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Preface

This book was written to be a readable introduction to algebraic topology with
rather broad coverage of the subject. The viewpoint is quite classical in spirit, and
stays well within the confines of pure algebraic topology. In a sense, the book could
have been written thirty or forty years ago since virtually everything in it is at least
that old. However, the passage of the intervening years has helped clarify what are
the most important results and techniques. For example, CW complexes have proved
over time to be the most natural class of spaces for algebraic topology, so they are
emphasized here much more than in the books of an earlier generation. This empha-
sis also illustrates the book’s general slant towards geometric, rather than algebraic,
aspects of the subject. The geometry of algebraic topology is so pretty, it would seem
a pity to slight it and to miss all the intuition it provides.

At the elementary level, algebraic topology separates naturally into the two broad
channels of homology and homotopy. This material is here divided into four chap-
ters, roughly according to increasing sophistication, with homotopy split between
Chapters 1 and 4, and homology and its mirror variant cohomology in Chapters 2
and 3. These four chapters do not have to be read in this order, however. One could
begin with homology and perhaps continue with cohomology before turning to ho-
motopy. In the other direction, one could postpone homology and cohomology until
after parts of Chapter 4. If this latter strategy is pushed to its natural limit, homology
and cohomology can be developed just as branches of homotopy theory. Appealing
as this approach is from a strictly logical point of view, it places more demands on the
reader, and since readability is one of the first priorities of the book, this homotopic
interpretation of homology and cohomology is described only after the latter theories
have been developed independently of homotopy theory.

Preceding the four main chapters there is a preliminary Chapter 0 introducing
some of the basic geometric concepts and constructions that play a central role in
both the homological and homotopical sides of the subject. This can either be read
before the other chapters or skipped and referred back to later for specific topics as
they become needed in the subsequent chapters.

Each of the four main chapters concludes with a selection of additional topics that
the reader can sample at will, independent of the basic core of the book contained in
the earlier parts of the chapters. Many of these extra topics are in fact rather important
in the overall scheme of algebraic topology, though they might not fit into the time
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constraints of a first course. Altogether, these additional topics amount to nearly half
the book, and they are included here both to make the book more comprehensive and
to give the reader who takes the time to delve into them a more substantial sample of
the true richness and beauty of the subject.

Not included in this book is the important but somewhat more sophisticated
topic of spectral sequences. It was very tempting to include something about this
marvelous tool here, but spectral sequences are such a big topic that it seemed best
to start with them afresh in a new volume. This is tentatively titled ‘Spectral Sequences
in Algebraic Topology’ and is referred to herein as [SSAT]. There is also a third book in
progress, on vector bundles, characteristic classes, and K-theory, which will be largely
independent of [SSAT] and also of much of the present book. This is referred to as
[VBKT], its provisional title being ‘Vector Bundles and K-Theory.’

In terms of prerequisites, the present book assumes the reader has some familiar-
ity with the content of the standard undergraduate courses in algebra and point-set
topology. In particular, the reader should know about quotient spaces, or identifi-
cation spaces as they are sometimes called, which are quite important for algebraic
topology. Good sources for this concept are the textbooks [Armstrong 1983] and
[Janich 1984] listed in the Bibliography.

A book such as this one, whose aim is to present classical material from a rather
classical viewpoint, is not the place to indulge in wild innovation. There is, however,
one small novelty in the exposition that may be worth commenting upon, even though
in the book as a whole it plays a relatively minor role. This is the use of what we call
A-complexes, which are a mild generalization of the classical notion of a simplicial
complex. The idea is to decompose a space into simplices allowing different faces of
a simplex to coincide and dropping the requirement that simplices are uniquely de-
termined by their vertices. For example, if one takes the standard picture of the torus
as a square with opposite edges identified and divides the square into two triangles
by cutting along a diagonal, then the result is a A-complex structure on the torus
having 2 triangles, 3 edges, and 1 vertex. By contrast, a simplicial complex structure
on the torus must have at least 14 triangles, 21 edges, and 7 vertices. So A-complexes
provide a significant improvement in efficiency, which is nice from a pedagogical view-
point since it cuts down on tedious calculations in examples. A more fundamental
reason for considering A-complexes is that they seem to be very natural objects from
the viewpoint of algebraic topology. They are the natural domain of definition for
simplicial homology, and a number of standard constructions produce A-complexes
rather than simplicial complexes, for instance the singular complex of a space, or the
classifying space of a discrete group or category. Historically, A-complexes were first
introduced by Eilenberg and Zilber in 1950 under the name of semisimplicial com-
plexes. This term later came to mean something different, however, and the original
notion seems to have been largely ignored since.

xii Preface

This book will remain available online in electronic form after it has been printed
in the traditional fashion. The web address is

http://www.math.cornell.edu/~hatcher

One can also find here the parts of the other two books in the sequence that are
currently available. Although the present book has gone through countless revisions,
including the correction of many small errors both typographical and mathematical
found by careful readers of earlier versions, it is inevitable that some errors remain,
so the web page will include a list of corrections to the printed version. With the
electronic version of the book it will be possible not only to incorporate corrections
but also to make more substantial revisions and additions. Readers are encouraged
to send comments and suggestions as well as corrections to the email address posted
on the web page.
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Standard Notations

Z,Q,R,C,H, O — theintegers, rationals, reals, complexes, quaternions,
and octonions.

Z, — the integers modn.
R"™ — n-dimensional Euclidean space.
C" — complex n-space.

In particular, R® = {0} = C°, zero-dimensional vector spaces.
I=1[0,1] — the unit interval.

S§™ — the unit sphere in R™*!, all points of distance 1 from the origin.

D" — the unit disk or ball in R", all points of distance < 1 from the origin.
D" = S" ' — the boundary of the n-disk.

e — an n-cell, homeomorphic to the open n-disk D" — 0D".

In particular, D° and ¢° consist of a single point since RO = {0}.
But S° consists of two points since it is dD".

1 — the identity function from a set to itself.

II — disjoint union of sets or spaces.

x, Il — product of sets, groups, or spaces.

~ — isomorphism.

ACBor B>A — set-theoretic containment, not necessarily proper.
A — B — set-theoretic difference, all points in A that are not in B.

iff — if and only if.

Chapter @

Some Underlying
Geometric Notions

The aim of this short preliminary chapter is to introduce a few of the most com-
mon geometric concepts and constructions in algebraic topology. The exposition is
somewhat informal, with no theorems or proofs until the last couple pages, and it
should be read in this informal spirit, skipping bits here and there. In fact, this whole
chapter could be skipped now, to be referred back to later for basic definitions.

To avoid overusing the word ‘continuous’ we adopt the convention that maps be-
tween spaces are always assumed to be continuous unless otherwise stated.

Homotopy and Homotopy Type

One of the main ideas of algebraic topology is to consider two spaces to be equiv-
alent if they have ‘the same shape’ in a sense that is much broader than homeo-
morphism. To take an everyday example, the letters of the alphabet can be writ-
ten either as unions of finitely many
straight and curved line segments, or

in thickened forms that are compact
regions in the plane bounded by one
or more simple closed curves. In each
case the thin letter is a subspace of
the thick letter, and we can continuously shrink the thick letter to the thin one. A nice

way to do this is to decompose a thick letter, call it X, into line segments connecting
each point on the outer boundary of X to a unique point of the thin subletter X, as
indicated in the figure. Then we can shrink X to X by sliding each point of X — X into
X along the line segment that contains it. Points that are already in X do not move.
We can think of this shrinking process as taking place during a time interval
0 <t <1, and then it defines a family of functions f; :X— X parametrized by t € I =
[0, 1], where f;(x) is the point to which a given point x € X has moved at time ¢.
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Naturally we would like f;(x) to depend continuously on both t and x, and this will
be true if we have each x € X — X move along its line segment at constant speed so
as to reach its image point in X at time t = 1, while points x € X are stationary, as
remarked earlier.

Examples of this sort lead to the following general definition. A deformation
retraction of a space X onto a subspace A is a family of maps f;:X— X, t €1, such
that f; = 1 (the identity map), f;(X) = A, and f;|A = 1 for all ¢t. The family f;
should be continuous in the sense that the associated map XxI—X, (x,t) — f;(x),
is continuous.

It is easy to produce many more examples similar to the letter examples, with the
deformation retraction f; obtained by sliding along line segments. The figure on the
left below shows such a deformation retraction of a M6bius band onto its core circle.

The three figures on the right show deformation retractions in which a disk with two
smaller open subdisks removed shrinks to three different subspaces.

In all these examples the structure that gives rise to the deformation retraction can
be described by means of the following definition. For a map f:X — Y, the mapping
cylinder My is the quotient space of the disjoint union (XxI) 1Y obtained by iden-
tifying each (x,1) € XXI
with f(x) € Y. In the let-
ter examples, the space X
is the outer boundary of the
thick letter, Y is the thin
letter, and f:X—Y sends
the outer endpoint of each line segment to its inner endpoint. A similar description
applies to the other examples. Then it is a general fact that a mapping cylinder My
deformation retracts to the subspace Y by sliding each point (x,t) along the segment
{x} XTI Cc My to the endpoint fx)ey.

Not all deformation retractions arise in this way from mapping cylinders, how-
ever. For example, the thick X deformation retracts to the thin X, which in turn
deformation retracts to the point of intersection of its two crossbars. The net result
is a deformation retraction of X onto a point, during which certain pairs of points
follow paths that merge before reaching their final destination. Later in this section
we will describe a considerably more complicated example, the so-called ‘house with
two rooms,” where a deformation retraction to a point can be constructed abstractly,
but seeing the deformation with the naked eye is a real challenge.

Homotopy and Homotopy Type Chapter0 |3

A deformation retraction f;:X— X is a special case of the general notion of a
homotopy, which is simply any family of maps f;:X—Y, t € I, such that the asso-
ciated map F:XxI—Y given by F(x,t) = f;(x) is continuous. One says that two
maps fy, f):X—Y are homotopic if there exists a homotopy f; connecting them,
and one writes fy = f).

In these terms, a deformation retraction of X onto a subspace A is a homotopy
from the identity map of X to a retraction of X onto A, a map 7 :X— X such that
r(X) = A and ¥ |A = 1. One could equally well regard a retraction as a map X — A
restricting to the identity on the subspace A C X. From a more formal viewpoint a
retraction is amap ¥ : X — X with ¥? = v, since this equation says exactly that 7 is the
identity on its image. Retractions are the topological analogs of projection operators
in other parts of mathematics.

Not all retractions come from deformation retractions. For example, a space X
always retracts onto any point x, € X via the constant map sending all of X to x,
but a space that deformation retracts onto a point must be path-connected since a
deformation retraction of X to x, gives a path joining each x € X to x,. It is less
trivial to show that there are path-connected spaces that do not deformation retract
onto a point. One would expect this to be the case for the letters ‘with holes,” A, B,
D, O, P, Q, R. In Chapter 1 we will develop techniques to prove this.

A homotopy f; : X— X that gives a deformation retraction of X onto a subspace
A has the property that f;|A = 1 for all t. In general, a homotopy f;: X —Y whose
restriction to a subspace A C X is independent of t is called a homotopy relative
to A, or more concisely, a homotopy rel A. Thus, a deformation retraction of X onto
A is a homotopy rel A from the identity map of X to a retraction of X onto A.

If a space X deformation retracts onto a subspace A via f;:X—X, then if
v : X— A denotes the resulting retraction and i: A— X the inclusion, we have i = 1
and ir = 1, the latter homotopy being given by f;. Generalizing this situation, a
map f:X—Y is called a homotopy equivalence if there is amap g:Y— X such that
fg =1 and gf ~ 1. The spaces X and Y are said to be homotopy equivalent or to
have the same homotopy type. The notation is X ~ Y. It is an easy exercise to check
that this is an equivalence relation, in contrast with the nonsymmetric notion of de-
formation retraction. For example, the three graphs O-O &GO CID are all homotopy
equivalent since they are deformation retracts of the same space, as we saw earlier,
but none of the three is a deformation retract of any other.

It is true in general that two spaces X and Y are homotopy equivalent if and only
if there exists a third space Z containing both X and Y as deformation retracts. For
the less trivial implication one can in fact take Z to be the mapping cylinder My of
any homotopy equivalence f:X—7Y. We observed previously that M, deformation
retracts to Y, so what needs to be proved is that M, also deformation retracts to its
other end X if f is a homotopy equivalence. This is shown in Corollary 0.21.
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A space having the homotopy type of a point is called contractible. This amounts
to requiring that the identity map of the space be nullhomotopic, that is, homotopic
to a constant map. In general, this is slightly weaker than saying the space deforma-
tion retracts to a point; see the exercises at the end of the chapter for an example
distinguishing these two notions.

Let us describe now an example of a 2-dimensional subspace of R?, known as the
house with two rooms, which is contractible but not in any obvious way. To build this

r= L=

space, start with a box divided into two chambers by a horizontal rectangle, where by a
‘rectangle’ we mean not just the four edges of arectangle but also its interior. Access to
the two chambers from outside the box is provided by two vertical tunnels. The upper
tunnel is made by punching out a square from the top of the box and another square
directly below it from the middle horizontal rectangle, then inserting four vertical
rectangles, the walls of the tunnel. This tunnel allows entry to the lower chamber
from outside the box. The lower tunnel is formed in similar fashion, providing entry
to the upper chamber. Finally, two vertical rectangles are inserted to form ‘support
walls’ for the two tunnels. The resulting space X thus consists of three horizontal
pieces homeomorphic to annuli plus all the vertical rectangles that form the walls of
the two chambers.

To see that X is contractible, consider a closed &-neighborhood N(X) of X.
This clearly deformation retracts onto X if ¢ is sufficiently small. In fact, N(X)
is the mapping cylinder of a map from the boundary surface of N(X) to X. Less
obvious is the fact that N(X) is homeomorphic to D3, the unit ball in R®. To see
this, imagine forming N (X) from a ball of clay by pushing a finger into the ball to
create the upper tunnel, then gradually hollowing out the lower chamber, and similarly
pushing a finger in to create the lower tunnel and hollowing out the upper chamber.
Mathematically, this process gives a family of embeddings h, :D®—R3 starting with
the usual inclusion D® < R? and ending with a homeomorphism onto N(X).

Thus we have X ~ N(X) = D? = point, so X is contractible since homotopy
equivalence is an equivalence relation. In fact, X deformation retracts to a point. For
if f; is a deformation retraction of the ball N(X) to apoint x, € X andif v :N(X) — X
is a retraction, for example the end result of a deformation retraction of N(X) to X,
then the restriction of the composition v f; to X is a deformation retraction of X to
Xxo. However, it is quite a challenging exercise to see exactly what this deformation
retraction looks like.

Cell Complexes Chapter 0 5

—

Cell Complexes

A familiar way of constructing the torus S'xS' is by identifying opposite sides
of a square. More generally, an orientable surface M, of genus g can be constructed
from a polygon with 4g sides
by identifying pairs of edges,
as shown in the figure in the
first three cases g = 1,2, 3.

a

The 4g edges of the polygon
become a union of 2g circles
in the surface, all intersect-
ing in a single point. The in-
terior of the polygon can be
thought of as an open disk,
or a 2-cell, attached to the
union of the 2g circles. One
can also regard the union of
the circles as being obtained
from their common point of
intersection, by attaching 2g
open arcs, or 1-cells. Thus
the surface can be built up in stages: Start with a point, attach 1-cells to this point,
then attach a 2-cell.

A natural generalization of this is to construct a space by the following procedure:

(1) Start with a discrete set X°, whose points are regarded as 0-cells.

(2) Inductively, form the n-skeleton X" from X" ! by attaching n-cells ! via maps
@u:S" 1= X", This means that X" is the quotient space of the disjoint union
X" 1,DE of X" with a collection of n-disks D! under the identifications
X ~ @u(x) for x € OD!. Thus as a set, X" = X" !'[[,e” where each e! is an
open n-disk.

(3) One can either stop this inductive process at a finite stage, setting X = X" for
some 1 < oo, or one can continue indefinitely, setting X = (J,, X"*. In the latter
case X is given the weak topology: A set A C X is open (or closed) iff A n X" is
open (or closed) in X" for each n.

A space X constructed in this way is called a cell complex or CW complex. The
explanation of the letters ‘CW’ is given in the Appendix, where a number of basic
topological properties of cell complexes are proved. The reader who wonders about
various point-set topological questions lurking in the background of the following
discussion should consult the Appendix for details.
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If X = X" for some n, then X is said to be finite-dimensional, and the smallest
such n is the dimension of X, the maximum dimension of cells of X.

Example 0.1. A 1-dimensional cell complex X = X' is what is called a graph in
algebraic topology. It consists of vertices (the 0-cells) to which edges (the 1-cells) are
attached. The two ends of an edge can be attached to the same vertex.

Example 0.2. The house with two rooms, pictured earlier, has a visually obvious
2-dimensional cell complex structure. The 0-cells are the vertices where three or more
of the depicted edges meet, and the 1-cells are the interiors of the edges connecting
these vertices. This gives the 1-skeleton X 1 and the 2-cells are the components of
the remainder of the space, X — X'. If one counts up, one finds there are 29 0-cells,
51 1-cells, and 23 2-cells, with the alternating sum 29 — 51 + 23 equal to 1. This is
the Euler characteristic, which for a cell complex with finitely many cells is defined
to be the number of even-dimensional cells minus the number of odd-dimensional
cells. As we shall show in Theorem 2.44, the Euler characteristic of a cell complex
depends only on its homotopy type, so the fact that the house with two rooms has the
homotopy type of a point implies that its Euler characteristic must be 1, no matter
how it is represented as a cell complex.

Example 0.3. The sphere S™ has the structure of a cell complex with just two cells, e°
and e", the n-cell being attached by the constant map $™ ' —e°. This is equivalent
to regarding S™ as the quotient space D"/dD".

Example 0.4. Real projective n-space RP" is defined to be the space of all lines
through the origin in R™"!. Each such line is determined by a nonzero vector in R"*!,
unique up to scalar multiplication, and RP" is topologized as the quotient space of
R™"! — {0} under the equivalence relation v ~ Av for scalars A = 0. We can restrict
to vectors of length 1, so RP" is also the quotient space S"/(v ~ —v), the sphere
with antipodal points identified. This is equivalent to saying that RP" is the quotient
space of a hemisphere D" with antipodal points of dD" identified. Since dD" with
antipodal points identified is just RP" ™!, we see that RP" is obtained from RP"! by
attaching an n-cell, with the quotient projection S™ ' —RP™ ! as the attaching map.
It follows by induction on # that RP" has a cell complex structure e’ Uel U --- Ue™
with one cell e’ in each dimension i < n.

Example 0.5. Since RP" is obtained from RP"! by attaching an n-cell, the infinite
union RP® = |J,, RP" becomes a cell complex with one cell in each dimension. We
can view RP” as the space of lines through the origin in R* = |J,, R".

