probability densities of the randon{nzg@t, but in
what follows only the first two simplest formulae of this kind will be needed, namely,

(W(@)) =n, F(z) = (Y(2)¥(0)) = nd(z) + n’g(), (2.2)

wheren is the number density of the spheres, aitd) = ¢(r), » = ||, is their radial
distribution function, see [11]. The brackets signify ensemble averaging. Note that the
assumption of nonoverlapping implies thdtr) = 0 if |z| < 2a. The notationF' °°(z)

in (2.2) is justified by the interpretation of the quantity(x):(0)) — this is the “center-
center" correlation, in the sense that it obviously gives the probability densities of finding
centers of particles both at the origin and at the pgint

Let .
1, if x € K1,
Li(z) = { (2.3)

0, otherwise,
be the characteristic function of the regikn, occupied by the spheres. Then

L (2) = (ha * ) (x) = / ha(z — y)o(w)dy, Ii(z) = / hal — )0 () dy,  (2.4)

wherey’(y) = ¥ (y) — n is the fluctuating part of the field(y) andh,(y) is the charac-
teristic function of a single sphere of radiuslocated at the origin. All integrals hereafter

are over the whol®® and, as usualf * g denotes the convolution of the functiofisand

g. The simple integral representation (2.4), combined with the formulae (2.2), serves as
a basis for evaluating the needed interfacial statistical characteristics in what follows. Its
simplest consequence reads

m = (L(z)) =nVa, Vo= gma’, (2.5)

having taken averages of both sides of (2:4)is the volume fraction of the spheres.
In turn, the two-point correlation most often used is

FPP(z) = (I1(0)]1(x)) . (2.6)
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The interpretation ofI; (0)I;(z)) is obvious — this is the probability that two points,
separated by the vector when thrown into the medium both fall within a sphere. That is
why (I (0)I; (x)) can be called “particle-particle” correlation, which explains its notation
FPP(z)in (2.6).

Before introducing the interfacial characteristics, it is noted that another correlation,
closely related t@PP(x), will be useful as well. This is the “particle-center" one

FPe(x) = (Ii(x)1(0)) (2.7)

which obviously gives the probability that for a pair of points, separated by the vector
one hits a sphere’s center while the other falls into a sphere.
It is natural to represent the above introduced correlations as

F(x) =n?+ F (x), FPx)=nm+F (z), FPP(x)=n?+F "(x), (2.8)
where, as it follows from (2.2), (2.4), (2.6) and (2.7) ,

F*(a) = (/00 (2)) = nd(a) + nva(),

P (a) = (I (0)6/(0)) = (ha  F*)a) = nha(o) + 1 [ alo ~ pha(w)dy. (29)

F*P(x) = (I{(2) 11 (0)) = (ha * F*°)(2) = (ha * ha * F*) ().

Here
va(y) = g(y) — 1 (2.10)

is the so-called binary (or total) correlation function for the dispersion. Due to the no
long-range assumption, ath(z), F (z), ' (x) andF"" (z) vanish ast — oo, since
the constants in the right-hand sides of (2.8) are just their long-range values.

Let us recall now the definitions of the interfacial correlations. The first one,

F*(z) = ([VL(2)|$(0)) , (2.11)

can be called “surface-center." Singél; (x)| and«(x) are delta-functions, the former
concentrated over the surfad¥C, of the spheres and the latter over the fge;}, the
interpretation ofF’*°(z) is obvious — this is the probability that if two points, separated
by the vectorz, are thrown into the medium, one of them falls on the surface of a sphere,
while the other hits a centar, of a sphere. This interpretation explains the terminology
used here (note that it differs from that used by Torquato [15], where (2.11) is called
“surface-particle” correlation).

The second interfacial correlation is

F*(2) = (V1 ()| 1,(0)) (2.12)

— obviously the “surface-particle” one. The reason is that it gives the probability that
one of the two points, separated by the veatpwhen thrown into the medium, falls on
the surface of a sphere, and the other falls within a sphere. (Note again the difference
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in terminology used here: Torquato [15] calls (2.11) “surface-particle” correlation, while
(2.12) is very closely connected to the “surface-void" correlation of Doi [3].)
Finally, let
F=(x) = (VI () [VI(0)]) (2.13)

be the “surface-surface" correlation, which gives the probability that the two points, sep-
arated by the vectar, thrown into the medium, both fall on the spheres’ surfaces. (The
terminology agrees here with that of Doi [3] and Torquato [15].)

Let nowh,(x) be the characteristic function of the sphere of variable rddiloeated

at the origin. Then
% hy(z) bza: 0(|z] — a). (2.14)
As a matter of fact, the formula (2.14) was noted by Doi [3] who employed it for
evaluating the interfacial correlations for the Boolean model of fully penetrable spheres.