Example 0.6. Complex projective n-space CP" is the space of complex lines through
the origin in C™! that is, 1-dimensional vector subspaces of C™*!. As in the case
of RP", each line is determined by a nonzero vector in C**!, unique up to scalar
multiplication, and CP" is topologized as the quotient space of C"*! — {0} under the

Cell Complexes Chapter 0 7
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equivalence relation v ~ Av for A = 0. Equivalently, this is the quotient of the unit
sphere $2"*1 ¢ C™*! with v ~ Av for |A| = 1. It is also possible to obtain CP" as a
quotient space of the disk D?" under the identifications v ~ Av for v € D", in the
following way. The vectors in $>™*! ¢ C"**! with last coordinate real and nonnegative
are precisely the vectors of the form (w,+/1 - |w|2) € C"xC with |w| < 1. Such
vectors form the graph of the function w ~— +/1 — [w[2. This is a disk D" bounded
by the sphere §2"~! ¢ §2™*! consisting of vectors (w,0) € C"x C with |w| = 1. Each
s+l g equivalent under the identifications v ~ Av to a vector in Di", and
the latter vector is unique if its last coordinate is nonzero. If the last coordinate is

vector in
zero, we have just the identifications v ~ Av for v € §2"!.

From this description of CP" as the quotient of Di" under the identifications
v ~ Av for v € 2! it follows that CP" is obtained from CP" ! by attaching a
cell " via the quotient map $°"~'—CP" !, So by induction on n we obtain a cell

0

structure CP" = e® Ue? U - - - U e?" with cells only in even dimensions. Similarly, CP*

has a cell structure with one cell in each even dimension.

After these examples we return now to general theory. Each cell e} in a cell
complex X has a characteristic map ®,:D%— X which extends the attaching map
@, and is a homeomorphism from the interior of D onto e}. Namely, we can take
®, to be the composition D — X" '[[ D!— X" < X where the middle map is
the quotient map defining X". For example, in the canonical cell structure on S"
described in Example 0.3, a characteristic map for the n-cell is the quotient map
D™ —S™ collapsing D™ to a point. For RP" a characteristic map for the cell e’ is
the quotient map D'— RP' c RP" identifying antipodal points of dD!, and similarly
for CP".

A subcomplex of a cell complex X is a closed subspace A C X that is a union
of cells of X. Since A is closed, the characteristic map of each cell in A has image
contained in A, and in particular the image of the attaching map of each cell in A is
contained in A, so A is a cell complex in its own right. A pair (X, A) consisting of a
cell complex X and a subcomplex A will be called a CW pair.

For example, each skeleton X" of a cell complex X is a subcomplex. Particular
cases of this are the subcomplexes RP* c RP" and CP* c CP" for k < n. These are
in fact the only subcomplexes of RP" and CP".

There are natural inclusions S° ¢ S' ¢ --- c §", but these subspheres are not
subcomplexes of §™ inits usual cell structure with just two cells. However, we can give
S™ a different cell structure in which each of the subspheres S kisa subcomplex, by
regarding each § kas being obtained inductively from the equatorial S k=1 py attaching
two k-cells, the components of §¥—s*=1 The infinite-dimensional sphere §* =, "
then becomes a cell complex as well. Note that the two-to-one quotient map S — RP®
that identifies antipodal points of S identifies the two n-cells of S* to the single
n-cell of RP”.
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In the examples of cell complexes given so far, the closure of each cell is a sub-
complex, and more generally the closure of any collection of cells is a subcomplex.
Most naturally arising cell structures have this property, but it need not hold in gen-
eral. For example, if we start with S with its minimal cell structure and attach to this
a 2-cell by amap S!— S! whose image is a nontrivial subarc of S, then the closure
of the 2-cell is not a subcomplex since it contains only a part of the 1-cell.

Operations on Spaces

Cell complexes have a very nice mixture of rigidity and flexibility, with enough
rigidity to allow many arguments to proceed in a combinatorial cell-by-cell fashion
and enough flexibility to allow many natural constructions to be performed on them.
Here are some of those constructions.

Products. If X and Y are cell complexes, then XxY has the structure of a cell
complex with cells the products ey’ xeg where ey’ ranges over the cells of X and
e,@‘ ranges over the cells of Y. For example, the cell structure on the torus S!xS?
described at the beginning of this section is obtained in this way from the standard
cell structure on S'. For completely general CW complexes X and Y there is one
small complication: The topology on XX Y as a cell complex is sometimes finer than
the product topology, with more open sets than the product topology has, though the
two topologies coincide if either X or Y has only finitely many cells, or if both X
and Y have countably many cells. This is explained in the Appendix. In practice this
subtle issue of point-set topology rarely causes problems, however.

Quotients. If (X, A) is a CW pair consisting of a cell complex X and a subcomplex A,
then the quotient space X/A inherits a natural cell complex structure from X. The
cells of X /A are the cells of X — A plus one new 0-cell, the image of A in X/A. For a
cell e of X — A attached by @, :S" *—X""!, the attaching map for the correspond-
ing cell in X/A is the composition " ' — X" 1 — x" 1 A" 1,

For example, if we give $"~! any cell structure and build D" from $"~! by attach-
ing an n-cell, then the quotient D"/S™ ! is §" with its usual cell structure. As another
example, take X to be a closed orientable surface with the cell structure described at
the beginning of this section, with a single 2-cell, and let A be the complement of this
2-cell, the 1-skeleton of X. Then X/A has a cell structure consisting of a 0-cell with
a 2-cell attached, and there is only one way to attach a cell to a 0-cell, by the constant
map, so X/A is s2.

Suspension. For a space X, the suspension SX is the quotient of

X X1 obtained by collapsing X x {0} to one point and X x {1} to an- £
other point. The motivating example is X = S", when SX = §™! A
with the two ‘suspension points’ at the north and south poles of v

Nag , the points (0, ---,0,=1). One can regard SX as a double cone Vv
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on X, the union of two copies of the cone CX = (XxI)/(Xx{0}). If X is a CW com-
plex, so are SX and CX as quotients of X xI with its product cell structure, I being
given the standard cell structure of two 0-cells joined by a 1-cell.

Suspension becomes increasingly important the farther one goes into algebraic
topology, though why this should be so is certainly not evident in advance. One
especially useful property of suspension is that not only spaces but also maps can be
suspended. Namely, amap f:X—Y suspends to Sf:SX—SY, the quotient map of
fX1:XXI—=YXI.

Join. The cone CX is the union of all line segments joining points of X to an external
vertex, and similarly the suspension SX is the union of all line segments joining points
of X to two external vertices. More generally, given X and a second space Y, one can
define the space of all lines segments joining points in X to points in Y. This is
the join X *x Y, the quotient space of Xx Y xI under the identifications (x,y;,0) ~
(x,¥,,0) and (xy,¥,1) ~ (x,,¥,1). Thus we are collapsing the subspace X x Y x {0}
to X and XxYx {1} to Y. For example, if
X and Y are both closed intervals, then we
are collapsing two opposite faces of a cube
onto line segments so that the cube becomes
a tetrahedron. In the general case, X * Y X

I
contains copies of X and Y at its two ends,

and every other point (x, y,t) in X % Y is on a unique line segment joining the point
x € XCXxY tothepoint y € Y C X x Y, the segment obtained by fixing x and y
and letting the coordinate t in (x,y,t) vary.

A nice way to write points of X * Y is as formal linear combinations t;x + t,y
with 0 <t; <1 and ¢, + ¢, = 1, subject to the rules Ox + 1y = y and 1x + 0y = x
that correspond exactly to the identifications defining X % Y. In much the same
way, an iterated join X; * --- * X,, can be constructed as the space of formal linear
combinations t;x; + --- +t,x, with 0 < t; <1 and ¢; +--- +t, = 1, with the
convention that terms Ox; can be omitted. A very special case that plays a central
role in algebraic topology is when each X; is just a point. For example, the join of
two points is a line segment, the join of three points is a triangle, and the join of four
points is a tetrahedron. In general, the join of n points is a convex polyhedron of
dimension n — 1 called a simplex. Concretely, if the n points are the n standard
basis vectors for R", then their join is the (n — 1)-dimensional simplex

AV = {(t, o ty) ERM [t + - +t,=1and t; >0}

Another interesting example is when each X; is S 0. two points. If we take the two
points of X; to be the two unit vectors along the i‘" coordinate axis in R", then the
join X, * - - - % X,, is the union of 2" copies of the simplex A""!, and radial projection
from the origin gives a homeomorphism between X, * --- * X,, and $"!.
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If X and Y are CW complexes, then there is a natural CW structure on X x Y
having the subspaces X and Y as subcomplexes, with the remaining cells being the
product cells of XxY x (0,1). As usual with products, the CW topology on X x Y may
be weaker than the quotient of the product topology on XxY xI.

Wedge Sum. This is arather trivial but still quite useful operation. Given spaces X and
Y with chosen points x, € X and y, € Y, then the wedge sum X v Y is the quotient
of the disjoint union X I Y obtained by identifying x, and y, to a single point. For
example, $' v §! is homeomorphic to the figure ‘8, two circles touching at a point.
More generally one could form the wedge sum \/, X, of an arbitrary collection of
spaces X, by starting with the disjoint union [[, X, and identifying points x, € X,
to a single point. In case the spaces X, are cell complexes and the points x, are
0-cells, then V/, X, is a cell complex since it is obtained from the cell complex [[, X,
by collapsing a subcomplex to a point.

For any cell complex X, the quotient X"/X"! is awedge sum of n-spheres \/, S™,
with one sphere for each n-cell of X.

Smash Product. Like suspension, this is another construction whose importance be-
comes evident only later. Inside a product space X x Y there are copies of X and Y,
namely XX {y,} and {x,} XY for points x, € X and y, € Y. These two copies of X
and Y in XX Y intersect only at the point (x,,y,), so their union can be identified
with the wedge sum X Vv Y. The smash product X A Y is then defined to be the quo-
tient XXY/X v Y. One can think of X A Y as a reduced version of XxY obtained
by collapsing away the parts that are not genuinely a product, the separate factors X
and Y.

The smash product X AY is a cell complexif X and Y are cell complexes with x,,
and y, 0-cells, assuming that we give X x Y the cell-complex topology rather than the
product topology in cases when these two topologies differ. For example, S™ AS™ has
a cell structure with just two cells, of dimensions 0 and m +n, hence S™AS™ = S™™",
In particular, when m = n = 1 we see that collapsing longitude and meridian circles
of a torus to a point produces a 2-sphere.

Two Criteria for Homotopy Equivalence

Earlier in this chapter the main tool we used for constructing homotopy equiva-
lences was the fact that a mapping cylinder deformation retracts onto its ‘target’ end.
By repeated application of this fact one can often produce homotopy equivalences be-
tween rather different-looking spaces. However, this process can be a bit cumbersome
in practice, so it is useful to have other techniques available as well. We will describe
two commonly used methods here. The first involves collapsing certain subspaces to
points, and the second involves varying the way in which the parts of a space are put
together.
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Collapsing Subspaces

The operation of collapsing a subspace to a point usually has a drastic effect
on homotopy type, but one might hope that if the subspace being collapsed already
has the homotopy type of a point, then collapsing it to a point might not change the
homotopy type of the whole space. Here is a positive result in this direction:

H If (X, A) is a CW pair consisting of a CW complex X and a contractible subcomplex A,
then the quotient map X — X /A is a homotopy equivalence.

A proof will be given later in Proposition 0.17, but for now let us look at some examples
showing how this result can be applied.

Example 0.7: Graphs. The three graphs 0-O OO CID are homotopy equivalent since
each is a deformation retract of a disk with two holes, but we can also deduce this
from the collapsing criterion above since collapsing the middle edge of the first and
third graphs produces the second graph.

More generally, suppose X is any graph with finitely many vertices and edges. If
the two endpoints of any edge of X are distinct, we can collapse this edge to a point,
producing a homotopy equivalent graph with one fewer edge. This simplification can
be repeated until all edges of X are loops, and then each component of X is either
an isolated vertex or a wedge sum of circles.

This raises the question of whether two such graphs, having only one vertex in
each component, can be homotopy equivalent if they are not in fact just isomorphic
graphs. Exercise 12 at the end of the chapter reduces the question to the case of
connected graphs. Then the task is to prove that awedge sum V/,,, S L of m circles is not
homotopy equivalent to \/, S Lif m + n. This sort of thing is hard to do directly. What
one would like is some sort of algebraic object associated to spaces, depending only
on their homotopy type, and taking different values for V,, S ! and V. S Vif m #n. In
fact the Euler characteristic does this since \/,, S ! has Euler characteristic 1—m. But it
is a rather nontrivial theorem that the Euler characteristic of a space depends only on
its homotopy type. A different algebraic invariant that works equally well for graphs,
and whose rigorous development requires less effort than the Euler characteristic, is
the fundamental group of a space, the subject of Chapter 1.

Example 0.8. Consider the space X obtained

from $? by attaching the two ends of an arc ‘\
A to two distinct points on the sphere, say the .
north and south poles. Let B be an arc in S° - ‘/ A
joining the two points where A attaches. Then ‘ X
X can be given a CW complex structure with ' ~u ‘

the two endpoints of A and B as 0-cells, the '
interiors of A and B as 1-cells, and the rest of X
§% as a 2-cell. Since A and B are contractible, X/B
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X/A and X/B are homotopy equivalent to X. The space X/A is the quotient S 2/S 0,
the sphere with two points identified, and X/B is S' v §°. Hence $%/S° and S!' v §?
are homotopy equivalent, a fact which may not be entirely obvious at first glance.

Example 0.9. Let X be the union of a torus with n meridional disks. To obtain
a CW structure on X, choose a longitudinal circle in the torus, intersecting each of
the meridional disks in one point. These intersection points are then the 0-cells, the
1-cells are the rest of the longitudinal circle and the boundary circles of the meridional
disks, and the 2-cells are the remaining regions of the torus and the interiors of
the meridional disks. Collapsing each meridional disk to a point yields a homotopy

C X YD) L
-8+ ~ oK
Y VA W

equivalent space Y consisting of n 2-spheres, each tangent to its two neighbors, a
‘necklace with n beads.” The third space Z in the figure, a strand of n beads with a
string joining its two ends, collapses to Y by collapsing the string to a point, so this

collapse is a homotopy equivalence. Finally, by collapsing the arc in Z formed by the
front halves of the equators of the n beads, we obtain the fourth space W, a wedge
sum of S' with n 2-spheres. (One can see why a wedge sum is sometimes called a
‘bouquet’ in the older literature.)

Example 0.10: Reduced Suspension. Let X be a CW complex and x, € X a 0-cell.
Inside the suspension SX we have the line segment {x,} xI, and collapsing this to a
point yields a space XX homotopy equivalent to SX, called the reduced suspension
of X. For example, if we take X to be S' v §! with X, the intersection point of the
two circles, then the ordinary suspension SX is the union of two spheres intersecting
along the arc {x,}x1I, so the reduced suspension XX is $2vs? a slightly simpler
space. More generally we have (X v Y) = 3X v 2Y for arbitrary CW complexes X
and Y. Another way in which the reduced suspension XX is slightly simpler than SX
is in its CW structure. In SX there are two 0-cells (the two suspension points) and an
(n+1)-cell e"x(0,1) for each n-cell e" of X, whereas in X there is a single 0-cell
and an (n + 1)-cell for each n-cell of X other than the 0-cell x,.

The reduced suspension XX is actually the same as the smash product X A S*
since both spaces are the quotient of X xI with XxdI U {x(}xI collapsed to a point.

Attaching Spaces

Another common way to change a space without changing its homotopy type in-
volves the idea of continuously varying how its parts are attached together. A general
definition of ‘attaching one space to another’ that includes the case of attaching cells
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is the following. We start with a space X, and another space X; that we wish to
attach to X, by identifying the points in a subspace A c X; with points of X,. The
data needed to do this is a map f:A—X,, for then we can form a quotient space
of X, II X, by identifying each point a € A with its image f(a) € X,. Let us de-
note this quotient space by X, Li¢ X;, the space X, with X; attached along A via f.
When (X;,A) = (D",S"’l) we have the case of attaching an n-cell to X, via a map
fislsx,.

Mapping cylinders are examples of this construction, since the mapping cylinder
My of amap f:X—Y is the space obtained from Y by attaching X xI along X x {1}
via f. Closely related to the mapping cylinder M is the mapping cone C; =Y Uy CX
where CX is the cone (XxI)/(Xx{0}) and we attach thisto Y
along X x {1} via the identifications (x,1) ~ f(x). For exam-
ple, when X is a sphere $™ ! the mapping cone Cy is the space
obtained from Y by attaching an n-cell via f:S" '—Y. A
mapping cone C; can also be viewed as the quotient M,/X of
the mapping cylinder M, with the subspace X = X x {0} collapsed to a point.

If one varies an attaching map f by a homotopy f;, one gets a family of spaces
whose shape is undergoing a continuous change, it would seem, and one might expect

these spaces all to have the same homotopy type. This is often the case:

If (X1, A) is a CW pair and the two attaching maps f, g:A— X, are homotopic, then
XoUyp X, = XUy X;.

Again let us defer the proof and look at some examples.

Example 0.11. Let us rederive the result in Example 0.8 that a sphere with two points
identified is homotopy equivalent to S' v S°. The sphere
with two points identified can be obtained by attaching >
to S' by a map that wraps a closed arc A in S? around S*,
as shown in the figure. Since A is contractible, this attach-
ing map is homotopic to a constant map, and attaching S>

to S! via a constant map of A yields S' v $?. The result
then follows since (SZ,A) is a CW pair, S 2 being obtained from A by attaching a
2-cell.

Example 0.12. In similar fashion we can see that the necklace in Example 0.9 is
homotopy equivalent to the wedge sum of a circle with n 2-spheres. The necklace
can be obtained from a circle by attaching n 2-spheres along arcs, so the necklace
is homotopy equivalent to the space obtained by attaching n 2-spheres to a circle
at points. Then we can slide these attaching points around the circle until they all
coincide, producing the wedge sum.

Example 0.13. Here is an application of the earlier fact that collapsing a contractible
subcomplex is a homotopy equivalence: If (X, A) is a CW pair, consisting of a cell
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complex X and a subcomplex A, then X/A =~ X U CA, the mapping cone of the
inclusion A— X. Forwehave X/A = (XUCA)/CA ~ XUCA since CA is a contractible
subcomplex of X U CA.

Example 0.14. If (X, A) is a CW pair and A is contractible in X, that is, the inclusion
A — X is homotopic to a constant map, then X/A =~ X v SA. Namely, by the previous
example we have X/A ~ X U CA, and then since A is contractible in X, the mapping
cone X U CA of the inclusion A — X is homotopy equivalent to the mapping cone of
a constant map, which is X v SA. For example, S"/St ~ §™ v S for i < m, since
S' is contractible in S™ if i < . In particular this gives $%/S° ~ §? v §!, which is
Example 0.8 again.