Coupled with Stratonovich density field (2.1), it gives

VA = [ g mle -0 vy (2.15)
b=a
since| VI, (z)| is a sum of delta functions, concentrated on the surfaces of the spheres. The
formula (2.15) will play a central role in our study. Its first and simplest consequence is
the formula for the specific surfacg, of the dispersion, i.e. the amount of the interface in
a unit volume. Due to the nonoverlapping assumption, obviasisty 47a 2n. Formally,
the latter formula immediately follows after averaging (2.15):

= 4ra’n. (2.16)

b=a

S={(VL(z)|) = ng hy(z —y)dy = ni (37b%)

0b

b=a

Similarly to (2.8), represent the interfacial correlations in the form
F*(x)=nS+F " (x), FP@)=mS+F " (r), F=)=5>+F"(z), (2.17)

where, as it follows from (2.11), (2.4), (2.12) and (2.13),

s 8 )

x) = 1(z)|y =n— hy(x n’= [ hy(z —y)o ,
F@) = (Vh@WO)=ngh@ | nig [y
FP(a) = (VI (@)I{(0)) = (ha * F)(z) :/ha(xfy)FSC(y)dy,

Fi(z) = <|v11(x)|(|v11(0)|—5)):(%hmf“)(x) - (2.18)
= /%hb(ﬂc—yﬁsc(y)dy -

Similarly to (2.8), allF"™ (z), F" (), F (z) vanish at infinity, since the constants in the
right-hand sides of (2.17) are the appropriate long-range values.
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It is noted after Torquato [15] that the “surface-center" correlation (2.11) is the most
important in the sense of (2.18), i.e. the other twoF=? () and F** () — can be easily
represented by means Bf¢(x).

It should be pointed out also that all the correlation functions, mentioned in this
section, are particular case of the much more general statistical characteristics for two-
phase random media, as introduced by Torquato [15]. Our aim here will be however much
more specific, namely, derivation of simple integral representations of these correlations
by means of the total correlation function for the :{eil} of sphere’s centers of the type
of Eq. (3.13) below.

3. THE “PARTICLE-CENTER" CORRELATION

Let us split the radial distribution functiop(z), as

g(z) = g™ () + g(2), (3.1)
where

g7 (x) =1 — hoo(z) = (3.2)

1, if |z| > 2a,

{0, if |z < 2a,

corresponds to the simplest “well-stirred" distribution of sphefgs) is then the “cor-
rection" to the latter. In turn, the total correlation(x), defined in (2.10), is represented
as

va(x) = —hag(x) + Va(x). (3.3)

Moreover, one has
ve(z) =v2(z) = g(z), if |z[ = 2a,
(3.4)
vg(x) =g(x), if |z|< 2a,
as a consequence of the nonoverlapping assumption. The formula (@l#4allow us to
replace belowj(z) by the binary correlations(z) when|z| = r > 2.
Let us recall now the well-known formula for the common volume of two spheres of
radii b and¢, the first centered at the origin, the other at the point| = r:

73, fo<p<p-r,
(ho*he) (z) = /hb(fc—y)hs(y)dy =Va§ ipp1), fp-—7<p<pt+r, (3.5
0, if p>p+7,
where 1
V(s 7) = g (17— P)*(p° +2(u+7)p = 3(p —7)*), (3.6)
with the dimensionless variables
p=rfa, p=¢&a, T="0b/a. (3.7)
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It is assumed in (3.5) th@t> b, i.e.n > 7. The elementary formulae (3.5) and (3.6) will
play a central role in the sequel.
From (2.8), (3.1) and (3.2) it now follows

F*(2) = Foy(@) + F>(a), (3.8)
where

Foo(x) = nhe(x) — n?(ha * haa)(2)

WS

(3.9)
= nmha(r) = 3o (3= p)*(0" +6p = 3) [ haa(e) ~ ha(0)];
F72() = [ ha(a = 9)3(0) . (3.10)
This formulaimplies that
FPe(z) =0, if |z] <a, (3.12)

sinceg(x) = 0 at|z| < 2a, see (3.4).
To represent’?¢(x) as a simple one-tuple integral, containing the funciiar), write
down the latter as - 5
) = | 300) Fyhav) da, (3.12)
9 0A

a

which follows from (2.14). Then, in virtue of (3.5) (at= 1) and (3.4),,

FPe(x) :nQ/:Odug(u)é% (ha * he) (r)

i1 (3.13)
3nm
= / (1= (= p)*] o () dps.
P max{2,p—1}
The obtained simple representatiorfof(z) by means of the total correlation allows
one to interconnect the moments

or° :/ PP F(r)dp, k=0,1,..., (3.14)
0

of FP¢(r) on the semiaxig0, co) with the appropriate moments of the total correlation.

Indeed, due to (3.8) and (3.9),

pc __ gpc
Hk - Hk,ws

+ 0P (3.15)
The first term in (3.15) corresponds to the well-stirred distribution whén(r) = F (x)

ws

is given in (3.9); the appropriate integration is elementary. In té@#g, corresponds to
the deviatiory(r) of the radial distribution function from the well-stirred statistics. Using
(3.13) and changing the order of integration give

=y | HE (vl
2
(3.16)

p+1
HY (1) :2/ PP L= (= p)?] dp.