The Homotopy Extension Property

In this final section of the chapter we will actually prove a few things. In partic-
ular we prove the two criteria for homotopy equivalence described above, along with
the fact that any two homotopy equivalent spaces can be embedded as deformation
retracts of the same space.

The proofs depend upon a technical property that arises in many other contexts
as well. Consider the following problem. Suppose one is given a map f;:X—Y, and
on a subspace A C X one is also given a homotopy f,: A—Y of f;|A that one would
like to extend to a homotopy f;: X —Y of the given f|,. If the pair (X, A) is such that
this extension problem can always be solved, one says that (X, A) has the homotopy
extension property. Thus (X, A) has the homotopy extension property if every map
Xx {0} UAXI—Y can be extended to amap XxXI—Y.

In particular, the homotopy extension property for (X, A) implies that the iden-
tity map XX {0} UAXI—Xx {0} U AXI extends to amap XxXI—XXx{0} UAXI, so
Xx {0} U AXI is aretract of XxI. The converse is also true: If there is a retraction
XXI—Xx{0} U AxI, then by composing with this retraction we can extend every
map Xx {0} UAXI—Y toamap XxI—Y. Thus the homotopy extension property
for (X, A) is equivalent to X x {0} U AXI being a retract of X xI. This implies for ex-
ample that if (X, A) has the homotopy extension property, then so does (Xx Z, AX Z)
for any space Z, a fact that would not be so easy to prove directly from the definition.

If (X, A) has the homotopy extension property, then A must be a closed subspace
of X, at least when X is Hausdorff. For if v:XxI— XX is a retraction onto the
subspace Xx {0} U AXI, then the image of » is the set of points z € XxI with
r(z) = z, aclosed set if X is Hausdorff, so X x {0} UAXI is closed in X xI and hence
A is closed in X.

A simple example of a pair (X, A) with A closed for which the homotopy exten-
sion property fails is the pair (I, A) where A = {0, 1,1/,,Y/5,Y,, - -}. It is not hard to
show that there is no continuous retraction IXI—Ix {0} U AxI. The breakdown of
homotopy extension here can be attributed to the bad structure of (X,A) near 0.
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With nicer local structure the homotopy extension property does hold, as the next
example shows.
Example 0.15. A pair (X, A) has the homotopy extension property if A has a map-

ping cylinder neighborhood in X, by which we mean a closed A

neighborhood N containing a subspace B, thought of as the (_B

boundary of N, with N — B an open neighborhood of A, / ‘/\ N
such that there exists amap f:B— A and a homeomorphism N\

h:My;—N with h |A U B = 1. Mapping cylinder neighbor-
hoods like this occur fairly often. For example, the thick let- X
ters discussed at the beginning of the chapter provide such
neighborhoods of the thin letters, regarded as subspaces of the plane. To verify the
homotopy extension property, notice first that I x I retracts onto I x {0}udlIx1I, hence
BxIxI retracts onto BxIx {0} u Bx0dIxI, and this retraction induces a retraction
of MyxI onto Myx{0} U (AU B)xI. Thus (Mg, AU B) has the homotopy exten-
sion property. Hence so does the homeomorphic pair (N, A U B). Now given a map
X —Y and a homotopy of its restriction to A, we can take the constant homotopy on
X — (N — B) and then extend over N by applying the homotopy extension property

for (N, A U B) to the given homotopy on A and the constant homotopy on B.

Proposition 0.16. If (X, A) isa CW pair, then X x {0} UAXI is a deformation retract
of XxI, hence (X,A) has the homotopy extension property.

Proof: There is a retraction v : D" xI—D"x {0} u d0D" xI, for ex-

ample the radial projection from the point (0,2) € D" xR. Then

setting 7, = tr + (1 — t)1 gives a deformation retraction of D" x I -

onto D" x {0} UdD™xI. This deformation retraction gives rise to

a deformation retraction of X" xI onto X"x {0} U (X" '1uA™)xI

since X" I is obtained from X" x {0} U (X" ! U A™) xI by attach-

ing copies of D" xI along D" x {0} U dD"xI. If we perform the deformation retrac-
tion of X"xI onto X"x{0} U (X" ' UA™) xI during the t-interval [1/2"" 1/2"],
this infinite concatenation of homotopies is a deformation retraction of X xI onto
Xx {0} u AxI. There is no problem with continuity of this deformation retraction
at t = 0 since it is continuous on X" x I, being stationary there during the t-interval
[0,1/2™1], and CW complexes have the weak topology with respect to their skeleta
S0 a map is continuous iff its restriction to each skeleton is continuous. m]

Now we can prove a generalization of the earlier assertion that collapsing a con-
tractible subcomplex is a homotopy equivalence.

Proposition 0.17. If the pair (X, A) satisfies the homotopy extension property and
A is contractible, then the quotient map q: X — X /A is a homotopy equivalence.
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Proof: Let f;: X— X be a homotopy extending a contraction of A, with f; = 1. Since
fi(A) C A for all t, the composition qf;:X— X/A sends A to a point and hence fac-
tors as a composition X 4, X/A— X/A. Denoting the latter map by ft X/A—>X/A,
we have qf; = ftq in the first of the two f,

A
diagrams at the right. When t = 1 we have X X X X
|

f1(A) equal to a point, the point to which A [’1 QJ / Jq
contracts, so f; induces amap g:X/A—X X/A——X/A X/A——X/A
with gq = f}, as in the second diagram. It i £

follows that qg = f, since qg(¥) = qgq(x) = qf,(x) = f1a(x) = f1(X). The
maps g and g are inverse homotopy equivalences since gq = f} = f; = 1 via f; and
ag =fi=fo=1via f,. o

Another application of the homotopy extension property, giving a slightly more
refined version of one of our earlier criteria for homotopy equivalence, is the following:

Proposition 0.18. If (X;,A) is a CW pair and we have attaching maps f,g:A— X,

that are homotopic, then X, U X; = X, Uy X; rel X, .

Here the definition of W ~ Z rel Y for pairs (W,Y) and (Z,Y) is that there are
maps @ :W—Z and g :Z— W restricting to the identity on Y, such that yp ~ 1
and @y ~ 1 via homotopies that restrict to the identity on Y at all times.

Proof: If F: AxI— X, is a homotopy from f to g, consider the space X, Ly (X; xI).
This contains both X, Uy X; and X, L, X; as subspaces. A deformation retraction
of X; xXI onto X; x {0} UAXI as in Proposition 0.16 induces a deformation retraction
of X, Up (X;xI) onto X, Uy X;. Similarly X, Up (X;xI) deformation retracts onto
XoUg4X; . Both these deformation retractions restrict to the identity on X, so together
they give a homotopy equivalence X, U, X; = X, U, X; rel X;. O

We finish this chapter with a technical result whose proof will involve several
applications of the homotopy extension property:

Proposition 0.19. Suppose (X,A) and (Y,A) satisfy the homotopy extension prop-
erty, and f:X—Y is a homotopy equivalence with f|A = 1. Then f is a homotopy
equivalence rel A.

Corollary 0.20. If (X, A) satisfies the homotopy extension property and the inclusion
A < X is a homotopy equivalence, then A is a deformation retract of X .

Proof: Apply the proposition to the inclusion A < X. m|

Corollary 0.21. A map f:X—Y is a homotopy equivalence iff X is a deformation
retract of the mapping cylinder My. Hence, two spaces X and Y are homotopy

equivalent iff there is a third space containing both X and Y as deformation retracts.
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Proof: In the diagram at the right the maps i and j are the inclu-

Y
sions and # is the canonical retraction, so f = ri and i ~ j f. Since X }'
j and r are homotopy equivalences, it follows that f is a homotopy \J ”Y
equivalence iff i is a homotopy equivalence, since the composition ! My

of two homotopy equivalences is a homotopy equivalence and a map homotopic to a
homotopy equivalence is a homotopy equivalence. Now apply the preceding corollary
to the pair (M, X), which satisfies the homotopy extension property by Example 0.15
using the neighborhood X x[0,1/,] of X in Mg. O

Proof of 0.19: Let g:Y — X be a homotopy inverse for f. There will be three steps
to the proof:
(1) Construct a homotopy from g to a map g, with g;|A = 1.
(2) Show g,f =1 rel A.
(3) Show fg, = 1 rel A.
(1) Let h,:X— X be a homotopy from gf = h, to 1 = h;. Since f|A = 1, we
can view h, | A as a homotopy from g|A to 1. Then since we assume (Y, A) has the
homotopy extension property, we can extend this homotopy to a homotopy g;: Y — X
from g = g, to amap g, with g, |A = 1.
(2) A homotopy from g,.f to 1 is given by the formulas

{glfiztfv O<t<l,

k, =
hoy_y, I, <t=<1

Note that the two definitions agree when t = 1/,. Since f|A =1 and g, = h; on A,
the homotopy k; | A starts and ends with the identity, and its second half simply re-
traces its first half, thatis, k, = k;_; on A. We will define a ‘homotopy of homotopies’
k;,, : A— X by means of the figure at the right showing the param-

eter domain Ix I for the pairs (t,u), with the t-axis horizontal
and the u-axis vertical. On the bottom edge of the square we de-
fine k;y = k;|A. Below the ‘V’ we define k,, to be independent
of u, and above the ‘V’ we define k;, to be independent of t.
This is unambiguous since k; = k;_; on A. Since ky = 1 on A,
we have k;, = 1 for (t,u) in the left, right, and top edges of the square. Next we
extend k;, over X, as follows. Since (X,A) has the homotopy extension property,
so does (XxI,AXxI) by aremark in the paragraph following the definition of the ho-
motopy extension property. Viewing k,, as a homotopy of k,|A, we can therefore
extend k;, : A— X to k;y, : X — X with k;, = k;. If we restrict this k;,, to the left, top,
and right edges of the (¢, u)-square, we get a homotopy g,.f ~ 1 rel A.

af af 1

(3) Since g, = g, we have fg, = fg = 1, s0 fg, = 1 and steps (1) and (2) can be
repeated with the pair f,g replaced by g,,f. The result is a map f,:X—Y with
filA=1 and f,g; = 1 rel A. Hence f; ~ f,(g,.f) = (f191)f = f rel A. From this
we deduce that fg; = fig; =~ 1 rel A. O
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Exercises

1. Construct an explicit deformation retraction of the torus with one point deleted
onto a graph consisting of two circles intersecting in a point, namely, longitude and
meridian circles of the torus.

2. Construct an explicit deformation retraction of R"™ — {0} onto snL

3. (a) Show that the composition of homotopy equivalences X—Y and Y—Z7 is a
homotopy equivalence X — Z. Deduce that homotopy equivalence is an equivalence
relation.

(b) Show that the relation of homotopy among maps X —Y is an equivalence relation.
(c) Show that a map homotopic to a homotopy equivalence is a homotopy equivalence.
4. A deformation retraction in the weak sense of a space X to a subspace A is a
homotopy f;:X—X such that f, = 1, f;(X) C A, and f;(A) c A for all t. Show
that if X deformation retracts to A in this weak sense, then the inclusion A — X is
a homotopy equivalence.

5. Show that if a space X deformation retracts to a point x € X, then for each
neighborhood U of x in X there exists a neighborhood V C U of x such that the
inclusion map V < U is nullhomotopic.

6. (a) Let X be the subspace of R? consisting of the horizontal segment

[0,1]x {0} together with all the vertical segments {r}x[0,1 — ] for

v a rational number in [0,1]. Show that X deformation retracts to

any point in the segment [0, 1]x {0}, but not to any other point. [See

the preceding problem.]

(b) Let Y be the subspace of R? that is the union of an infinite number of copies of X
arranged as in the figure below. Show that Y is contractible but does not deformation
retract onto any point.

(c) Let Z be the zigzag subspace of Y homeomorphic to R indicated by the heavier
line. Show there is a deformation retraction in the weak sense (see Exercise 4) of Y
onto Z, but no true deformation retraction.

7. Fill in the details in the following construction from

[Edwards 1999] of a compact space Y c R® with the

same properties as the space Y in Exercise 6, thatis, Y

is contractible but does not deformation retract to any

point. To begin, let X be the union of an infinite se-

quence of cones on the Cantor set arranged end-to-end,

as in the figure. Next, form the one-point compactifica- X Y

tion of XxR. This embeds in R® as a closed disk with curved ‘fins’ attached along
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circular arcs, and with the one-point compactification of X as a cross-sectional slice.
The desired space Y is then obtained from this subspace of R3 by wrapping one more
cone on the Cantor set around the boundary of the disk.

8. For n > 2, construct an n-room analog of the house with two rooms.

9. Show that a retract of a contractible space is contractible.

10. Show that a space X is contractible iff every map f:X—Y, for arbitrary Y, is
nullhomotopic. Similarly, show X is contractible iff every map f:Y — X is nullho-
motopic.

11. Show that f:X—Y is a homotopy equivalence if there exist maps g,h:Y —X
such that fg ~ 1 and hf =~ 1. More generally, show that f is a homotopy equiva-
lence if fg and hf are homotopy equivalences.

12. Show that a homotopy equivalence f:X—Y induces a bijection between the set
of path-components of X and the set of path-components of Y, and that f restricts to
a homotopy equivalence from each path-component of X to the corresponding path-
component of Y. Prove also the corresponding statements with components instead
of path-components. Deduce that if the components of a space X coincide with its
path-components, then the same holds for any space Y homotopy equivalent to X.
13. Show that any two deformation retractions # and 7} of a space X onto a
subspace A can be joined by a continuous family of deformation retractions r;,
0<s<1,of X onto A, where continuity means that the map XxIxI— X sending
(x,s,t) to r{(x) is continuous.

14. Given positive integers v, e, and f satisfying v — e + f = 2, construct a cell
structure on S° having v 0-cells, e 1-cells, and f 2-cells.

15. Enumerate all the subcomplexes of S, with the cell structure on S that has S"
as its n-skeleton.

16. Show that S® is contractible.

17. (a) Show that the mapping cylinder of every map f:S ' s! isa CW complex.

(b) Construct a 2-dimensional CW complex that contains both an annulus S'xI and
a Mobius band as deformation retracts.

18. Show that S' % S' = §3, and more generally S™ % §" = §""+1,

19. Show that the space obtained from $? by attaching n 2-cells along any collection
of n circles in S? is homotopy equivalent to the wedge sum of n + 1 2-spheres.

20. Show that the subspace X c R® formed by a Klein bottle
intersecting itself in a circle, as shown in the figure, is homotopy

equivalent to S' v S v §2.

21. If X is a connected space that is a union of a finite number of 2-spheres, any
two of which intersect in at most one point, show that X is homotopy equivalent to a
wedge sum of S'’s and $2's.
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22. Let X be a finite graph lying in a half-plane P C R® and intersecting the edge
of P in a subset of the vertices of X. Describe the homotopy type of the ‘surface of
revolution’ obtained by rotating X about the edge line of P.

23. Show that a CW complex is contractible if it is the union of two contractible
subcomplexes whose intersection is also contractible.

24. Let X and Y be CW complexes with 0-cells x, and y,. Show that the quotient
spaces X Y /(X * {yy} U{xg} *Y) and S(XAY)/S({xy} A {yy}) are homeomorphic,
and deduce that X * Y = S(X A Y).

25. If X is a CW complex with components X,, show that the suspension SX is
homotopy equivalent to Y V,SX, for some graph Y. In the case that X is a finite
graph, show that SX is homotopy equivalent to a wedge sum of circles and 2-spheres.

26. Use Corollary 0.20 to show that if (X, A) has the homotopy extension property,
then XxI deformation retracts to Xx {0} u AxI. Deduce from this that Proposi-
tion 0.18 holds more generally for any pair (X, A) satisfying the homotopy extension
property.

27. Given a pair (X, A) and a homotopy equivalence f:A— B, show that the natural
map X —BU ;X is ahomotopy equivalence if (X, A) satisfies the homotopy extension
property. [Hint: Consider X UM, and use the preceding problem.] An interesting
case is when f is a quotient map, hence the map X— B iy X is the quotient map
identifying each set f ' (b) to a point. When B is a point this gives another proof of
Proposition 0.17.

28. Show thatif (X, A) satisfies the homotopy extension property, then so does every
pair (X, U, X;,X,) obtained by attaching X; to a space X, viaamap f:A—X.
29. In case the CW complex X is obtained from a subcomplex A by attaching a single
cell e™, describe exactly what the extension of a homotopy f;:A—Y to X given by
the proof of Proposition 0.16 looks like. That is, for a point x € ", describe the path
fi(x) for the extended f;.

Chapter

The Fundamental Group

Algebraic topology can be roughly defined as the study of techniques for forming
algebraic images of topological spaces. Most often these algebraic images are groups,
but more elaborate structures such as rings, modules, and algebras also arise. The
mechanisms that create these images — the ‘lanterns’ of algebraic topology, one might
say — are known formally as functors and have the characteristic feature that they
form images not only of spaces but also of maps. Thus, continuous maps between
spaces are projected onto homomorphisms between their algebraic images, so topo-
logically related spaces have algebraically related images.

With suitably constructed lanterns one might hope to be able to form images with
enough detail to reconstruct accurately the shapes of all spaces, or at least of large
and interesting classes of spaces. This is one of the main goals of algebraic topology,
and to a surprising extent this goal is achieved. Of course, the lanterns necessary to
do this are somewhat complicated pieces of machinery. But this machinery also has
a certain intrinsic beauty.

This first chapter introduces one of the simplest and most important functors
of algebraic topology, the fundamental group, which creates an algebraic image of a
space from the loops in the space, the paths in the space starting and ending at the
same point.

The Idea of the Fundamental Group

To get a feeling for what the fundamental group is about, let us look at a few
preliminary examples before giving the formal definitions.



22 Chapter 1 The Fundamental Group

RN

Consider two linked circles A and B in [R3, as shown
in the figure. Our experience with actual links and chains
tells us that since the two circles are linked, it is impossi-
ble to separate B from A by any continuous motion of B,

A B
such as pushing, pulling, or twisting. We could even take
B to be made of rubber or stretchable string and allow completely general continu-
ous deformations of B, staying in the complement of A at all times, and it would
still be impossible to pull B off A. At least that is what intuition suggests, and the

fundamental group will give a way of making this intuition mathematically rigorous.

Instead of having B link with A just once, we could
make it link with A two or more times, as in the figures to the

right. As a further variation, by assigning an orientation to B b

we can speak of B linking A a positive or a negative number | 4 4 B,
of times, say positive when B comes forward through A and

negative for the reverse direction. Thus for each nonzero b
integer n we have an oriented circle B, linking A n times, k’_)
where by ‘circle’ we mean a curve homeomorphic to a circle. A s 2
To complete the scheme, we could let B, be a circle not -3

linked to A at all.