-1
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The functionsH ;“() in (3.16) are polynomials whose explicit evaluation is straightfor-
ward. In particular,
HY(p) =1, Hy*(p)=p, etc (3.17)
Hence, if -
my :/ pva(p)dp, k=0,1,..., (3.18)
2

are the moments of2, co) of the binary correlatiow,(p) or, which is the same, of the

“correction"g(p) to the radial distribution function, then the formulae (3.16) and (3.17),
together with (3.9), imply

1 1—
o = (25 ) o (S ) e, (39
10m; 3m

4. THE “SURFACE-CENTER" CORRELATION

Inserting (3.3) into (2.18) gives

F(2) = Fe(2) + F(a), (4.)
where
T (2) = nd(r — a) - n* 2 / ho(@ — Phoa()dy | (4.2)
ob b—a
@) =gy [l - i dy| 43)

Hence, the first termfsS (), in (4.1) corresponds to the well-stirred distribution, while
the second onef™°(z), is due to the deviatiorij(x), of the radial distribution function
from the latter.

Combining (2.18) and (4.2), and using (4.3) (&= 2a) give eventually the “surface-
center" correlation (2.11) in the well-stirred case:

0, fo<p<l,
Fo(2) = né(jz| — a) — nS W, if1<p<3, (4.4)
0
0, if p> 3.

To evaluate the deviatioh (z) from (4.3), we shall use once again the representation
(3.12):

- oo 52
sC 2 ~ —
Fe) = [ “acale { oz [me—wcyanf . @9
Applying (3.5) yields the needed formula
0, if0<p<l,
~ nsS
F(x) = — pF1 . 4.6
(@) 2p / pva(p) dp,  if p> 1. (49
max{2,p—1}
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Similarly to Section 3, consider the evaluation of the moment§'&f(x), i.e. the
guantities

o :/ PP FC(r)dp, k=0,1,... 4.7)
0
Dueto (4.1), again N
ko= Ok ws T O (4.8)

— the first term in (4.8) corresponds to the well-stirred distribution and its evaluation is
elementary; the second is due to the “deviatig(+'). To evaluate the latter, insert (4.6)
into (4.7) and change again the order of integration:

Gie =S | HE GO0
(4.9)

1 p+1 3 M+1k_u_1k
Hzc(’u): / pk 1dp=( ) ( ) )
"

2/, 2k

HenceH: (u) = 1, H5*(u) = u, etc. Together with (4.8), (4.4) and (4.9), this implies

1—11m/2 1-—
62 = ns <7ﬂ1/ N ml) er—nS < 8m m2) ete.  (4.10)
3m 3m

5. THE “SURFACE-PARTICLE" CORRELATION

First, let us evaluaté™?(0):

b

F20) = (VRO O) =55 [ [ halun)(ue) (wls)(2)) dindye
" (5.1)
0

)
b=a

/ ha () o) dy

~ b

having used (2.2) and the fact thefy: — y2) = 0, if |[y1 — y2| < 2a, due to the
nonoverlapping assumption. But

) o {%mﬁ, if b> a,

2 [ hah@)dy = = 43
gp | ")) dy dxbd, it b<a,

5 (5.2)

which equals 0 ib > a and47b?, if b < a. Hence, a question appears, which of the two
values,0 or S = 4ma’n, should be attributed t¢"sP(0) when puttingh = a in (5.1) and
(5.2). The correct answer @e-half of these two values, i.e.

FP(0) = % . (5.3)
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This will be confirmed by the formal calculations below. Roughly speaking, 1/2 in (5.3)
means that the bounda®yC is “equally shared" between the constituents. We imagine, in
other words, that if a point lies i0/C, “half" of it belongs tokC; and the other “half" tdCs.

To evaluateF" (), employ its definition from (2.18) and the formula (2.2):

FP(z) = % //ha(yl)hb(x—m) (W' (y1)V' (y2)) dyrdyz = Ain+A4on?, (5.4)

b=a
where )
A= — /ha(y)hb(m —y)dy , (5.5)
ob -
0
A2 - % //ha(yl)hb(l' - y2) l/2(y1 — y2) dyldyg (56)
b=a

The coefficientd; can be immediately found differentiating (3.5at b and putting
b = a in the result:

8(h ) (1) 2{2/), if 0 <r <2a, 5.7)
— (hqg * r =T7a .
b ’ b=a 0, if r > 2a,
and hence .
1 1—p/2, if0<r<2aq,
Ain = —S{ _ (5.8)
2 0, if > 2a.