Now, integers not only measure quantity, but they form a group under addition.
Can the group operation be mimicked geometrically with some sort of addition op-
eration on the oriented circles B linking A? An oriented circle B can be thought
of as a path traversed in time, starting and ending at the same point x,, which we
can choose to be any point on the circle. Such a path starting and ending at the
same point is called a loop. Two different loops B and B’ both starting and end-
ing at the same point x, can be ‘added’ to form a new loop B + B’ that travels first
around B, then around B’. For example, if B, and B; are loops each linking A once in
the positive direction,

then their sum B, + Bj B B

. 1 2
coamaios, (C Qut s QS5
linking A twice. Simi- 2 B’ 1

larly, B, + B.; canbe A ! A

deformed to the loop B
By, unlinked from A. ! —~—
o, unlinked from ~) %X, -\ x,
More generally, we see 7 z 7
that B,, + B, can be = A ! A B,

deformed to B,,,,, for

arbitrary integers m and n.

Note that in forming sums of loops we produce loops that pass through the base-
point more than once. This is one reason why loops are defined merely as continuous
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paths, which are allowed to pass through the same point many times. So if one is
thinking of a loop as something made of stretchable string, one has to give the string
the magical power of being able to pass through itself unharmed. However, we must
be sure not to allow our loops to intersect the fixed circle A at any time, otherwise we
could always unlink them from A.

Next we consider a slightly more complicated sort of linking, involving three cir-
cles forming a configuration known as the Borromean rings, shown at the left in the fig-
ure below. The interesting feature here is that if any one of the three circles is removed,
the other two are not
linked. In the same A B
spirit as before, let us
regard one of the cir-
cles, say C, as a loop
in the complement of
the other two, A and
B, and we ask whether C can be continuously deformed to unlink it completely from

A e B

A and B, always staying in the complement of A and B during the deformation. We
can redraw the picture by pulling A and B apart, dragging C along, and then we see
C winding back and forth between A and B as shown in the second figure above.
In this new position, if we start at the point of C indicated by the dot and proceed
in the direction given by the arrow, then we pass in sequence: (1) forward through
A, (2) forward through B, (3) backward through A, and (4) backward through B. If
we measure the linking of C with A and B by two integers, then the ‘forwards’ and
‘backwards’ cancel and both integers are zero. This reflects the fact that C is not
linked with A or B individually.

To get a more accurate measure of how C links with A and B together, we re-
gard the four parts (1)-(4) of C as an ordered sequence. Taking into account the
directions in which these segments of C pass
through A and B, we may deform C to the sum
a+b —a— b of four loops as in the figure. We
write the third and fourth loops as the nega-
tives of the first two since they can be deformed
to the first two, but with the opposite orienta-
tions, and as we saw in the preceding exam-
ple, the sum of two oppositely oriented loops
is deformable to a trivial loop, not linked with
anything. We would like to view the expression

a+ b —a— b as lying in a nonabelian group, so that it is not automatically zero.
Changing to the more usual multiplicative notation for nonabelian groups, it would
be written aha’lb’l, the commutator of a and b.
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To shed further light on this example, suppose we modify it slightly so that the cir-
cles A and B are now linked, as in the next figure. The circle C can then be deformed

into the position shown at
AN O
o
&-//

the right, where it again rep- A
resents the composite loop /
actually be unlinked completely from A and B. So in this case the product aba 'b~!

aba 'b™!, where a and b /Q_
are loops linking A and B.
But from the picture on the
leftitis apparent that C can

should be trivial.

The fundamental group of a space X will be defined so that its elements are
loops in X starting and ending at a fixed basepoint x, € X, but two such loops
are regarded as determining the same element of the fundamental group if one loop
can be continuously deformed to the other within the space X. (All loops that occur
during deformations must also start and end at x,,.) In the first example above, X is
the complement of the circle A, while in the other two examples X is the complement
of the two circles A and B. In the second section in this chapter we will show:

= The fundamental group of the complement of the circle A in the first example is
infinite cyclic with the loop B as a generator. This amounts to saying that every
loop in the complement of A can be deformed to one of the loops B,,, and that
B,, cannot be deformed to B,, if n = m.

= The fundamental group of the complement of the two unlinked circles A and B in
the second example is the nonabelian free group on two generators, represented
by the loops a and b linking A and B. In particular, the commutator aba 'b~!
is a nontrivial element of this group.

= The fundamental group of the complement of the two linked circles A and B in
the third example is the free abelian group on two generators, represented by the
loops a and b linking A and B.

As a result of these calculations, we have two ways to tell when a pair of circles A
and B is linked. The direct approach is given by the first example, where one circle
is regarded as an element of the fundamental group of the complement of the other
circle. An alternative and somewhat more subtle method is given by the second and
third examples, where one distinguishes a pair of linked circles from a pair of unlinked
circles by the fundamental group of their complement, which is abelian in one case and
nonabelian in the other. This method is much more general: One can often show that
two spaces are not homeomorphic by showing that their fundamental groups are not
isomorphic, since it will be an easy consequence of the definition of the fundamental
group that homeomorphic spaces have isomorphic fundamental groups.
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1.1 Basic Constructions

This first section begins with the basic definitions and constructions, and then
proceeds quickly to an important calculation, the fundamental group of the circle,
using notions developed more fully in §1.3. More systematic methods of calculation
are given in §1.2. These are sufficient to show for example that every group is realized
as the fundamental group of some space. This idea is exploited in the Additional
Topics at the end of the chapter, which give some illustrations of how algebraic facts
about groups can be derived topologically, such as the fact that every subgroup of a
free group is free.

Paths and Homotopy

The fundamental group will be defined in terms of loops and deformations of
loops. Sometimes it will be useful to consider more generally paths and their defor-
mations, so we begin with this slight extra generality.

By a path in a space X we mean a continuous map f:I— X where I is the unit
interval [0,1]. The idea of continuously deforming a path, keeping its endpoints
fixed, is made precise by the following definition. A homotopy of paths in X is a
family f;:I—X, 0 <t <1, such that

(1) The endpoints f;(0) = x, and f;(1) = x,

are independent of t.

(2) The associated map F:IxI— X defined by

F(s,t) = f;(s) is continuous.

When two paths f, and f, are connected in this way by a homotopy f;, they are said
to be homotopic. The notation for this is f;, = f;.

Example 1.1: Linear Homotopies. Any two paths f; and f; in R" having the same
endpoints x, and x; are homotopic via the homotopy f;(s) = (1 —t) fo(s) + t.f1(s).
During this homotopy each point f(s) travels along the line segment to f; (s) at con-
stant speed. This is because the line through f(s) and f) (s) is linearly parametrized
as fo(s) +tLfi(s) — fo(s)] = (1 = t)fy(s) + tfi(s), with the segment from f(s) to
f1(s) covered by t values in the interval from 0 to 1. If f;(s) happens to equal f(s)
then this segment degenerates to a point and f;(s) = f,(s) for all t. This occurs in
particular for s = 0 and s = 1, so each f; is a path from x; to x;. Continuity of
the homotopy f; as a map IxI—R" follows from continuity of f;, and f; since the
algebraic operations of vector addition and scalar multiplication in the formula for f;
are continuous.

This construction shows more generally that for a convex subspace X c R", all
paths in X with given endpoints x, and x, are homotopic, since if f; and f; lie in
X then so does the homotopy f;.
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Before proceeding further we need to verify a technical property:

Proposition 1.2. The relation of homotopy on paths with fixed endpoints in any space

is an equivalence relation.

The equivalence class of a path f under the equivalence relation of homotopy
will be denoted [f] and called the homotopy class of f.

Proof: Reflexivity is evident since f ~ f by the constant homotopy f, = f. Symmetry
is also easy since if f, = f; via f;, then f; = f, via the inverse homotopy f;_;. For
transitivity, if f, = f, via f; and if f, = g, with gq = g,
via g;, then f;, =~ g, via the homotopy h, that equals f,, for
0<t=<l,and gy_, forl, <t < 1. These two definitions
agree for t = 1/, since we assume f; = g,. Continuity of the
associated map H(s,t) = h,(s) comes from the elementary
fact, which will be used frequently without explicit mention, that a function defined

on the union of two closed sets is continuous if it is continuous when restricted to
each of the closed sets separately. In the case at hand we have H(s,t) = F(s,2t) for
0<t<l,and H(s,t) = G(s,2t — 1) for I/, <t < 1 where F and G are the maps
IxI— X associated to the homotopies f; and g, . Since H is continuous on I x [0, /5]
and on I x [1/,, 1], it is continuous on IxI. ]

Given two paths f,g:I— X such that f(1) = g(0), there is a composition or
product path f-g that traverses first f and then g, defined by the formula

f(2s), 0<s<l,

frats) = {g(Zs— 1, Yy<s<1

Thus f and g are traversed twice as fast in order for f-g to be traversed in unit

time. This product operation respects homotopy classes r g
0 0

since if f, ~ f, and g, = g, via homotopies f; and g,,
and if f;(1) = g,(0) so that f,-g, is defined, then f,-g, @@
is defined and provides a homotopy f;-g¢ = f1-9; - fi 9,

In particular, suppose we restrict attention to paths f:I— X with the same start-
ing and ending point f(0) = f(1) = x, € X. Such paths are called loops, and the
common starting and ending point x,, is referred to as the basepoint. The set of all
homotopy classes [ f] of loops f:I— X at the basepoint x, is denoted 1, (X, x() .

H Proposition 1.3. m (X, x,) is a group with respect to the product [ f1lg] = [f-g].

This group is called the fundamental group of X at the basepoint x,. We
will see in Chapter 4 that (X, x() is the first in a sequence of groups , (X, x;),
called homotopy groups, which are defined in an entirely analogous fashion using the
n-dimensional cube I" in place of I.
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Proof: By restricting attention to loops with a fixed basepoint x, € X we guarantee
that the product f:g of any two such loops is defined. We have already observed
that the homotopy class of f-g depends only on the homotopy classes of f and g,
so the product [f][g] = [f-g] is well-defined. It remains to verify the three axioms
for a group.

As a preliminary step, define a reparametrization of a path f to be a composi-
tion f@ where @ :I—1 is any continuous map such that ¢ (0) = 0 and @(1) = 1.
Reparametrizing a path preserves its homotopy class since f@ =~ f via the homotopy
f; where @,;(s) = (1 — t)p(s) + ts so that p; = @ and @,(s) = s. Note that
(1 -t)@p(s) + ts lies between @ (s) and s, hence is in I, so the composition f@; is
defined.

If we are given paths f, g, h with f(1) = g(0) and g(1) = h(0), then both prod-
ucts (f-g)-h and f-(g-h) are defined, and f-(g-h) is areparametrization
of (f-g)-h by the piecewise linear function ¢ whose graph is shown
in the figure at the right. Hence (f.g)-h ~ f.(g-h). Restricting atten-

tion to loops at the basepoint x,), this says the product in 1T (X, x) is
associative.

Given a path f:I— X, let ¢ be the constant path at f(1), defined by c(s) = f(1)
forall s € I. Then f.c is areparametrization of f via the function ¢ whose graph is
shown in the first figure at the right, so f.c =~ f. Similarly,

c-f =~ f where c is now the constant path at f(0), using
the reparametrization function in the second figure. Taking
f to be a loop, we deduce that the homotopy class of the
constant path at x; is a two-sided identity in 1 (X, x,) .

For a path f from x, to x,, the inverse path f from x, back to x, is defined
by f(s) = f(1 —s). To see that f-f is homotopic to a constant path we use the
homotopy h; = f;-g, where f; is the path that equals f on the interval [0,1 — £]
and that is stationary at f(1 —t) on the interval [1-¢,1], and g, is the inverse path
of f,. We could also describe h; in terms of the associated function
H:IxI— X using the decomposition of IxI shown in the figure. On

the bottom edge of the square H is given by f-f and below the ‘V’ we
let H(s,t) be independent of t, while above the ‘V’ we let H(s,t) be
independent of s. Going back to the first description of h,, we see that since f, = f
and f; is the constant path ¢ at x, h; is a homotopy from f+f to ¢-€ = c. Replacing
f by f gives f-f = c for ¢ the constant path at x,. Taking f to be a loop at the
basepoint x,, we deduce that [ f] is a two-sided inverse for [f] in (X, x,). O

Example 1.4. For a convex set X in R" with basepoint X € X we have 1, (X, xq) =0,
the trivial group, since any two loops f;, and f, based at x,, are homotopic via the
linear homotopy f;(s) = (1 —t) fo(s) + t.f1(s), as described in Example 1.1.



28 Chapter 1

RN

The Fundamental Group

It is not so easy to show that a space has a nontrivial fundamental group since one
must somehow demonstrate the nonexistence of homotopies between certain loops.
We will tackle the simplest example shortly, computing the fundamental group of the
circle.

It is natural to ask about the dependence of T, (X, x,) on the choice of the base-
point x,. Since 1 (X, x() involves only the path-component of X containing x, it
is clear that we can hope to find a relation between 1, (X, x) and m, (X, x;) for two
basepoints x, and x; only if x, and x; lie in the same path-component of X. So
let h:I— X be a path from x, to x;, with the inverse path
h(s) = h(1-s) from x; back to x,. We can then associate /_}L_Q
to each loop f based at x; the loop h-f-h based at x. Xo X f
Strictly speaking, we should choose an order of forming the product h- f-h, either
(h-f)-h or h-(f-h), but the two choices are homotopic and we are only interested in
homotopy classes here. Alternatively, to avoid any ambiguity we could define a gen-
eral n-fold product f;- --- - f,, in which the path f; is traversed in the time interval

(51 L].
Proposition 1.5. The map By, 1 (X,x;) — 1 (X, x() defined by B,[f] = [h-f-h]
is an isomorphism.

Proof: If f, is a homotopy of loops based at x; then h- f,-h is a homotopy of
loops based at x;, so B, is well-defined. Further, B, is a homomorphism since
Bnlf-gl =[h-f-g-h] = [h-f-h-h-g-h] = B, [ f1B,[g]. Finally, B, is an isomorphism
with inverse By since B, B7;[f]1 = Bylh-f-h]l =[h-h-f-h-h] = [f], and similarly
BrBnlf1=1f1. o

Thus if X is path-connected, the group 7 (X, x,) is, up to isomorphism, inde-
pendent of the choice of basepoint x. In this case the notation T, (X, x) is often
abbreviated to 11, (X), or one could go further and write just mm X.

In general, a space is called simply-connected if it is path-connected and has
trivial fundamental group. The following result explains the name.

Proposition 1.6. A space X is simply-connected iff there is a unique homotopy class
of paths connecting any two points in X.

Proof: Path-connectedness is the existence of paths connecting every pair of points,
so we need be concerned only with the uniqueness of connecting paths. Suppose
m (X) = 0. If f and g are two paths from x, to x;, then f = f.-g-g = g since
the loops g-g and f:.g are each homotopic to constant loops, using the assumption
1, (X, xg) = 0 in the latter case. Conversely, if there is only one homotopy class of
paths connecting a basepoint x to itself, then all loops at x, are homotopic to the
constant loop and T, (X, x() = 0. O
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The Fundamental Group of the Circle

Our first real theorem will be the calculation (S 1y ~ Z. Besides its intrinsic
interest, this basic result will have several immediate applications of some substance,
and it will be the starting point for many more calculations in the next section. It
should be no surprise then that the proof will involve some genuine work. To max-
imize the payoff for this work, the proof is written so that its main technical steps
apply in the more general setting of covering spaces, the main topic of §1.3.

Theorem 1.7. The map Z—»rrl(Sl) sending an integer n to the homotopy class
of the loop w,,(s) = (cos21rns,sin2mns) based at (1,0) is an isomorphism.

Proof: The idea is to compare paths in S! with pathsin R via the map
p:R—S! given by p(s) = (cos 21rs, sin 27rs). This map can be visu-
alized geometrically by embedding R in R? as the helix parametrized
by s — (cos271rs,sin27rs, s), and then p is the restriction to the he-
lix of the projection of R® onto R?, (x,y,z) — (x,y), as in the
figure. Observe that the loop w,, is the composition pw, where
w,,:I—R is the path w, (s) = ns, starting at 0 and ending at n,
winding around the helix |n| times, upward if n > 0 and downward
if n < 0. The relation w,, = pw),, is expressed by saying that w,, is
a lift of w,, .

The definition of ® can be reformulated by setting ®(n) equal to the homotopy

0~

class of the loop pf for f any path in R from O to n. Such an f is homotopic to
w,, via the linear homotopy (1 — 0Of+ tw),,, hence pf is homotopic to pw, = w,
and the new definition of ®(n) agrees with the old one.

To verify that ® is a homomorphism, let 7,,: R—R be the translation 7,,(x) =
x + m. Then @,, - (T,,@,) is a path in R from 0 to m + n, so ®(m + n) is the
homotopy class of the loop in S' that is the image of this path under p. This image
is just w,, -w,,, s0 ®(m +n) = d(m)-d(n).

To show that @ is an isomorphism we shall use two facts:

(a) For each path f:I—S! starting at a point Xg € S! and each X € p_l(xo) there
is a unique lift f:I — R starting at X,.

(b) For each homotopy f,:I1—S' of paths starting at x, and each X, € p '(x,)
there is a unique lifted homotopy ft :I1—R of paths starting at X,,.

Before proving these facts, let us see how they imply the theorem. To show that ¢ is
surjective, let f:1—S! be aloop at the basepoint (1,0), representing a given element
of (S ). By (a) there is a lift f starting at 0. This path f ends at some integer n
since pf(l) = f(1) = (1,0) and p"l(l,O) = 7Z C R. By the extended definition of ¢
we then have ®(n) = [pr] = [f]. Hence ® is surjective.
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To show that @ is injective, suppose ®(m) = ®(n), which means w,, = w,,.
Let f; be a homotopy from w,, = f, to w, = f;. By (b) this homotopy lifts to a
homotopy ft of paths starting at 0. The uniqueness part of (a) implies that fo =W,
and fl = W,. Since ft is a homotopy of paths, the endpoint ft(l) is independent
of t. For t = 0 this endpoint is m and for t = 1 itis n, so m = n.

It remains to prove (a) and (b). Both statements can be deduced from a more
general assertion:

(¢) Given amap F:YxI—S' and a map F:yx {0} —R lifting F|Y x {0}, then there
is a unique map F:Y xI—R lifting F and restricting to the given Fon Yx{0}.

Statement (a) is the special case that Y is a point, and (b) is obtained by applying (c)
with Y = I in the following way. The homotopy f; in (b) gives a map F:IxXI—S !
by setting F(s,t) = f;(s) as usual. A unique lift F:Ix {0} —R is obtained by an
application of (a). Then (c) gives a unique lift F:IxI—R. The restrictions F [{0} xTI
and F|{1}xI are paths lifting constant paths, hence they must also be constant by
the uniqueness part of (a). So ft(s) =F(s,t) isa homotopy of paths, and ft lifts f;
since pﬁ =F.