The formula (5.8) means that

— 1 T
Sp — SP p—— R —
F(@) = F (@) = 35 (1 2@) hoa() + o(n),
which agrees with the result of Berryman [2], see also [14], found by means of different
arguments.
To evaluate the coefficiems from (5.6), we shall literally follow the reasoning of
[7]- Consider to this end the triple convolution

(ha * % hy * hA) (r) = ((¢P(t)h2a) * ha) (r), (5.9)
b=a
where, according to (5.7),
OP(t) = (ha * % hb) (r) =na*(2—t), t=r/a. (5.10)
b=a

Similarly to [7], we treaty®P(t) as pertaining to an inhomogeneous and radially-
symmetric ball whose density decreases along the radius according to (5.10). This inho-
mogeneous ball is then approximated, for a given divisioa g < & < ...&v-1 <
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&n = 2a of the interval(0, 2a), by a family of concentric spherical layefs < r < &;41,
each one homogeneous and of dengit¥(¢;). Inthe limit A&, = &, — &1 — 0 one finds

(P 0s0) ) ) = [ 2(6/0) e (e ) 1)

= P(&/a)(he * ha)(r) fZQa - l/ (he % ha)r )ag P(¢/a)ds  (5.11)

£=0 a Jo

2
= 7ra2/ (he * ha)(r) dp = 4ma®V,Usy(p; 7),
0

sincep™®(2) = 0 andhe * ha L = 0. In accordance with the notations (3.4)= ¢/a
=0

andT = A/a > 2. The evaluation of the functiolis,(p; 7) is obvious, using (3.5) at
b= Ain (5.11), and the final result reads

UFI)(p;T), fo<p<7t-2
uSP(pr), ifr-2<p<n,

Usp(p;7) = . (5.12)
Us(p )(p;T), fr<p<t+2,
0, if p>7142,
where )
U(T) l/ pidp =1,
4 0
1 2
1/ p’ dp+ / (p; 7, 1) dps, (5.13)
0 T—p
1 2
U (p Z/ U(p;7, 1) dp,

with ¥ (p; 7, 1) defined in (3.6). The integrals in (5.13) can be analytically evaluated, but
the only formulae that will be important for the sequel are

<ha * % hy * hga) (r) = 47ra2VaUsp(p; 2),

b=a
1 5 1 .
1—2p? — if0<p<2,
77 10" Tiepf TO<es (5.14)
Up(p;2) =8 (4=p)*(0* +Tp—4) fo<p<d
160p ’ ’
0, if p> 4.
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Also, it turns out that

5 Unlpir) =26 —1),
P, f-2<i<o,
GP(t) = fo(—t), fO<i<?2, (5.15)
0, if |¢] > 2,

FP) = 52407 (1-9).

As a first application of the foregoing formulae, consider the well-stirred approxima-
tion, see (3.2). The coefficiedt,; from (5.6) then becomes

0
AQTLQ = 7TL2 (ha * % hb * hQa) (7")

b=a

and application of (5.4), (5.8) and (5.14) gives eventually

FR(r) =mS + Fu(r),

1 1, 5 4 1 4,1 .
SN § TS ST if0<p<?2,
2 1 ”1[ 17 T 160" T1e0” |0 "VSPS (5.16)
Fifsr:S 4—0)3(4—Tp— p2 .
(r) (4-p) (160pp p)nh o< p<d,
0, if p > 4.

In the general case the radial correlation functjgn) is decomposed again as the
sum (3.1), so that B
F(r) = F2(r) + F*(r), (5.17)

with the well-stirred contribution, given in (5.16), and

Fo() =g [ [halw)bote = 523001 - 2) dinde (5.18)

b=a
The evaluation of this integral follows the reasoning of Section 3. Namely, inserting (3.12)
in the right-hand side of (5.18) yields

F*(r) =n? / Oog(A)aiA <h x % x hA> (r)dA

b=a

., .0
—=47ma’n®V, g(T)EUsp(p; 7)dr (5.19)

= G (p — 1) Tvo(7) dT,
P max{p—2,2}
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as it follows from (2.16) and (5.15).

The formulae (5.16), (5.17), (5.15) and (5.19) provide the needed representation of the
“surface-particle” correlatiof’? () for an arbitrary dispersion of nonoverlapping spheres.
They imply, in particular, that indeefi*?(0) = S/2, as it was argued in the beginning of
this Section, see (5.3). The correction to the total correlation fungjion,= v (r), see
(3.4), for the set of sphere centers features in the expressidn®fir) through a simple
one-tuple integral in (5.19). It is noted that the obtained formuldT&t(r) is fully similar
to that of Markov and Wiillis [7], for the “particle-particle” correlatidn®?(r) defined in
(2.6). (In the latter case, let us recall, the counterpart of the fungtiB(x) from (5.15) is
f(t) = fPr(t) = (2+t)3(4 — 6t + t2), see [7, eq. (33b)].)

Similarly to the previous Sections, the formula (5.19) allows us to evaluate the mo-
ments of " (z) on the semiaxig0, co) to be

@;/pwﬁwmzm’+@, (5.20)

k,ws
0

k =0,1,... The well-stirred contributiod;”, = can be found by means of an elementary

integration, using (5.16). For the “correctiorts” we have

0> =mS / HyP (1) pva () d
2
(5.21)

pn—2

o
HZp(u)=/ pk‘lfs"(p—u)der/ PP (e — p) dp,

_92 I

as it follows from (5.19) and (5.20). Recalling the form o (¢) from (5.15), one easily
finds, in particularH;" (1) = 1, Hy" (1) = p, etc., and hence, using (5.16),

. 5 26 . 1-8
91" =Sm <Wlm + m1> , 92p =Sm ( 3771771 + TTLQ) , etec., (5.22)

wherem,, are the moments (3.18).

6. THE “SURFACE-SURFACE" CORRELATION

Due to (2.17), (2.15) and (2.2), we have in this case

—ss 82
- (x) _ m //hb(yl)hc(a;‘ _ y2) <w/(y1)¢l(y2)> dyldQQ = Bm + 327’127
bc=a
(6.1)
where
- o2 . N q 6.2
By = oboc / b(y) C(xiy) Y b,c:a7 ( | )
82
B2 = 56e //hb(zn)hc(l“ — ) v2(yr = y2) dyndys be=a 9
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The coefficientB; can be immediately found, evaluating the second mixed derivative
0?/0pdT of the functionV, see (3.5), and putting = 7 = 1 in the result:

2 1, ifp<2,
B, - ﬂ{ o (6.4)
p L0, if p>2,
which means that in the dilute case
S
SS

F¥@)=F (z) = 2_rh2a(x) + o(n).

The latter agrees with the result of Berryman [2], see also [14], found by means of different
arguments.
To calculateB,, consider again the appropriate triple convolution, similar to (5.9):

= ((¢™(€/a)hsa) < ha) ()

bc=a

(% hy * %hc*hA)(r)

¢=2a d (6.5)

- /O (he *hA)(r)@q?ss(u) du

=™ (&/a)(he * ha)(r)

£=0
= Fa(hga * hA) (r) + 4waV,Uss(p; 7),
having used that

#5(t) = (% mox hc) (r)

t =r/a, see (6.2) and (6.4). The functidh,(p; 7) in (6.5) has the same form as that of
its “surface-particle” counterpalit,, (p; 7) in (5.12), with the functions

= ThQa(t)a

b,c=a

1 2
UD (pi7) = 5/ pdp = 1,
0

2
1
/T 2 W(p; T, 1) dp, (6.6)

—p

Us (p7) =75 pdp+ 5
0

1?1
U™ (psr) = 5/ o V(T ) d,
p—T

where¥ (p; 7, 1) is defined in (3.6). The integrals in (6.6) can be analytically evaluated,
similarly to those in (5.13), but again the only formulae important for the sequel are, first,

0 0
(% hpy * e he * hga) (r) = ﬂa(hga * hga) (r) + 4waV,Uss(p; 2),

bc=a
1, 1, .
e B <p<
1 7 T if0<p<2, (6.7)
Uss(p;2) =4 4=p)°p+4) .
—_— - if 2 4,
ar , <p<
0, if p> 4.
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Second, it turns out that

a% Uss(p;7) = 1% G5 (p— 1),
o (1), if —2<¢<0,
GE(t) = fE(—t), fo<t<2, (6.8)
0, it |t > 2,

() =(2+1)
In the well-stirred case, as it follows from (3.5), (6.1), (6.3), (6.4) and (6.7),

=SS SQ

{%hga(m)— [116@ 4) (p+8)h4a(:c)+4Uss(p;2)H. (6.9)

In the general casg(r) is once again decomposed into the form (3.1), so that

FP(r) = Fo,(r) + F=(r), (6.10)
with the well-stirred partF ( , givenin (6.7), and
= 0 (0Ohy, Oh
SS _n2 R ¢
F*(r)=n /Qa g(A)aA < % * Do *hA> (r)dA e
*_, .0
:/ g(T)—{wa(hga xha)(r) +4raV,Uss(p; 7) dT} (6.11)
2 87‘
L, [ ) _
=—5 / [4—(/)—7) +G85(p—7')} 7g(T)dT,
16/) max{p—2,2}

as it follows from (2.16), (3.5), (3.6) and (6.8),= A/a. Taking into account (6.8), we
can recast (6.11) into the following final form:

_ S2 p+2
F3(r) = —/ G*(p — 1) Tva(7) dr, (6.12)
P Jmax{p—2,2}

where the functiorG®* has the same form as§® in (6.8), but with the functionf§®(t)

replaced by
() = 3@ +1) (6.13)

For the moments of" (z) on the semiaxi§0, co) we have, similarly to the previous
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sections,

SS

P :/ kaSS(T)dp:QZfWS+§2S, k=0,1,...,
0

G =5* | HEoudmdn,
2

1 Iz 3 H—2 3
HZS(u)Z{/ P 1(2+pfu)dp+/ P 1(2+up)dp}7
“w

92 m

H{P(p) =1, H3"(u) =p, etc.
The well-stirred contributiong;® ., can be elementary found by means of (6.9). In
particular,
. 1-5 . 1-38
oy = 52 (7771 + m1> , 05 =57 (7771 + m2> , (6.15)
3m 3m

wherem,, are the moments (3.18).
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7. DIRECT EVALUATION OF THE FIRST TWO MOMENTS OF THE
CORRELATION FUNCTIONS