We shall prove (c) using just one special property of the projection p:R—S L
namely:

There is an open cover {U,} of S' such that for each «, p’l(U(x) can be
(x*)  decomposed as a disjoint union of open sets each of which is mapped homeo-
morphically onto U, by p.

For example, we could take the cover {U,} to consist of any two open arcs in st
whose union is S!.

To prove (c) we will first construct a lift F: NxI—R for N some neighborhood
in Y of a given point y, € Y. Since F is continuous, every point (y,,t) € Y xI has
a product neighborhood N;x (a;,b;) such that F(N;x (a;,b;)) c U, for some «.
By compactness of {y,} %I, finitely many such products N; X (a;, b;) cover {yy}xI.
This implies that we can choose a single neighborhood N of y, and a partition
0=t <t <---<t, =1o0fI so that for each i, F(Nx[t; t;,1]) is contained
in some U,, which we denote U;. Assume inductively that F has been constructed
on Nx[0,t;]. We have F(Nx[t;, t;,1]) C U;, so by () there is an open set ﬁi cR
projecting homeomorphically onto U; by p and containing the point F( Yo, t;) . After
replacing N by a smaller neighborhood of y, we may assume that F(Nx {t;}) is con-
tained in ﬁi, namely, replace N x {t;} by its intersection with (f|N>< {ti})’l (ﬁi). Now
we can define F on Nx [t;,t;,,] to be the composition of F with the homeomorphism
pt: U,— lN]i. After finitely many repetitions of this induction step we eventually get
alift F: NxI—R for some neighborhood N of Vo-

Next we show the uniqueness part of (c) in the special case that Y is a point. In this
case we can omit Y from the notation. So suppose F and F’ are two lifts of F:1—S'
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such that F(0) = F'(0). As before, choose a partition 0 = to<ty<---<t,=1of
I so that for each i, F([¢;,t;.;]) is contained in some U;. Assume inductively that
F=Fon [0, ¢;]. Since [t;,t;,,] is connected, so is f([ti, t;+1]), which must therefore
lie in a single one of the disjoint open sets ﬁi projecting homeomorphically to U; as
in (x). By the same token, }?,([ti, t;,1 D) liesin a single ﬁi, in fact in the same one that
contains F([t;,t;,,]) since I?,(ti) = F(t;). Because p is injective on U, and pF = pE
it follows that F = F on [t;,t;.1], and the induction step is finished.

The last step in the proof of (c) is to observe that since the F’s constructed above
on sets of the form NI are unique when restricted to each segment {y}xI, they
must agree whenever two such sets N xI overlap. So we obtain a well-defined lift F
on all of YxI. This F is continuous since it is continuous on each NxI , and it is
unique since it is unique on each segment {y}xI. ]

Now we turn to some applications of this theorem. Although algebraic topology
is usually ‘algebra serving topology,” the roles are reversed in the following proof of
the Fundamental Theorem of Algebra.

H Theorem 1.8. Every nonconstant polynomial with coefficients in C has a root in C.

Proof: We may assume the polynomial is of the form p(z) = z" + alz”’l +---+a,.

If p(z) has no roots in C, then for each real number » > 0 the formula

pre’™) /p(r)

lp(re?™is) /p(r)|

defines a loop in the unit circle S' ¢ C based at 1. As ¥ varies, f, is a homotopy of
loops based at 1. Since f is the trivial loop, we deduce that the class [f,] € (S b
is zero for all ». Now fix a large value of 7, bigger than |a,| + --- + |a,,| and bigger
than 1. Then for |z| = v we have

fy(s) =

7’!.71|2 1

1z =v" =7 "> (lag| +--- + la,l)|z la,z" '+ +a,l

From the inequality |z"| > |a,z""!

Z"+t(a; 2!
p by p; in the formula for f, above and letting ¢ go from 1 to 0, we obtain a homo-
topy from the loop f, to the loop w,(s) =e
n times a generator of the infinite cyclic group (S 1), Since we have shown that
[w,]=1[f,]1=0,we conclude that n = 0. Thus the only polynomials without roots
in C are constants. m]

+ -+ +a,| it follows that the polynomial p,(z) =
+---+a,) hasnoroots on the circle |z| = when 0 < ¢t < 1. Replacing

2mins By Theorem 1.7, w,, represents

Our next application is the Brouwer fixed point theorem in dimension 2.

Theorem 1.9. Every continuous map h:D?—D? has a fixed point, that is, a point
x with h(x) = x.

Here we are using the standard notation D" for the closed unit disk in R", all
vectors x of length |x| < 1. Thus the boundary of D" is the unit sphere $"!.
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Proof: Suppose on the contrary that h(x) # x forall x € D?.

Then we can define a map r:D>—S' by letting ¥ (x) be the

point of S' where the ray in R® starting at h(x) and passing

through x leaves D?. Continuity of 7 is clear since small per-

turbations of x produce small perturbations of h(x), hence = #(x)

also small perturbations of the ray through these two points.

The crucial property of 7, besides continuity, is that 7 (x) = x if x € S'. Thus 7 is
a retraction of D? onto S'. We will show that no such retraction can exist.

Let f; be anyloopin § ' In D? there is a homotopy of fo to a constant loop, for
example the linear homotopy f;(s) = (1 — ) fy(s) + tx, where x, is the basepoint
of fy. Since the retraction * is the identity on S 1 the composition * f; is then a
homotopy in S! from » fo = fo to the constant loop at x;. But this contradicts the
fact that 1r, (S') is nonzero. o

This theorem was first proved by Brouwer around 1910, one of the early triumphs
of algebraic topology. Brouwer in fact proved the corresponding result for D", and
we shall obtain this generalization in Corollary 2.11 using homology groups in place
of 1r;. One could also use the higher homotopy group 1,,. Brouwer’s original proof
used neither homology nor homotopy groups, which had not been invented at the
time. Instead it used the notion of degree for maps S — S™, which we shall define in
§2.2 using homology but which Brouwer defined directly in more geometric terms.

These proofs are all arguments by contradiction, and so they show just the exis-
tence of fixed points without giving any clue as to how to find one in explicit cases.
Our proof of the Fundamental Theorem of Algebra was similar in this regard. There
exist other proofs of the Brouwer fixed point theorem that are somewhat more con-
structive, for example the elegant and quite elementary proof by Sperner in 1928,
which is explained very nicely in [Aigner-Ziegler 1999].

The techniques used to calculate 1, (S 1) can be applied to prove the Borsuk-Ulam
theorem in dimension two:

Theorem 1.10. For every continuous map f :S%2—R? there exists a pair of antipodal
points x and —x in S* with f(x) = f(-x).

It may be that there is only one such pair of antipodal points x, —x, for example
if f is simply orthogonal projection of the standard sphere $% c R® onto a plane.

The Borsuk-Ulam theorem holds also for maps S™ —R", as we show in Proposi-
tion 2B.6. The proof for n = 1 is easy since the difference f(x)— f(—x) changes sign
as x goes halfway around the circle, hence this difference must be zero for some x.
For n > 2 the theorem is certainly less obvious. Is it apparent, for example, that
at every instant there must be a pair of antipodal points on the surface of the earth
having the same temperature and the same barometric pressure?
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The theorem says in particular that there is no one-to-one continuous map from
$? to R?, so S? is not homeomorphic to a subspace of R?, an intuitively obvious fact
that is not easy to prove directly.

Proof: If the conclusion is false for f:5*—R?, we can define a map g:5>—S' by
gx) = (f(x) = f(=x))/1f(x) — f(=x)|. Define a loop n circling the equator of
$% c R3 by n(s) = (cos 27rs,sin 21s,0), and let h:I—S' be the composed loop an.
Since g(—x) = —g(x), we have the relation h(s + 1/,) = —h(s) for all s in the interval
[0,1/5]. As we showed in the calculation of 1, (Sl), the loop h can be lifted to a path
h:I—R. The equation h(s + 1/,) = —h(s) implies that R(s + 1,) = nis) + 1/, for
some odd integer g that might conceivably depend on s € [0,1/,]. But in fact g is
independent of s since by solving the equation PNL(S +1/5) = PNl(s) +4/, for q we see that
q depends continuously on s € [0, !/,], so ¢ must be a constant since it is constrained
to integer values. In particular, we have 171(1) = PNL(l/Z) +, = PNL(O) + . This means
that h represents g times a generator of nl(Sl). Since q is odd, we conclude that h
is not nullhomotopic. But h was the composition gn: I — 52— 5! and n is obviously
nullhomotopic in $2, so gn is nullhomotopic in § ! by composing a nullhomotopy of
n with g. Thus we have arrived at a contradiction. ]

Corollary 1.11. Whenever S> is expressed as the union of three closed sets Ay, Ay,

and Az, then at least one of these sets must contain a pair of antipodal points {x, —x}.

Proof: Let d,:S°— R measure distance to A, that is, d;(x) = inf,, c4,Ix — »[. This
is a continuous function, so we may apply the Borsuk-Ulam theorem to the map
S?SR?, x — (d,(x),d,(x)), obtaining a pair of antipodal points x and —x with
d;(x) =d;(-x) and d,(x) = d,(—x). If either of these two distances is zero, then
x and —x both lie in the same set A; or A, since these are closed sets. On the other
hand, if the distances from x and —x to A, and A, are both strictly positive, then
x and —x lie in neither A; nor A, so they must lie in Aj. O

To see that the number ‘three’ in this result is best possible, consider a sphere
inscribed in a tetrahedron. Projecting the four faces of the tetrahedron radially onto
the sphere, we obtain a cover of S2 by four closed sets, none of which contains a pair
of antipodal points.

Assuming the higher-dimensional version of the Borsuk-Ulam theorem, the same
arguments show that S™ cannot be covered by n + 1 closed sets without antipodal
pairs of points, though it can be covered by n + 2 such sets, as the higher-dimensional
analog of a tetrahedron shows. Even the case n = 1 is somewhat interesting: If the
circle is covered by two closed sets, one of them must contain a pair of antipodal
points. This is of course false for nonclosed sets since the circle is the union of two
disjoint half-open semicircles.
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The relation between the fundamental group of a product space and the funda-
mental groups of its factors is as simple as one could wish:

Proposition 1.12. 1 (XX Y) is isomorphic to (X)X (Y) if X and Y are path-

connected.

Proof: A basic property of the product topology is that a map f:Z—XxY is con-
tinuous iff the maps g:Z— X and h:Z—Y defined by f(z) = (g(z),h(z)) are both
continuous. Hence aloop f in XX Y based at (x, ) is equivalent to a pair of loops
g in X and h in Y based at x, and y, respectively. Similarly, a homotopy f; of aloop
in XxY is equivalent to a pair of homotopies g, and h, of the corresponding loops
in X and Y. Thus we obtain a bijection 1, (X XY, (x¢, ¥o)) = 1, (X, x¢) X1, (Y, ¥0),
[f]1+— ([g],[h]). This is obviously a group homomorphism, and hence an isomor-
phism. O

Example 1.13: The Torus. By the proposition we have an isomorphism 1, (S Ixsh ~
ZxZ. Under this isomorphism a pair (p,q) € ZxZ corresponds to a loop that winds
p times around one S! factor of the torus and g times around the
other S! factor, for example the loop Wpe(8) = (W, (3), wu(s)).
Interestingly, this loop can be knotted, as the figure shows for
the case p = 3, g = 2. The knots that arise in this fashion, the
so-called torus knots, are studied in Example 1.24.

More generally, the n-dimensional torus, which is the product of n circles, has
fundamental group isomorphic to the product of n copies of Z. This follows by
induction on n.

Induced Homomorphisms

Suppose @ : X —Y is amap taking the basepoint x, € X to the basepoint y, € Y.
For brevity we write @ : (X, x,) — (Y, y,) in this situation. Then @ induces a homo-
morphism @, : 1, (X, x,) — 1, (Y, ), defined by composing loops f:I— X based at
x, with @, thatis, @,.[f] = [@f]. This induced map @, is well-defined since a
homotopy f; of loops based at x|, yields a composed homotopy @ f; of loops based
at vy, 80 @, [fol = [@fol = [@fi]l = @.[f]. Furthermore, @, is a homomorphism
since @(f-g) = (¢ f)-(pg), both functions having the value @ f(2s) for0 <s <1/,
and the value pg(2s — 1) for 1/, <s < 1.

Two basic properties of induced homomorphisms are:

= (py), = .y, for a composition (X, x;) 2, (Y, ) 2, (Z,zgp).
= 1, =1, whichis a concise way of saying that the identity map 1 : X — X induces
the identity map 1:11, (X, xy) — 1, (X, X() -

The first of these follows from the fact that composition of maps is associative, so
(py)f = p(yf), and the second is obvious. These two properties of induced homo-
morphisms are what makes the fundamental group a functor. The formal definition
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of a functor requires the introduction of certain other preliminary concepts, however,
so we postpone this until it is needed in §2.3.

If @ isahomeomorphism with inverse ¢ then @, is anisomorphism with inverse
Y, since @, @, = (py), =1, =1 and similarly ¢, @, = 1. We will use this factin
the following calculation of the fundamental groups of higher-dimensional spheres:

| Proposition 1.14. m,(S™) =0 if n > 2.

Proof: Let f be aloop in ™ at a chosen basepoint x,. If the image of f is disjoint
from some other point x € S then f is nullhomotopic since S™ — {x} is homeo-
morphic to R", which is simply-connected. So it will suffice to homotope f to be
nonsurjective. To do this we will look at a small open ball B in S" about any point
x # x, and see that the number of times that f enters B, passes

through x, and leaves B is finite, and each of these portions of f can

be pushed off x without changing the rest of f. At first glance this

might appear to be a difficult task to achieve since the parts of f in B

could be quite complicated geometrically, for example space-filling

curves. But in fact it turns out to be rather easy.

The set f~'(B) is openin (0, 1), hence is the union of a possibly infinite collection
of disjoint open intervals (a;, b;). The compact set f~!(x) is contained in the union of
these intervals, so it must be contained in the union of finitely many of them. Consider
one of the intervals (a;, b;) meeting f~'(x). The path f; obtained by restricting f to
the closed interval [a;, b;] lies in the closure of B, and its endpoints f(a;) and f(b;)
lie in the boundary of B. If n > 2, we can choose a path g; from f(a;) to f(b;) in
the closure of B but disjoint from x. For example, we could choose g; to lie in the
boundary of B, which is a sphere of dimension n — 1, hence path-connected if n > 2.
Since the closure of B is homeomorphic to a convex set in R" and hence simply-
connected, the path f; is homotopic to g; by Proposition 1.6, so we may homotope f
by deforming f; to g;. After repeating this process for each of the intervals (a;, b;)
that meet f !(x), we obtain a loop g homotopic to the original f and with g(I)
disjoint from x. O

Example 1.15. For a point x in R", the complement R" — {x} is homeomorphic to
S" 1% R, so by Proposition 1.12 11, (R"™ — {x}) is isomorphic to 1, (S" 1) x T, (R).
Hence 1, (R" — {x}) is Z for n = 2 and trivial for n > 2.

Here is an application of this calculation:

H Corol]ary 1.16. R? is not homeomorphic to R" for n + 2.

Proof: Suppose f:R?>—R" is a homeomorphism. The case n = 1 is easily disposed
of since R? — {0} is path-connected but the homeomorphic space R™ — {£(0)} is not
path-connected when n = 1. When n > 2 we cannot distinguish R? — {0} from
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R™ — {f(0)} by the number of path-components, but by the preceding calculation of
mm, (R" — {x}) we can distinguish them by their fundamental groups. |

The more general statement that R is not homeomorphic to R™ if m # n can
be proved in the same way using either the higher homotopy groups or homology
groups. In fact, nonempty open sets in R”™ and R" can be homeomorphic only if
m = n, as we will show in Theorem 2.19 using homology.

Induced homomorphisms allow relations between spaces to be transformed into
relations between their fundamental groups. Here is an illustration of this principle:

Proposition 1.17. If a space X retracts onto a subspace A, then the homomorphism
i, 11 (A, xy) — 1 (X, x4) induced by the inclusion i:A — X is injective. If A is a
deformation retract of X, then i, is an isomorphism.

Proof: If v : X — A is aretraction, then 7i = 1, hence ¥, i, = 1, which implies that i,
is injective. If 7, : X — X is a deformation retraction of X onto A,so v, = 1, r;|A =1,
and 7, (X) C A, then for any loop f:I— X based at x;, € A the composition 7, f gives
a homotopy of f toaloopin A, so i, is also surjective. O

This gives another way of seeing that S' is not a retract of D?, a fact we showed
earlier in the proof of the Brouwer fixed point theorem, since the inclusion-induced
map T, (§!) — 1, (D?) is a homomorphism Z— 0 that cannot be injective.

The exact group-theoretic analog of a retraction is a homomorphism p of a group
G onto a subgroup H such that p restricts to the identity on H. In the notation
above, if we identify 1, (A) with its image under i, , then v, is such a homomorphism
from 7, (X) onto the subgroup 11, (A). The existence of a retracting homomorphism
p:G— H is quite a strong condition on H. If H is a normal subgroup, it implies that
G is the direct product of H and the kernel of p. If H is not normal, then G is what
is called in group theory the semi-direct product of H and the kernel of p.

Recall from Chapter O the general definition of a homotopy as a family ¢, : X—Y,
t € I, such that the associated map ®: X xI—Y,®(x,t) = @,(x), is continuous. If ¢,
takes a subspace A C X to asubspace B C Y for all ¢, then we speak of a homotopy of
maps of pairs, @,:(X,A)— (Y, B). In particular, a basepoint-preserving homotopy
@1 (X,x9)— (Y, y,) is the case that @,(x,) = ¥, for all t. Another basic property
of induced homomorphisms is their invariance under such homotopies:

= If @,:(X,xy)—(Y,y,) is a basepoint-preserving homotopy, then @, = @4, .

This holds since @, [f] = [@of] = [@1f] = @, [f], the middle equality coming
from the homotopy @, f.

There is a notion of homotopy equivalence for spaces with basepoints. One says
(X,xq) = (Y,y,) if there are maps @:(X,x,)—(Y,yy) and @:(Y,y,)— (X, xg)
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with homotopies @y ~ 1 and @@ =~ 1 through maps fixing the basepoints. In
this case the induced maps on m; satisfy .y, = (py), = 1, = 1 and likewise
Y,@, =1,s0 @, and g, are inverse isomorphisms (X, x,) = m,(Y,y,). This
somewhat formal argument gives another proof that a deformation retraction induces
an isomorphism on fundamental groups, since if X deformation retracts onto A then
(X, xq) = (A, xq) for any choice of basepoint x, € A.

Having to pay so much attention to basepoints when dealing with the fundamental
group is something of a nuisance. For homotopy equivalences one does not have to
be quite so careful, as the conditions on basepoints can actually be dropped:

Proposition 1.18. If ¢ : X—Y is a homotopy equivalence, then the induced homo-
morphism @ : 11, (X, xy) =1, (Y, @(xy)) is an isomorphism for all x, € X .