In the application to be dealt with below (Section 8), the first momentsdike
67", etc., will be of central importance. They were evaluated in the preceding sections
as consequences of the appropriate integral representations of the two-point correlations
through the radial distribution functions. There exists, however, a simpler and more direct
method, based on the interconnections (2.9) and (2.18). The method works equally well in
the 2-D case, when the derivation of the counterparts of the above integral representations
for the two-point correlations should be considerably more complicated. (The reason is
that the common surface of two circles in the plane is not already a rational function of
the distance between the circle’s centers and their radii, in contrast with the 3-D simple
function (3.6) that gives the common volume of two balls.)

Integrate (2.9) over the wholék? and introduce (3.1) in the result:

/ch(x) dz = 47a*05° = nV, + n?*V,(—Va, + 4ma*msy),

having used the definition of.5, see (3.18). Sincks, = 8V, andnV, = 7y, the already
known formula forgY immediately follows, cf. (3.19).
Integrate next (2.9)overR>:

/ FP(z)dz =V, / F*(z)dz, ie. 605° =V,08°,

or

1—8m
08P =i | ——— 7.1
2 m ( 3 + m2> (7.1)
— a formula derived in [7] by means of the appropriate integral representatiBrirdfz)
through the radial distribution function.

The reasoning is fully similar in 2-D; only the voluni§, = %77@3 is replaced by the
surfaceS, = ma?, n; = nS, andSs, = 45, which yields

— e —pc c c
/Fp (x)dz = 27ra2/pr (z)dp = 2ma6yc, OrP = S,.60%°,

1—-4 1—-4 .
0 =n ( noy 771m1) , O =i ( ny m1) in 2-D.
2 2m

(7.2)

Note that the correlation functiafi®? (z) should be positive definite for any realistic
random constitution, see, e.g. [17]. This implies, in particular, thatin the 3-Ddcase 0,
becaus#® is proportional to the value of the Fourier transform/ofP (z) at the origin;
similarly, 5 > 0 in 2-D. From (7.1) and (7.2) it follows then that the well-stirred
approximation (3.2) (for whichn; = mq = 0) is admissible only if); < 1/8in 3-D and
m < 1/4in 2-D (more generally, ify; < 1/2% in a d-dimensional space). Both these
critical 3-D and 2-D values have been conjectured by Willis [19] who noticed that the
guasi-crystalline approximation in the wave propagation problem in random dispersions
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fails if 7, is bigger. A rigorous justification of this conjecture in 3-D was proposed, e.g., in
[5] and [7].

For the interfacial correlation, the formulae (2.18) are to be employed in a similar
manner. Namely, integrating (2.18)verRR?, together with (3.1), gives

[ ()

=dra’n + 47Ta2n2(—8Va + 4dmwadms),

4ra0y = ng (37b°)

0b

va(y) dy

b b=a (7.3)

and it remains to notice that/a = n.S/(37,) in order to reproduce the formula fég°, cf.
(4.10). [
Integrate next (2.18)overR?:

/FSP(JC) dex = Va/FSC(m) dz, ie. 63 =V,605, (7.4)

cf. (5.22). Finally, from (2.18) it follows

/Fss(x) dz = 47ra2/FSC(:c) dr, ie 05 = EHZC = EH;",
n m

cf. (7.4) and (6.15).
The 2-D counterparts of the above moments are immediately derived. The counterpart
of (7.3) now reads

2ma?65 :n2 (mb?)

0b

vo(y) dy
b=a

2 [0 2
o /ab (x0)

=2man + 2man®(—48S, + 2ma*m;),

so that
1 —dm

03¢ =nL (
2m

where . = 2wan is the “specific length" — the 2-D counterpart of the specific surface
S = 4ma®n in the dispersion; we have also noted that = L/(2n) in this case. Inturn,

OF = 5,05 = L w o D o2 (200 in 2-D.
1 1 T ( o +m1) o =0 o +m
(7.6)

To find in 3-D the moment&}“, 67", etc., multiply first the formula (2.9)by G(x) =
1/(4r|z|) and integrate the result over':

+ ml) in 2-D, (7.5)

@0 = [G@F" (@) do = [ Glo)ha(o)ds + 07 [pu(waty) dy

= n% — nQ/%(y)hza(y) dy + n2/ Pa(y)va(y) dy,

ly|>2a
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where
(2) = (G x h)(2) (3a2 —12)/6, ifr<a, .7)
o) = *x hg)(x) = .
v a®/(3r), if r > a,
is the well-known harmonic potential of a sphere of radiuElementary integration, using
(7.7), reproduces the formula féF°, cf. (3.19). (
In turn, multiply (2.18) by G(z) and integrate oveR*:

207 = [ 6P () do = [a)F () . @
But, as it follows from (7.7),
(z) = V,G(z) + l(3a2 —r?) — Va ha(x) (7.9)
Pall) = Va 6 o '
which is introduced into (7.8):
a0 = ¢%V,0P° +/ l(3(12 —r?) — Vo ha(z) dex
1 a1 6 dpr |

It remains to notice thakt" () = nn, if || < a, as it follows from (3.8), (3.9) and (3.11),
so that the integral in the last formula equalg®7; /10 and therefore

2—9m
gPP — V6P — m_ 2 7.10
1 Vabi 0" ™M 5 +m ( )

— a result, also derived in [7] by means of the appropriate integral representation of
FPr(z).
For the interfacial correlation we have, first of all,

a’f5c = /G(x)?sc(:v)dx

) (7.11)
:n/G(x)% hy(z)

see (2.18). Using (7.7) and (3.1) reproduces the formula (4.10)&¢f after simple
integration. In turn, from (2.18)it follows

0
- dx +n2/% ob(y) va(y) dy,

b=a

a2 = / G(2)F"(z) dz = / o) F (y) dy.

Inserting here (7.9) elementary yields the already known formulaforcf. (5.22).
Finally, from (2.18)% one has

F*(y)dy

b=a

:47ra2/G(x)FSC(:c) dz +/a (1 - 2) F*(2)hq(x) dz,

r

%65 :/G(m)FSS(m)dx z/% eu(y)
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having used that

Doy ()
ob

= 41a’G(z) +a (1 - g) ha(x), (7.12)

b=a

which follows from (7.9). ButF"™"(z) = né(r — a) — nS, as it is seen from (4.1), (4.2)
and (4.6), and the known formula (6.15) #of° shows up once again.

8. THE DOI-TALBOT-WILLIS BOUND

As a first and simplest application of the integral representations of the various kinds
of two-point correlations, derived in Sections 2 to 6, consider a dispersion of ideal and
nonoverlapping spherical sinks (the phase ‘1), immersed into an unbounded matrix. The
governing equations of this well-known problem read

Ac(x)+ K =0, x€Ks, c(z) e 0. (8.1)
This equation describes the steady-state behaviour of a species (defects), generated
at the rate/’ within the matrix phase ‘2’, occupying the regidi,, and absorbed by the
sinks (the “trapping"” phase ‘2’) in the regidty, = R3\IC2. Then the creation of defects is
exactly compensated by their removal from the sinks, so that in the steady-state limit under
study
k2 (e(x)) = K(1—m). (8.2)

The rate constarit*? is just the effective absorption coefficient (the sink strength) of the
medium. Its evaluation and bounding for special kinds of random constitution and, above
all, for random dispersion of spheres, have been the subject of numerous works, starting
with classical studies of Smoluchowski (1916), see, e.g. [4, 3, 12, &t Hb] (Note that
we have added the factbr- 7, in (8.2), due to the fact that in the case under study, defects
are creatednly within the phase ‘2’ (the sink-free region), see Richards and Torquato [8]
for a discussion.)

We shall confine the analysis to variational bounding of the sink strénigthtaking
into account the foregoing two-point statistical characteristics. Recall to this end the
variational principle of Rubinstein and Torquato [9].

Let A be the class of smooth and statistically homogeneous trial fields such that

A:{ ) | Au(z +K_0xen§ (8.3)
Then (1 )
* — M

S AENTEEE (8.4)

The equality sign in (8.4) is achievedifiz) = c¢(z) is the actual field that solves the
problem (8.1).
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Since (I>(z)|Vu(z)[?) < (|Vu(z)|?), another bound immediately follows from
(8.4), namely,

k*Q > K2(1 B 771)
~ ([Vu(@))?)
see [9]. Though weaker than (8.4), the evaluation of the bound (8.5) is simpler, be-
cause it obviously employs smaller amount of statistical information about the medium'’s
constitution.

Following Doi [3] and Rubinstein and Torquato [9], consider the trial fields

(8.5)

u(z) = K / Gz — ) [I(y) — EIVI ()] dy, (8.6)

whereG(z) = 1/(4r|x|). SinceAGy(z) + d(z) = 0, itis easily seen thahu(z) = K if
x € Ko, and therefore the fields(z) in (8.6) are admissible. The constanis uniquely
defined from the condition that the integrand in (8.6) should possess zero mean value:

(Io(y)) = E(VL(y)) =m2 — £S5 =0, ie. §=E& =n2/S. (8.7)

For this choice of, the trial field (8.6) becomes

u(e) = K G~ ) [H0) + & (VR0 - ) d
and hence
([Vul@)P) = K2 (077 + 2667 +E367)

after an obvious integration by parts. Using (8.7), (8.5) and the formulae for the appropriate
moments (7.10), (5.22) and (6.15) leads eventually to the bound

. 31 (1 —
k%a? > — 77_1( : ) : (8.8)
1—=5n —ni/54 3mma

which coincides with the bound derived by Talbot and Willis [12] by means of an ingenious
variational procedure of Hashin-Shtrikman'’s type, see [6] for more details and discussion.
The fact that the original Doi’s result, for a dispersion of nonoverlapping spheres, can
be recast in the elegant Talbot and Willis’ form (8.8) was noticed by Talbot (unpublished
manuscript) and, independently, by Beasley and Torquato [1], who apparently were not
aware of the paper [12]. Due to all these reasons it seems proper to call (8.8) Doi-Talbot-
Willis bound. Another variational procedure that leads to (8.8) has been recently proposed
by the author [6].