The proof will use a simple fact about homotopies that do not fix the basepoint:

Lemma 1.19. If @,:X—Y is a homotopy and

Q1 _, (Y, ®(x))
h is the path @,(x,) formed by the images of (Xx) Ps i lﬁl 0
a basepoint x, € X, then the three maps in the i %o ~_ h

Pox (Y, Py(x0))

diagram at the right satisfy g, = Bp®14-

Proof: Let h; be therestriction of h to theinterval [0, t],
with a reparametrization so that the domain of h;, is still P1(x)
[0, 1]. Explicitly, we can take h,(s) = h(ts). Thenif f is
aloopin X at the basepoint x,, the product h,-(@, f)-h,
gives a homotopy of loops at @(x,). Restricting this ®y(x)
homotopy to t = 0 and t = 1, we see that @, ([f]) =

B (@14 (LFD). O

Proof of 1.18: Let ¢ :Y— X be a homotopy-inverse for ¢, so that @y =~ 1 and
Y@ = 1. Consider the maps

T3 (X, X0) =25 11, (Y, @ () == 111 (X, () =2 11, (Y, ()

The composition of the first two maps is an isomorphism since @@ =~ 1 implies that
Y, @, = B, for some h, by the lemma. In particular, since ¢, @, is an isomorphism,
@, is injective. The same reasoning with the second and third maps shows that
is injective. Thus the first two of the three maps are injections and their composition
is an isomorphism, so the first map @, must be surjective as well as injective. O
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Exercises

1. Show that composition of paths satisfies the following cancellation property: If
Jorg0 = f1-91 and g, = g, then f; = f;.

2. Show that the change-of-basepoint homomorphism S, depends only on the homo-
topy class of h.

3. For a path-connected space X, show that 17, (X) is abelian iff all basepoint-change
homomorphisms f; depend only on the endpoints of the path h.

4. A subspace X C R" is said to be star-shaped if there is a point x, € X such that,
for each x € X, the line segment from x, to x lies in X. Show that if a subspace
X c R"™ is locally star-shaped, in the sense that every point of X has a star-shaped
neighborhood in X, then every path in X is homotopic in X to a piecewise linear
path, that is, a path consisting of a finite number of straight line segments traversed
at constant speed. Show this applies in particular when X is open or when X is a
union of finitely many closed convex sets.

5. Show that for a space X, the following three conditions are equivalent:

(a) Every map S' — X is homotopic to a constant map, with image a point.

(b) Every map S'— X extends to a map D> —X.

() m(X,xq) =0 forall x, € X.
Deduce that a space X is simply-connected iff all maps S'— X are homotopic. [In
this problem, ‘homotopic’ means ‘homotopic without regard to basepoints.’]

6. We can regard (X, x,) as the set of basepoint-preserving homotopy classes of
maps (S',5,) — (X,x,). Let [S, X] be the set of homotopy classes of maps S'— X,
with no conditions on basepoints. Thus there is a natural map ®: 1, (X, xy) —[S ¢
obtained by ignoring basepoints. Show that & is onto if X is path-connected, and that
O([f]) = ®([g)) iff [f] and [g] are conjugate in 71, (X, x,). Hence & induces a one-
to-one correspondence between [SI,X] and the set of conjugacy classes in 1T, (X),
when X is path-connected.

7. Define f:S'xI—S'xI by f(0,s) = (0 + 2ms,s), so f restricts to the identity
on the two boundary circles of S'xI. Show that f is homotopic to the identity by
a homotopy f; that is stationary on one of the boundary circles, but not by any ho-
motopy f; that is stationary on both boundary circles. [Consider what f does to the
path s — (6,,s) for fixed 6, € S'.]

8. Does the Borsuk-Ulam theorem hold for the torus? In other words, for every map
f:8'xS'— R? must there exist (x,y) € S'xS' such that f(x,y) = f(-x,-y)?

9. Let A;, A,, A3 be compact sets in R3. Use the Borsuk-Ulam theorem to show
that there is one plane P ¢ R® that simultaneously divides each A; into two pieces of
equal measure.
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10. From the isomorphism 11, (X XY, (x¢, ¥y)) = 1 (X, xo) X 11, (Y, ¥,) it follows that
loops in X x {y,} and {x,} x Y represent commuting elements of 11, (XX Y, (x4, ¥,)) -
Construct an explicit homotopy demonstrating this.

11. If X, is the path-component of a space X containing the basepoint x, show that
the inclusion X, — X induces an isomorphism 1, (X,, x,) — 11, (X, X)) .

12. Show that every homomorphism 7r, (S') — 17, (§') can be realized as the induced
homomorphism @, of a map @ (Stost,

13. Given a space X and a path-connected subspace A containing the basepoint x,
show that the map ; (A, xy) — 1 (X, X)) induced by the inclusion A — X is surjective
iff every path in X with endpoints in A is homotopic to a path in A.

14. Show that the isomorphism 1, (XxY) =~ 1, (X)X, (Y) in Proposition 1.12 is
given by [f1— (P14 ([f]), P2+ ([f])) where p; and p, are the projections of XxY
onto its two factors.

Br

15. Given amap f:X—Y and a path h:I—X m(X,x,) m(X,%,)
from x; to x;, show that f, B, = B, f, in the f*l 1,
diagram at the right.

(Y, f(x))) i (Y, £(x,))

16. Show that there are no retractions 7 : X — A in the following cases:

(@) X = R® with A any subspace homeomorphic to S'.

(b) X = S'xD? with A its boundary torus S'xS". <§

(¢) X =S'xD? and A the circle shown in the figure. <

(d) X =D? v D? with A its boundary S' v S'. e

(e) X a disk with two points on its boundary identified and A its boundary S' v S*.
(f) X the Mobius band and A its boundary circle.

17. Construct infinitely many nonhomotopic retractions ' v s —S*.

18. Using the technique in the proof of Proposition 1.14, show that if a space X is

obtained from a path-connected subspace A by attaching a cell e with n > 2, then

the inclusion A — X induces a surjection on ;. Apply this to show:

(@) The wedge sum S! v $? has fundamental group Z.

(b) For a path-connected CW complex X the inclusion map X' < X of its 1-skeleton
induces a surjection 1; (X b — 11, (X). [For the case that X has infinitely many
cells, see Proposition A.1 in the Appendix.]

19. Modify the proof of Proposition 1.14 to show that if X is a path-connected
1-dimensional CW complex with basepoint x; a 0-cell, then every loop in X is ho-
motopic to a loop consisting of a finite sequence of edges traversed monotonically.
[This gives an elementary proof that (S 1) is cyclic, generated by the standard loop
winding once around the circle. The more difficult part of the calculation of 17, (S')
is therefore the fact that no iterate of this loop is nullhomotopic.]
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20. Suppose f;: X — X is a homotopy such that f, and f; are each the identity map.
Use Lemma 1.19 to show that for any x, € X, theloop f;(x,) represents an element of
the center of ; (X, x). [One can interpret the result as saying that a loop represents
an element of the center of T, (X) if it extends to a loop of maps X — X ]

1.2 Van Kampen's Theorem

The van Kampen theorem gives a method for computing the fundamental groups
of spaces that can be decomposed into simpler spaces whose fundamental groups are
already known. By systematic use of this theorem one can compute the fundamental
groups of a very large number of spaces. We shall see for example that for every group
G there is a space X; whose fundamental group is isomorphic to G.

To give some idea of how one might hope to compute fundamental groups by
decomposing spaces into simpler pieces, let us look at an example. Consider the
space X formed by two circles A and B intersecting in a single point, which we
choose as the basepoint x,. By our preceding calculations we know that T, (A) is
infinite cyclic, generated by a loop a that goes once around A.

Similarly, 7, (B) is a copy of Z generated by a loop b going b <><> a
once around B. Each product of powers of a and b then gives

an element of m;(X). For example, the product a’b’a=3ba? is the loop that goes
five times around A, then twice around B, then three times around A in the opposite
direction, then once around B, then twice around A. The set of all words like this
consisting of powers of a alternating with powers of b forms a group usually denoted
Z x 7. Multiplication in this group is defined just as one would expect, for example
(b*a’b?a=3)(a*v~'ab®) = b*a’b*ab~'ab®. The identity element is the empty word,
and inverses are what they have to be, for example (ab’a™3b™*)7! = b*a’b=2a7!.
It would be very nice if such words in a and b corresponded exactly to elements of
1T, (X), so that 1, (X) was isomorphic to the group Z * Z. The van Kampen theorem
will imply that this is indeed the case.

Similarly, if X is the union of three circles touching at a single point, the van
Kampen theorem will imply that 1, (X) is Z * Z % Z, the group consisting of words
in powers of three letters a, b, c. The generalization to a union of any number of
circles touching at one point will also follow.

The group Z % Z is an example of a general construction called the free product
of groups. The statement of van Kampen’s theorem will be in terms of free products,
so before stating the theorem we will make an algebraic digression to describe the
construction of free products in some detail.
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Free Products of Groups

Suppose one is given a collection of groups G, and one wishes to construct a
single group containing all these groups as subgroups. One way to do this would be
to take the product group [,G,, whose elements can be regarded as the functions
X +— gy € G,. Or one could restrict to functions taking on nonidentity values at
most finitely often, forming the direct sum @, G, . Both these constructions produce
groups containing all the G,’s as subgroups, but with the property that elements of
different subgroups G, commute with each other. In the realm of nonabelian groups
this commutativity is unnatural, and so one would like a ‘nonabelian’ version of [],G,
or @G- Since the sum @, G, is smaller and presumably simpler than [[,G,, it
should be easier to construct a nonabelian version of @, G, and this is what the free
product *x, G, achieves.

Here is the precise definition. As a set, the free product *, G, consists of all
words g,9, - - - g,,, of arbitrary finite length m = 0, where each letter g; belongs to
a group G,, and is not the identity element of G, , and adjacent letters g; and g,
belong to different groups G,, that is, «; # «;,;. Words satisfying these conditions
are called reduced, the idea being that unreduced words can always be simplified to
reduced words by writing adjacent letters that lie in the same G,,, as a single letter and
by canceling trivial letters. The empty word is allowed, and will be the identity element
of x, G,. The group operation in %, G, is juxtaposition, (g; --- g,,)(hy ---h,) =
g1+ Gmhy - - h,,. This product may not be reduced, however: If g,, and h; belong
to the same G, they should be combined into a single letter (g,,,h,) according to the
multiplication in G, and if this new letter g,,h; happens to be the identity of G, it
should be canceled from the product. This may allow g,,_; and h, to be combined,
and possibly canceled too. Repetition of this process eventually produces a reduced
word. For example, in the product (g -*- gm) Gy ---g7"') everything cancels and
we get the identity element of *, G, the empty word.

Verifying directly that this multiplication is associative would be rather tedious,
but there is an indirect approach that avoids most of the work. Let W be the set of
reduced words g, --- g,, as above, including the empty word. To each g € G, we
associate the function L, : W — W given by multiplication on the left, L, (g --- g,,) =
99 * - 9, Where we combine g with g, if g, € G, to make gg, --- g, a reduced
word. A key property of the association g — L, is the formula L,, = L,L, for
9.9 € Gy, thatis, g(g' (g, --gw) = (99 )(g; -+ 9,y) - This special case of asso-
ciativity follows rather trivially from associativity in G,. The formula L, , = L,L,
implies that L is invertible with inverse L,-i. Therefore the association g — L, de-
fines a homomorphism from G, to the group P(W) of all permutations of W. More
generally, we can define L: W —P(W) by L(g; -+ gm) =Ly, --- L, foreachreduced
word g; - - - g, . This function L is injective since the permutation L(g; - - - g,,,) sends
the empty word to g, - -- g,,- The product operation in W corresponds under L to
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composition in P(W), because of the relation Ly, = LyL, . Since composition in
P(W) is associative, we conclude that the product in W is associative.

In particular, we have the free product Z *x Z as described earlier. This is an
example of a free group, the free product of any number of copies of Z, finite or
infinite. The elements of a free group are uniquely representable as reduced words in
powers of generators for the various copies of Z, with one generator for each Z, just
as in the case of Z % Z. These generators are called a basis for the free group, and the
number of basis elements is the rank of the free group. The abelianization of a free
group is a free abelian group with basis the same set of generators, so since the rank
of a free abelian group is well-defined, independent of the choice of basis, the same
is true for the rank of a free group.

An interesting example of a free product that is not a free group is Z, * Z,. This
is like Z * 7Z but simpler since a’=e="b?%so0 powers of a and b are not needed, and
Z, * Z, consists of just the alternating words in a and b: a, b, ab, ba, aba, bab,
abab, baba, ababa, ---, together with the empty word. The structure of Z, * Z,
can be elucidated by looking at the homomorphism @ :Z, * Z, —7Z, associating to
each word its length mod 2. Obviously @ is surjective, and its kernel consists of the
words of even length. These form an infinite cyclic subgroup generated by ab since
ba = (ab)™! in Z, x Z,. In fact, Z, * Z, is the semi-direct product of the subgroups
Z and Z, generated by ab and a, with the conjugation relation a(ab)a ' = (ab)7'.
This group is sometimes called the infinite dihedral group.

For a general free product *,G,, each group G, is naturally identified with a
subgroup of *, G, the subgroup consisting of the empty word and the nonidentity
one-letter words g € G,. From this viewpoint the empty word is the common iden-
tity element of all the subgroups G,, which are otherwise disjoint. A consequence
of associativity is that any product g, - - - g,,, of elements g; in the groups G, has a
unique reduced form, the element of *, G, obtained by performing the multiplica-
tions in any order. Any sequence of reduction operations on an unreduced product
g1 ' - 9m, combining adjacent letters g; and g;; thatlie in the same G, or canceling
a g; thatis the identity, can be viewed as a way of inserting parentheses into g, - - - g,,,
and performing the resulting sequence of multiplications. Thus associativity implies
that any two sequences of reduction operations performed on the same unreduced
word always yield the same reduced word.

A basic property of the free product *, G, is that any collection of homomor-
phisms @, :G,— H extends uniquely to a homomorphism @ : *x, G,— H. Namely,
the value of @ onaword g, --- g, with g; € G,, mustbe @, (g;) -+ @4, (g,), and
using this formula to define @ gives a well-defined homomorphism since the process
of reducing an unreduced product in *, G, does not affect its image under @. For
example, for a free product G * H the inclusions G — GxH and H — G X H induce
a surjective homomorphism G x* H—GxH.

Section 1.2 43

I

Van Kampen’s Theorem

The van Kampen Theorem

Suppose a space X is decomposed as the union of a collection of path-connected
open subsets A, each of which contains the basepoint x, € X. By the remarks in the
preceding paragraph, the homomorphisms j,: 1, (A,)— 1, (X) induced by the inclu-
sions A, — X extend to a homomorphism &: %, 17, (A,) — 1, (X). The van Kampen
theorem will say that ® is very often surjective, but we can expect ¢ to have a nontriv-
ial kernel in general. For if i,z: 1 (A NAg) — 7 (A,) is the homomorphism induced
by the inclusion A, N Ag — A, then j,ing = jgigy, both these compositions being
induced by the inclusion A, N A g X, so the kernel of ® contains all the elements
of the form io(,;(w)iﬁo((w)’1 for w € m (A, N Apg). Van Kampen’s theorem asserts
that under fairly broad hypotheses this gives a full description of &:

Theorem 1.20. If X is the union of path-connected open sets A, each containing
the basepoint x, € X and if each intersection A, N Ag is path-connected, then the
homomorphism @ : x, 1, (A,) — 11, (X) is surjective. If in addition each intersection
AyNAgNA, is path-connected, then the kernel of ® is the normal subgroup N gener-
ated by all elements of the form iaﬁ(w)iﬁa(w)’l, and so ® induces an isomorphism
T, (X) = %, 11, (Ay) /N

Example 1.21: Wedge Sums. In Chapter 0 we defined the wedge sum VX, of a
collection of spaces X, with basepoints x, € X, to be the quotient space of the
disjoint union [[, X, in which all the basepoints x, are identified to a single point.
If each x, is a deformation retract of an open neighborhood U, in X, then X, is
a deformation retract of its open neighborhood A, = X, \j.,Ug. The intersection
of two or more distinct A,’s is \/, Uy, which deformation retracts to a point. Van
Kampen’s theorem then implies that ®: *, 1, (X,) — 1, (V4 X,) is an isomorphism.

Thus for a wedge sum \/,, Sg( of circles, 1 (\/, S;() is a free group, the free product
of copies of Z, one for each circle S. In particular, 77, (S' vS!) is the free group Z*Z,
as in the example at the beginning of this section.

It is true more generally that the fundamental group of any connected graph is
free, as we show in §1.A. Here is an example illustrating the general technique.

Example 1.22. Let X be the graph shown in the figure, consist-
ing of the twelve edges of a cube. The seven heavily shaded edges
form a maximal tree T C X, a contractible subgraph containing all

the vertices of X. We claim that 7T, (X) is the free product of five
copies of Z, one for each edge not in T. To deduce this from van
Kampen'’s theorem, choose for each edge e, of X — T an open neighborhood A, of
T Ue, in X that deformation retracts onto T U e,. The intersection of two or more

A,’s deformation retracts onto T, hence is contractible. The A,’s form a cover of
X satisfying the hypotheses of van Kampen’s theorem, and since the intersection of
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any two of them is simply-connected we obtain an isomorphism 71, (X) = %, 11, (A,) -
Each A, deformation retracts onto a circle, so m; (X) is free on five generators, as
claimed. As explicit generators we can choose for each edge e, of X — T aloop fy
that starts at a basepoint in T, travels in T to one end of e,, then across e, then
back to the basepoint along a path in T.

Van Kampen'’s theorem is often applied when there are just two sets A, and A in
the cover of X, so the condition on triple intersections A,NAzNA, is superfluous and
one obtains an isomorphism 11, (X) ~ (11, (A,) * 771(Aﬁ)) /N, under the assumption
that A, N Ag is path-connected. The proof in this special case is virtually identical
with the proof in the general case, however.

One can see that the intersections A, N Ag need to be path-connected by con-
sidering the example of S' decomposed as the union of two open arcs. In this case
¢ is not surjective. For an example showing that triple intersections A, N Ag N A,

need to be path-connected, let X be the suspension of three points a, b, c, and let
Ay AB , and Ay be the complements of these three points. The theo-
rem does apply to the covering {A,, Az}, so there are isomorphisms a @ c
™ (X) = 11(Ay) * T (Ag) = Z % Z since A, N Ay is contractible.

If we tried to use the covering {A,, Ag, A, }, which has each of the

twofold intersections path-connected but not the triple intersection, then we would
get ;(X) = Z % Z * Z, but this is not isomorphic to Z * Z since it has a different
abelianization.

Proof of van Kampen’s theorem: First we consider surjectivity of ®. Given a loop
f:I—X at the basepoint x,, we claim there is a partition 0 = 55 < §; < --- <5, =1
of I such that each subinterval [s;_;,s;] is mapped by f to a single A,. Namely,
since f is continuous, each s € I has an open neighborhood V; in I mapped by f
to some A,. We may in fact take V, to be an interval whose closure is mapped to a
single A,. Compactness of I implies that a finite number of these intervals cover I.
The endpoints of this finite set of intervals then define the desired partition of I.

Denote the A, containing f([s;_;,s;]) by A;, and let f; be the path obtained by
restricting f to [s;_;,$;]1. Then f is the composition f;- --- - f,, with f; a path in
A;. Since we assume A; N A;,; is path-connected,
we may choose a path g; in A; N A;,; from x, to
the point f(s;) € A; N A;, . Consider the loop

(f1+91) (1 f292) (G2 f3:93) == *(Gm-1"fm)

which is homotopic to f. This loop is a composition
of loops each lying in a single A;, the loops indicated
by the parentheses. Hence [ f] is in the image of &, and & is surjective.

The harder part of the proof is to show that the kernel of ® is N. It may clarify
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matters to introduce some terminology. By a factorization of an element [ f] € 1 (X)
we shall mean a formal product [f}]--- [f;] where:

= Each f; is a loop in some A, at the basepoint x,, and [f;] € m (4,) is the
homotopy class of f;.

= The loop f is homotopic to f;- --- - f; in X.

A factorization of [f] is thus a word in s, (A,), possibly unreduced, that is
mapped to [f] by ®. The proof of surjectivity of ® showed that every [f] € 1 (X)
has a factorization.

We will be concerned now with the uniqueness of factorizations. Call two factor-
izations of [f] equivalent if they are related by a sequence of the following two sorts
of moves or their inverses:

» Combine adjacent terms [ f;][f;,,] into a single term [f;- f;,,]1if [f;] and [f;,,]
lie in the same group m; (A,).

* Regard the term [f;] € 11, (A,) as lying in the group 1, (Ap) rather than , (A,)
if f;isaloopin A, N Ag.

The first move does not change the element of *, 11, (4,) defined by the factorization.
The second move does not change the image of this element in the quotient group
Q = %, (Ay) /N, by the definition of N. So equivalent factorizations give the same
element of Q.

If we can show that any two factorizations of [ f] are equivalent, this will say that
the map Q — 1, (X) induced by & is injective, hence the kernel of & is exactly N, and
the proof will be complete.

Let [f1]1-+-[fi] and [f71--- [f;] be two factorizations of [f]. The composed

paths f,- - - fi and fi- --- - f; are then homotopic, so let F:IxI— X be a homo-
topy from f - -+ - fy to fi- -+ « f. There exist partitions 0 = 55 < §; < -++ <5, =1
and 0 = t; < t; < --- <t, =1 such that each rectangle R;; = [s;_1,s;1x[t;_1,t;]

is mapped by F into a single A, which we label A;;. These partitions may be ob-
tained by covering I xI by finitely many rectangles [a,b]x[c,d] each mapping to a
single A, using a compactness argument, then partitioning I xI by the union of all
the horizontal and vertical lines containing edges of these rectangles. We may assume
the s-partition subdivides the partitions giving the products

Si-- S and f{+--- - fp. Since F maps a neighborhood 9 10| 11|12
of R;; to A;;, we may perturb the vertical sides of the rect-

. s 516 |78
angles R;; so that each point of IxI lies in at most three
R;;’s. We may assume there are at least three rows of rect- 12 (3] 4

angles, so we can do this perturbation just on the rectangles
in the intermediate rows, leaving the top and bottom rows unchanged. Let us relabel
the new rectangles Ry, R,, - -+, R,,,,, ordering them as in the figure.



46 Chapter 1

RN

The Fundamental Group

If y is a pathin IxI from the left edge to the right edge, then the restriction F |y
is a loop at the basepoint x,, since F maps both the left and right edges of IxI to x,.
Let y, be the path separating the first  rectangles R;,---,R, from the remaining
rectangles. Thus y, is the bottom edge of IxI and y,,, is the top edge. We pass
from y, to y,,, by pushing across the rectangle R, ;.

Let us call the corners of the R,’s vertices. For each vertex v with F(v) # x, let
g, beapath from x( to F(v). We can choose g, tolie in the intersection of the two or
three A;;’s corresponding to the R,’s containing v since we assume the intersection
of any two or three A;;’s is path-connected. If we insert into F |y, the appropriate
paths g, g, atsuccessive vertices, as in the proof of surjectivity of ®, then we obtain a
factorization of [F |y, ] by regarding the loop corresponding to a horizontal or vertical
segment between adjacent vertices as lying in the A;; for either of the R,’s containing
the segment. Different choices of these containing R;’s change the factorization of
[F|y,] to an equivalent factorization. Furthermore, the factorizations associated to
successive paths y, and y,,, are equivalent since pushing y, across R,,; t0 y,,;
changes F|y, to F|y,,; by a homotopy within the A; j corresponding to R, ., and
we can choose this A;; for all the segments of y, and y,.; in R, ;.

We can arrange that the factorization associated to y, is equivalent to the factor-
ization [f}]--- [fi] by choosing the path g, for each vertex v along the lower edge
of IxI tolie not just in the two A;;’s corresponding to the R;’s containing v, but also
to lie in the A, for the f; containing v in its domain. In case v is the common end-
point of the domains of two consecutive f;’s we have F(v) = x;, so there is no need
to choose a g, . In similar fashion we may assume that the factorization associated
to the final y,,, is equivalent to [f{]---[f;]. Since the factorizations associated
to all the y,’s are equivalent, we conclude that the factorizations [f;]--- [f;] and
[fi1---[f;] are equivalent. O

Example 1.23: Linking of Circles. We can apply van Kampen’s theorem to calculate

the fundamental groups of three spaces discussed in the introduction to this chapter,

the complements in R® of a single circle, two unlinked circles, and two linked circles.
The complement R®— A of a single circle A

deformation retracts onto a wedge sum S v § 2

embedded in R>— A as shown in the first of the

two figures at the right. It may be easier to see

that R®—A deformation retracts onto the union v v

of §% with a diameter, as in the second figure,

where points outside S 2 deformation retract onto 2, and points inside S 2 and not in

A can be pushed away from A toward S> or the diameter. Having this deformation

retraction in mind, one can then see how it must be modified if the two endpoints

of the diameter are gradually moved toward each other along the equator until they
coincide, forming the S! summand of S v §2. Another way of seeing the deformation
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retraction of R® — A onto S' v $? is to note first that an open &-neighborhood of
S' v §% obviously deformation retracts onto S' v $? if ¢ is sufficiently small. Then
observe that this neighborhood is homeomorphic to R3 — A by a homeomorphism
that is the identity on S' v 2. In fact, the neighborhood can be gradually enlarged
by homeomorphisms until it becomes all of R? — A.
In any event, once we see that R> — A deformation retracts to S' v $2, then we
immediately obtain isomorphisms 1'r1([R§3 —A) = 7'r1(S1 Y SZ) =~ 7 since 171(52) =0.
In similar fashion, the complement R3 — (AU B)
of two unlinked circles A and B deformation retracts
onto S'vS'vS?vS?, asin the figure to the right. From

this we get ™ (R® — (AU B)) = v

Z % 7. On the other hand, if A

{

ﬁ and B are linked, then R® — (A U B) deformation retracts onto
the wedge sum of S° and a torus S'xS! separating A and B,

v as shown in the figure to the left, hence m, (R® — (A U B)) =~
m(S'xSh =~ Zx7Z.

Example 1.24: Torus Knots. For relatively prime positive integers m and n, the
torus knot K = K,,,, ¢ R® is the image of the embedding f:5'—S'xS' c R?,
f(z) = (2™, z"), where the torus S'xS! is embedded in R? in the standard way.
The knot K winds around the torus a total of m
times in the longitudinal direction and n times in

the meridional direction, as shown in the figure for (.

the cases (m,n) = (2,3) and (3,4). One needs to
assume that m and n are relatively prime in order
for the map f to be injective. Without this assumption f would be d-to-1 where
d is the greatest common divisor of m and n, and the image of f would be the
knot K4 /4. One could also allow negative values for m or n, but this would only
change K to a mirror-image knot.

Let us compute T, (R3—K). Itis slightly easier to do the calculation with R3 re-
placed by its one-point compactification S3. An application of van Kampen’s theorem
shows that this does not affect 7r; . Namely, write S 3 _ K as the union of R3 — K and
an open ball B formed by the compactification point together with the complement of
alarge closed ball in R® containing K. Both B and Bn (R® —K) are simply-connected,
the latter space being homeomorphic to § 2% R. Hence van Kampen’s theorem implies
that the inclusion R® — K — §3 — K induces an isomorphism on T, .

We compute 11, (S 3_K) by showing that it deformation retracts onto a 2-dimen-
sional complex X = X, ,, homeomorphic to the quotient space of a cylinder StxI
under the identifications (z,0) ~ (¢2™/™z,0) and (z,1) ~ (e2™/"z,1). If we let X
and X,, be the two halves of X formed by the quotients of $'x[0,1/,] and S*x [1/,, 1],
then X,, and X,, are the mapping cylinders of z + z" and z — z™. The intersection
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X, N X, is the circle S Iy {1/,}, the domain end of each mapping cylinder.

To obtain an embedding of X in S® — K as a deformation retract we will use the
standard decomposition of S 3 into two solid tori S'xD? and D?x S 1, the result of
regarding S° as 0D* = 3(D*xD?) = 0D?>xD? U D*xdD?. Geometrically, the first
solid torus S'x D? can be identified with the compact region in R® bounded by the
standard torus S'xS! containing K, and the second solid torus D?xS! is then the
closure of the complement of the first solid torus, together with the compactification
point at infinity. Notice that meridional circles in $' x §! bound disks in the first solid
torus, while it is longitudinal circles that bound disks in the second solid torus.

In the first solid torus, K intersects each of the meridian K
circles {x}xdD? in m equally spaced points, as indicated in '/”//'\\x
the figure at the right, which shows a meridian disk {x} x D?. / ‘\
These m points can be separated by a union of m radial line
segments. Letting x vary, these radial segments then trace out

a copy of the mapping cylinder X,,, in the first solid torus. Sym-
metrically, there is a copy of the other mapping cylinder X,, in the second solid torus.
The complement of K in the first solid torus deformation retracts onto X,, by flowing
within each meridian disk as shown. In similar fashion the complement of K in the
second solid torus deformation retracts onto X,,. These two deformation retractions
do not agree on their common domain of definition S'xS! — K, but this is easy to
correct by distorting the flows in the two solid tori so that in $*xS! — K both flows
are orthogonal to K. After this modification we now have a well-defined deformation
retraction of > — K onto X. Another way of describing the situation would be to
say that for an open &-neighborhood N of K bounded by a torus T, the complement
$3 — N is the mapping cylinder of a map T— X.

To compute 17, (X) we apply van Kampen’s theorem to the decomposition of X
as the union of X, and X,,, or more properly, open neighborhoods of these two
sets that deformation retract onto them. Both X,, and X, are mapping cylinders
that deformation retract onto circles, and X, N X,, is a circle, so all three of these
spaces have fundamental group Z. A loop in X,, n X,, representing a generator of
m (X,, N X,,) is homotopic in X,, to aloop representing m times a generator, and in
X,, to aloop representing n times a generator. Van Kampen’s theorem then says that
1T, (X) is the quotient of the free group on generators a and b obtained by factoring
out the normal subgroup generated by the element a™b™".

Let us denote by G,,,, this group m(X,,,) defined by two generators a and
b and one relation a™ = b". If m or n is 1, then G, , is infinite cyclic since in
these cases the relation just expresses one generator as a power of the other. To
describe the structure of G,,,, when m,n > 1 let us first compute the center of
G the subgroup consisting of elements that commute with all elements of G,,, ,, -
The element a™ = b"™ commutes with a and b, so the cyclic subgroup C generated
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by this element lies in the center. In particular, C is a normal subgroup, so we can
pass to the quotient group G,,,/C, which is the free product Z,, * Z,,. According
to Exercise 1 at the end of this section, a free product of nontrivial groups has trivial
center. From this it follows that C is exactly the center of G,, . As we will see in
Example 1.44, the elements a and b have infinite order in G,, ,,, so C is infinite cyclic,
but we will not need this fact here.

We will show now that the integers m and n are uniquely determined by the
group Z,, x Z,, hence also by G,, ,. The abelianization of 7,, x 7,, is Z,,x7,,, of
order mn, so the product mn is uniquely determined by 7Z,, x Z,,. To determine m
and 7 individually, we use another assertion from Exercise 1 at the end of the section,
that all torsion elements of Z,, * Z,, are conjugate to elements of the subgroups Z,,
and Z,,, hence have order dividing m or n. Thus the maximum order of torsion
elements of 7, * Z, is the larger of m and n. The larger of these two numbers is
therefore uniquely determined by the group 7, * Z,,, hence also the smaller since the
product is uniquely determined.

The preceding analysis of 11, (X, ,) did not need the assumption that m and n
are relatively prime, which was used only to relate X,,, ,, to torus knots. An interesting
fact is that X,, ,, can be embedded in R3 only when m and n are relatively prime.
This is shown in the remarks following Corollary 3.45. For example, X, , is the Klein
bottle since it is the union of two copies of the Mobius band X, with their boundary
circles identified, so this nonembeddability statement generalizes the fact that the
Klein bottle cannot be embedded in R>.

An algorithm for computing a presentation for 1, (R3—K) for an arbitrary smooth
or piecewise linear knot K is described in the exercises, but the problem of determin-
ing when two of these fundamental groups are isomorphic is generally much more
difficult than in the special case of torus knots.

Example 1.25: The Shrinking Wedge of Circles. Consider the sub-
space X C R? that is the union of the circles C, of radius !/,, and
center (1/,,0) for n = 1,2,---. At first glance one might confuse
X with the wedge sum of an infinite sequence of circles, but we will
show that X has a much larger fundamental group than the wedge
sum. Consider the retractions 7,, : X — C,, collapsing all C;’s except C,, to the origin.
Each 7, induces a surjection p,, : 1 (X)—1,(C,) = Z, where we take the origin as
the basepoint. The product of the p,,’s is a homomorphism p: 1, (X)—[],Z to the
direct product (not the direct sum) of infinitely many copies of Z, and p is surjective
since for every sequence of integers k, we can construct a loop f:I— X that wraps
k, times around C,, in the time interval [1 —1/,,,1 —1/,,,,]. This infinite composition
of loops is certainly continuous at each time less than 1, and it is continuous at time
1 since every neighborhood of the basepoint in X contains all but finitely many of the
circles C,,. Since 11, (X) maps onto the uncountable group [[,Z, it is uncountable.
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On the other hand, the fundamental group of a wedge sum of countably many circles
is countably generated, hence countable.

The group 7, (X) is actually far more complicated than [],Z. For one thing,
it is nonabelian, since the retraction X—C; U --- U C,, that collapses all the circles
smaller than C,, to the basepoint induces a surjection from 1, (X) to a free group on
n generators. For a complete description of 71, (X) see [Cannon & Conner 2000].

It is a theorem of [Shelah 1988] that for a path-connected, locally path-connected
compact metric space X, 1, (X) is either finitely generated or uncountable.

Applications to Cell Complexes

For the remainder of this section we shall be interested in 2-dimensional cell
complexes, analyzing how the fundamental group is affected by attaching 2-cells.
According to an exercise at the end of this section, attaching cells of higher dimension
has no effect on 7y, so all the interest lies in how the 2-cells are attached.

Suppose we attach a collection of 2-cells etzx to a path-connected space X via maps
Py :$'— X, producing a space Y. If S is abasepoint of S! then @, determines aloop
at @, (sy) that we shall call @, even though technically loops are maps I — X rather
than S'— X. For different «’s the basepoints @«(Sg) of these loops @, may not all
coincide. To remedy this, choose a basepoint x;, € X and a path y, in X from x to
@«(8q) foreach . Then y,@ ¥ is aloop at x. This loop may not be nullhomotopic
in X, but it will certainly be nullhomotopic after the cell e2 is attached. Thus the
normal subgroup N C (X, x,) generated by all the loops y,p,¥, for varying «
lies in the kernel of the map m, (X, xy) — 1, (Y, X)) induced by the inclusion X — Y.

Proposition 1.26. The inclusion X — Y induces a surjection 1, (X ,X0) — 1 (Y, x)
whose kernel is N. Thus 1, (Y) = m;(X)/N.

It follows that N is independent of the choice of the paths y,, but this can also be
seen directly: If we replace y, by another path n, having the same endpoints, then

Ya®PoY« changes 10 ny@ally = NaY ) YaPo¥aYalla) s S0 YaPoV o a0 N Polly
define conjugate elements of 1, (X, x,).

Proof: Let us expand Y to a slightly larger space Z that deformation retracts onto Y
and is more convenient for applying van Kampen’s theorem. The space Z is obtained
from Y by attaching rectangular strips S, = I xI, with the lower edge I x {0} attached
along y,, therightedge {1} xI attached
along an arc in ei, and all the left edges
{0} xI of the different strips identified
together. The top edges of the strips are
not attached to anything, and this allows

us to deformation retract Z onto Y.
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In each cell ei choose a point y, not in the arc along which S, is attached. Let
A=Z7Z-Uyglyy andlet B =Z — X. Then A deformation retracts onto X, and B is
contractible. Since 1, (B) = 0, van Kampen'’s theorem applied to the cover {A, B} says
that 1T, (Z) is isomorphic to the quotient of 71, (A) by the normal subgroup generated
by the image of the map 1; (AN B) — 1, (A). So it remains only to see that 77; (A N B)
is generated by the loops y,®,Y «, Or rather by loops in A N B homotopic to these
loops. This can be shown by another application of van Kampen'’s theorem, this time
to the cover of AN B by the open sets A, = AN B — Ug.q e,23. Since A, deformation
retracts onto a circle in ei —{¥«},wehave 1 (A,) = Z generated by aloop homotopic
10 Y4 P oY &> and the result follows. O

As a first application we compute the fundamental group of the orientable surface
M, of genus g. This has a cell structure with one 0-cell, 2g 1-cells, and one 2-cell, as
we saw in Chapter 0. The 1-skeleton is a wedge sum of 2g circles, with fundamental
group free on 2g generators. The 2-cell is attached along the loop given by the
product of the commutators of these generators, say [a;,b]---[ag,, b,]. Therefore

m(My) ~{a,,by,--,a,b,|la,b]--[a,b,])

where (g, | rﬁ) denotes the group with generators g, and relators 7, in other
words, the free group on the generators g, modulo the normal subgroup generated
by the words 1} in these generators.

Coro]lary 1.27. The surface M is not homeomorphic, or even homotopy equivalent,
toMy, ifg=+h.