9. CONCLUDING REMARKS
In the present paper we have represented all two-point correlation functions (2.9) and
(2.18) for arandom dispersion of nonoverlapping spheres, as single integrals containing the
binary correlation functiow(r) for the random set of sphere’s centers. The reasoning of
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the recent paper [7], where only the “particle-particle” correlation has been treated in detail,
has served as a basis of the analysis. The representations for all two-point correlations have
one and the same structure, which can be summarized in the following formulae:

—Cor

Fo(p) =F" + F

—=Cor

(p), lim I (p) =0,

p— 00
F(p) =F2' + F*(p), 9.1)
- p+B
Fr(p) = Fggf/ G (p — 1) Tva(7) dr,
max{p—p3,2}
where
feor(e), if -3 <t<0,
Gr(t) = for(—¢), fo<t<p, (9.2)
0, it |t] > 6.

In (9.1) and (9.2), FY" is the long-range value of the appropriate correlation,

—Cor

F (p) — its part that decays at infinityg'co" is the contribution to the latter, generated
by the well-stirred part (3.2) of the radial distribution functigfr) for the set of sphere’s
centers, and~°°*(p) is due to the “deviationfj(r) of g(r) from the well-stirred one, cf,
(3.1) (recall thag(r) = va(r) if r > 2a, see (3.4)). The parametértakes the values 1 or

2, depending on the kind of correlation under study. We note also that
GCOI‘(t) — fCOI‘(f/), lf |l‘,| S 67

provided f<°*(¢) is even, which is the case with “particle-center" and “surface-center"
correlations (for whichs = 1), see (3.13) and (4.6).

For the sake of completeness, the functféft(t) for the “particle-particle” correlation
F"P(z) is also given, see [7]. In this case, the well-stirred contribution reads

L3 (1+3m)p*  9mp*
4(L—=m)  16(1—m) 160(L—m)
6
nmpe ;
. —_ if0<p<2,
FP(r) = 2240(1 — 1) g 9.3)
—4)*(36 —34p—16p2— p? .
m (p—4)"(36—-34p—16p P)7 2 < p<d,
1—m 2240p
0, if p>4,

see once again [7] for details and references.
Another set of useful formulae, derived in the paper, concerns the moments

(oo}
g5 :/ PPF T (p)dp, k=1,2,..., (9.4)
0

of the two-point correlations (2.9) and (2.18). For an arbitégrthey can be evaluated by
means of the representations (9.1), summarized in Table 1, and thus interconnected to the
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TABLE 1. Notations, parameters and functions in the integral representations (9.1)
of the various two-point correlations

Correlation | Notation | For Foo(r) feor(t) 3
center-center | F°° n? | nd(z) — n?hg.(x) - -
, 3 2
particle-center| FP¢ nn Eq. (3.9) Z(1 —t%) 1
1
surface-center|  F¢ nS Eq. (4.4) 3 1
. . 3
particle-particle| ~ FPP n? Eqg. (9.3) 1—60(2 +1)3(4—6t+1%) | 2
. 1
surface-particle] ~ FsP mS Eq. (5.16) 32+ )2 (1 —1t) 2
1
surface-surfacg ~ F'™ S? Eqg. (6.9) 1 (2+1) 2

appropriate moments (3.18) of the binary correlation. In the dased andk = 2, which

seem to be most interesting for applications, evaluation of (9.4) does not need however the
aforementioned representations, but can be done directly, using, as a matter of fact, just
their definitions. This was illustrated in Section 7. The results, conce#jtig(in 3-D)
anddser (in 2-D), can be concisely summarized in the simple formulae

1- .

o5 —For <787’1 + mg) in 3-D,
3m

(9.5)

14 .
6o —For <7"1 + ml) in 2-D,
2m

whereF5°" are the long-range values of the appropriate correlation, see Table 1 and Egs.
(7.2), (7.2), (3.19), (4.10), (6.15), (7.5) and (7.6).
In 3-D the momentg$°* have a form, similar to (9.5):

01 = F" (17 (m) +ma) (9.6)

but now the functiong’¢°*(n,) are specific for different correlations. They are listed in
Table 2, in which the foregoing formulae (3.19), (4.10), (6.15) and (7.10) are simply put
together.

TABLE 2. The functionsI’t°" (1) in Eq. (9.6) for the various two-point correlations
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with

Correlation Fpc Fse FPP Fsp Fss

5—19m | 1—11m/2 | 2—9m | 5—26m | 1—5m
10m 3m 5m 15m 3m

TEr (m)
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