Proof: The abelianization of (M) is the direct sum of 2g copies of Z. So if
My = M, then 1 (M,) ~ (M), hence the abelianizations of these groups are iso-
morphic, which implies g = h. m]

Nonorientable surfaces can be treated in the same way. If we attach a 2-cell to the

wedge sum of g circles by the word a:f B ué we obtain a nonorientable surface N, .

For example, N, is the projective plane RP?, the quotient of D? with antipodal points
of 3D? identified. And N, is the Klein bottle, though the more usual representation

a a
Ny : N, : —

[ —_— .

a a

of the Klein bottle is as a square with opposite sides identified via the word aba~'b.
If one cuts the square along a diagonal and reassembles the resulting two triangles
as shown in the figure, one obtains the other representation as a square with sides
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identified via the word a’c?. By the proposition, m(Ny) = (ay, - yag | a% e ué ).
This abelianizes to the direct sum of Z, with g — 1 copies of Z since in the abelian-
ization we can rechoose the generators to be a;, ---, ag 4 and a; + --- + ag, with
2(ay + -+- +ay) = 0. Hence N, is not homotopy equivalent to N, if g + h, nor is

N, homotopy equivalent to any orientable surface Mj,.

Here is another application of the preceding proposition:

Corollary 1.28. For every group G there is a 2-dimensional cell complex X, with
m(Xe) = G.

Proof: Choose a presentation G = (g, | TB). This exists since every group is a
quotient of a free group, so the g,’s can be taken to be the generators of this free
group with the 7g’s generators of the kernel of the map from the free group to G.
Now construct X; from \/,XS(]X by attaching 2-cells eé by the loops specified by the
words ;. |

Example 1.29. If G = (a | a") = Z, then X, is S with a cell e? attached by the map
z + z", thinking of S! as the unit circle in C. When n = 2 we get X, = RP?, but for
n > 2 the space X is not a surface since there are n ‘sheets’ of e? attached at each
point of the circle S! ¢ X . For example, when n = 3 one can construct a neighbor-
hood N of S! in X by taking the product of the
graph Y with the interval I, and then identifying
the two ends of this product via a one-third twist as
shown in the figure. The boundary of N consists
of a single circle, formed by the three endpoints of
each Y cross section of N. To complete the construction of X; from N one attaches
a disk along the boundary circle of N. This cannot be done in R?, though it can in

R*. For n = 4 one would use the graph X instead of Y, with a one-quarter twist
instead of a one-third twist. For larger n one would use an n-pointed ‘asterisk’ and
al/, twist.

Exercises

1. Show that the free product G * H of nontrivial groups G and H has trivial center,
and that the only elements of G * H of finite order are the conjugates of finite-order
elements of G and H.

2. Let X ¢ R™ be the union of convex open sets X, - - -, X,, such that X;nX;nX; # @
for all i, j, k. Show that X is simply-connected.

3. Show that the complement of a finite set of points in R" is simply-connected if
n=3.
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4. Let X c R? be the union of n lines through the origin. Compute nl([R3 -X).

5. Let X c R? be a connected graph that is the union of a finite number of straight
line segments. Show that m; (X) is free with a basis consisting of loops formed by
the boundaries of the bounded complementary regions of X, joined to a basepoint by
suitably chosen paths in X. [Assume the Jordan curve theorem for polygonal simple
closed curves, which is equivalent to the case that X is homeomorphic to S 1 J

6. Suppose a space Y is obtained from a path-connected subspace X by attaching
n-cells for a fixed n > 3. Show that the inclusion X — Y induces an isomorphism
on ;. [See the proof of Proposition 1.26.] Apply this to show that the complement
of a discrete subspace of R" is simply-connected if n > 3.

7. Let X be the quotient space of S> obtained by identifying the north and south
poles to a single point. Put a cell complex structure on X and use this to compute
M (X).

8. Compute the fundamental group of the space obtained from two tori S!xS' by
identifying a circle S'x {x,} in one torus with the corresponding circle S'x {x,} in
the other torus.

9. In the surface M, of genus g, let

C be a circle that separates M, into

two compact subsurfaces Mj; and My, )
obtained from the closed surfaces M,
and M, by deleting an open disk from
each. Show that M, does not retract onto its boundary circle C, and hence M P does
not retract onto C. [Hint: abelianize 7r,.] But show that M, does retract onto the
nonseparating circle C’ in the figure.

M, ¢ M

10. Consider two arcs « and B embedded in D?xI as

shown in the figure. The loop y is obviously nullhomotopic

in D?x 1, but show that there is no nullhomotopy of y in

the complement of x U S.

11. The mapping torus T, of a map f:X—X is the quotient of XxI obtained
by identifying each point (x,0) with (f(x),1). In the case X = S' v §! with f
basepoint-preserving, compute a presentation for 7, (Ty) in terms of the induced
map f, :71,(X)— 1, (X). Do the same when X = S'xS'. [One way to do this is to
regard Ty as built from X v § ! py attaching cells.]

that could actually function as a bottle, one would @
delete the open disk bounded by the circle of self-

intersection of X, producing a subspace Y C X. Show that 1, (X) = Z * Z and that

12. The Klein bottle is usually pictured as a sub-
space of R? like the subspace X C R® shown in
the first figure at the right. If one wanted a model
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1, (Y) has the presentation {a,b,c | aba 'b 'cbh*c™"') for € = =1. (Changing the
sign of & gives an isomorphic group, as it happens.) Show also that 1, (Y) is isomor-
phic to 7, (R* - Z) for Z the graph shown in the figure. The groups ; (X) and , (Y)
are not isomorphic, but this is not easy to prove; see the discussion in Example 1B.13.

13. The space Y in the preceding exercise can be obtained from a disk with two holes
by identifying its three boundary circles. There are only two essentially different ways
of identifying the three boundary circles. Show that the other way yields a space Z
with 1, (Z) not isomorphic to 1, (Y). [Abelianize the fundamental groups to show
they are not isomorphic.]

14. Consider the quotient space of a cube I® obtained by identifying each square
face with the opposite square face via the right-handed screw motion consisting of
a translation by one unit in the direction perpendicular to the face combined with a
one-quarter twist of the face about its center point. Show this quotient space X is a
cell complex with two 0-cells, four 1-cells, three 2-cells, and one 3-cell. Using this
structure, show that 17, (X) is the quaternion group {+1, +i, +j, =k}, of order eight.

15. Given a space X with basepoint x, € X, we may construct a CW complex L(X)
having a single 0-cell, a 1-cell e; for each loop y in X based at x;, and a 2-cell e.zr
for each map T of a standard triangle PQR into X taking the three vertices P, Q,
and R of the triangle to x,. The 2-cell 2 is attached to the three 1-cells that are the
loops obtained by restricting T to the three oriented edges PQ, PR, and QR. Show
that the natural map L(X)— X induces an isomorphism 17, (L(X)) =~ 1, (X, x,) -

16. Show that the fundamental group of the surface of infinite genus shown below is
free on an infinite number of generators.

e e e )

17. Show that Trl([R{2 — @Q?) is uncountable.

18. In this problem we use the notions of suspension, reduced suspension, cone, and
mapping cone defined in Chapter 0. Let X be the subspace of R consisting of the
sequence 1,1/,,1/3,1/,, - - - together with its limit point 0.

(a) For the suspension SX, show that 71, (SX) is free on a countably infinite set of
generators, and deduce that 1, (§X) is countable. In contrast to this, the reduced
suspension XX, obtained from SX by collapsing the segment {0} X I to a point, is
the shrinking wedge of circles in Example 1.25, with an uncountable fundamental
group.

(b) Let C be the mapping cone of the quotient map SX — 2X. Show that T, (C) is un-
countable by constructing a homomorphism from , (C) onto [[,Z/@,. Z. Note
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that C is the reduced suspension of the cone CX. Thus the reduced suspension
of a contractible space need not be contractible, unlike the unreduced suspension.

19. Show that the subspace of R® that is the union of the spheres of radius !/, and
center (!/,,0,0) for n =1,2,--- is simply-connected.

20. Let X be the subspace of R? that is the union of the circles C, of radius n and
center (n,0) for n = 1,2, ---. Show that mm; (X) is the free group *, 1, (C,), the same
as for the infinite wedge sum \,, S'. Show that X and \/,S' are in fact homotopy
equivalent, but not homeomorphic.

21. Show that the join X * Y of two nonempty spaces X and Y is simply-connected
if X is path-connected.

22. In this exercise we describe an algorithm for computing a presentation of the
fundamental group of the complement of a smooth or piecewise linear knot K in R3,
called the Wirtinger presentation. To begin, we position the knot to lie almost flat on
a table, so that K consists of finitely many disjoint arcs «; where it intersects the
table top together with finitely many disjoint arcs , where K crosses over itself.
The configuration at such a crossing is shown in the first figure below. We build a

2-dimensional complex X that is a deformation retract of R® — K by the following
three steps. First, start with the rectangle T formed by the table top. Next, just above
each arc «; place a long, thin rectangular strip R;, curved to run parallel to «; along
the full length of «; and arched so that the two long edges of R; are identified with
points of T, as in the second figure. Any arcs 8, that cross over «; are positioned
to lie in R;. Finally, over each arc B, put a square Sy, bent downward along its four
edges so that these edges are identified with points of three strips R;, R, and R, as
in the third figure; namely, two opposite edges of S, are identified with short edges
of R; and R; and the other two opposite edges of S, are identified with two arcs
crossing the interior of R;. The knot K is now a subspace of X, but after we lift K up
slightly into the complement of X, it becomes evident that X is a deformation retract
of R® — K.

(a) Assuming this bit of geometry, show that T, (R® - K) has a presentation with one
generator x; for each strip R; and one relation of the form x;x;x; ' = x, for
each square Sy, where the indices are as in the figures above. [To get the correct
signs it is helpful to use an orientation of K.]

(b) Use this presentation to show that the abelianization of mm, (R — K) is Z.
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1.3 Covering Spaces

We come now to the second main topic of this chapter, covering spaces. We
have in fact already encountered one example of a covering space in our calculation
of m (SY). This was the map R—S! that we pictured as the projection of a helix
onto a circle, with the helix lying above the circle, ‘covering’ it. A number of things
we proved for this covering space are valid for all covering spaces, and this allows
covering spaces to serve as a useful general tool for calculating fundamental groups.
But the connection between the fundamental group and covering spaces runs much
deeper than this, and in many ways they can be regarded as two viewpoints toward the
same thing. This means that algebraic features of the fundamental group can often
be translated into the geometric language of covering spaces. This is exemplified
in one of the main results in this section, giving an exact correspondence between
the various connected covering spaces of a given space X and subgroups of m; (X).
This is strikingly reminiscent of Galois theory, with its correspondence between field
extensions and subgroups of the Galois group.

Let us begin with the definition. A covering space of a space X is a space X
together with a map p X—X satisfying the following condition: There exists an
open cover {U,} of X such that for each «, p’l (U) is a disjoint union of open sets
in X, each of which is mapped by p homeomorphically onto U,. We do not require
p! (U,) to be nonempty, so p need not be surjective.

In the helix example one has p:R—S! given by p(t) = (cos27t,sin2mt), and
the cover {U,} can be taken to consist of any two open arcs whose union is S L
A related example is the helicoid surface S ¢ R? consisting of points of the form
(scos2tt,ssin2mt,t) for (s,t) € (0,0)xR. This projects onto R? — {0} via the
map (x,y,z) — (x,y), and this projection defines a covering space p:S— RZ - {0}
since for each open disk U in R? — {0}, p~'(U) consists of countably many disjoint
open disks in §, each mapped homeomorphically onto U by p.

Another example is the map p Stost) p(z) = z" where we
view z as a complex number with |z| = 1 and n is any positive
integer. The closest one can come to realizing this covering space —
as a linear projection in 3-space analogous to the projection of the
helix is to draw a circle wrapping around a cylinder n times and 1}9
intersecting itself in n — 1 points that one has to imagine are not O
really intersections. For an alternative picture without this defect,
embed S in the boundary torus of a solid torus S'xD? so that it winds n times
monotonically around the S' factor without self-intersections, then restrict the pro-
jection S'xD?—S'x {0} to this embedded circle. The figure for Example 1.29 in the
preceding section illustrates the case n = 3.
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As our general theory will show, these examples for n > 1 together with the
helix example exhaust all the connected coverings spaces of S'. There are many
other disconnected covering spaces of S 1 such as n disjoint circles each mapped
homeomorphically onto S!, but these disconnected covering spaces are just disjoint
unions of connected ones. We will usually restrict our attention to connected covering
spaces as these contain most of the interesting features of covering spaces.

The covering spaces of S v st form a remarkably rich family illustrating most of
the general theory very concretely, so let us look at a few of these covering spaces to
get an idea of what is going on. To abbreviate notation, set X = S' v S'. We view this
as a graph with one vertex and two edges. We label the edges
a and b and we choose orientations for a and b. Now let bC><>6t
X be any other graph with four edges meeting at each vertex,
and suppose the edges of X have been assigned labels a and b and orientations in
such a way that the local picture near each vertex is the same as in X, so there is an
a-edge oriented toward the vertex, an a-edge oriented away from the vertex, a b-edge
oriented toward the vertex, and a b-edge oriented away from the vertex. To give a
name to this structure, let us call X a 2-oriented graph.

The table on the next page shows just a small sample of the infinite variety of
possible examples.

Given a 2-oriented graph X we can construct a map 1 X—X sending all vertices
of X to the vertex of X and sending each edge of X to the edge of X with the same
label by a map that is a homeomorphism on the interior of the edge and preserves
orientation. It is clear that the covering space condition is satisfied for p. The con-
verse is also true: Every covering space of X is a graph that inherits a 2-orientation
from X.

As the reader will discover by experimentation, it seems that every graph having
four edges incident at each vertex can be 2-oriented. This can be proved for finite
graphs as follows. A very classical and easily shown fact is that every finite connected
graph with an even number of edges incident at each vertex has an Eulerian circuit,
a loop traversing each edge exactly once. If there are four edges at each vertex, then
labeling the edges of an Eulerian circuit alternately a and b produces a labeling with
two a and two b edges at each vertex. The union of the a edges is then a collection
of disjoint circles, as is the union of the b edges. Choosing orientations for all these
circles gives a 2-orientation.

Itis a theorem in graph theory that infinite graphs with four edges incident at each
vertex can also be 2-oriented; see Chapter 13 of [Koenig 1990] for a proof. There is
also a generalization to n-oriented graphs, which are covering spaces of the wedge
sum of n circles.
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A simply-connected covering space of X can be constructed in the following way.
Start with the open intervals (—1,1) in the coordinate y
axes of R?. Next, for a fixed number A, 0 < A < 1/,, for ]
example A = 1/5, adjoin four open segments of length ’11_
2A, at distance A from the ends of the previous seg- %
ments and perpendicular to them, the new shorter seg- 1$ ’1%1’

4
#]

d;r
ments being bisected by the older ones. For the third i%t‘
stage, add perpendicular open segments of length 2A°

at distance A® from the endpoints of all the previous

s
i
,
—
o
segments and bisected by them. The process is now
repeated indefinitely, at the n" stage adding open segments of length 2A"™"! at dis-
tance A" ! from all the previous endpoints. The union of all these open segments is
a graph, with vertices the intersection points of horizontal and vertical segments, and
edges the subsegments between adjacent vertices. We label all the horizontal edges
a, oriented to the right, and all the vertical edges b, oriented upward.

This covering space is called the universal cover of X because, as our general
theory will show, it is a covering space of every other connected covering space of X.

The covering spaces (1)-(14) in the table are all nonsimply-connected. Their fun-
damental groups are free with bases represented by the loops specified by the listed
words in a and b, starting at the basepoint X, indicated by the heavily shaded ver-
tex. This can be proved in each case by applying van Kampen’s theorem. One can
also interpret the list of words as generators of the image subgroup p,, (1 (X X))
in ™ (X,x,) = (a,b). A general fact we shall prove about covering spaces is that
the induced map p, :mm; (X, X,) =, (X, x,) is always injective. Thus we have the at-
first-glance paradoxical fact that the free group on two generators can contain as a
subgroup a free group on any finite number of generators, or even on a countably
infinite set of generators as in examples (10) and (11).

Changing the basepoint vertex changes the subgroup p, (1, (X, %,)) to a conju-
gate subgroup in 1, (X, x,). The conjugating element of T, (X, x) is represented by
any loop that is the projection of a path in X joining one basepoint to the other. For
example, the covering spaces (3) and (4) differ only in the choice of basepoints, and
the corresponding subgroups of 1, (X, x,) differ by conjugation by b.

The main classification theorem for covering spaces says that by associating the
subgroup p*(nl()?,?co)) to the covering space p:X— X, we obtain a one-to-one
correspondence between all the different connected covering spaces of X and the
conjugacy classes of subgroups of (X, x,). If one keeps track of the basepoint
vertex X, € X, then this is a one-to-one correspondence between covering spaces
p: ()?,)Nco)—> (X, xq) and actual subgroups of (X, x(), not just conjugacy classes.
Of course, for these statements to make sense one has to have a precise notion of
when two covering spaces are the same, or ‘isomorphic.” In the case at hand, an iso-
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morphism between covering spaces of X is just a graph isomorphism that preserves
the labeling and orientations of edges. Thus the covering spaces in (3) and (4) are
isomorphic, but not by an isomorphism preserving basepoints, so the two subgroups
of mm; (X, x() corresponding to these covering spaces are distinct but conjugate. On
the other hand, the two covering spaces in (5) and (6) are not isomorphic, though the
graphs are homeomorphic, so the corresponding subgroups of 1, (X, x,,) are isomor-
phic but not conjugate.

Some of the covering spaces (1)-(14) are more symmetric than others, where by
a ‘symmetry’ we mean an automorphism of the graph preserving the labeling and
orientations. The most symmetric covering spaces are those having symmetries taking
any one vertex onto any other. The examples (1), (2), (5)-(8), and (11) are the ones with
this property. We shall see that a covering space of X has maximal symmetry exactly
when the corresponding subgroup of 1, (X, x,,) is a normal subgroup, and in this case
the symmetries form a group isomorphic to the quotient group of (X, x,) by the
normal subgroup. Since every group generated by two elements is a quotient group
of Z x Z, this implies that every two-generator group is the symmetry group of some
covering space of X.

Lifting Properties

Covering spaces are defined in fairly geometric terms, as maps p : X — X that are
local homeomorphisms in a rather strong sense. But from the viewpoint of algebraic
topology, the distinctive feature of covering spaces is their behavior with respect to
lifting of maps. Recall the terminology from the proof of Theorem 1.7: A lift of a map
f:Y—X is amap fN: Y —X such that pr = f. We will describe three special lifting
properties of covering spaces, and derive a few applications of these.

First we have the homotopy lifting property, or covering homotopy property,
as it is sometimes called:

Proposmon 1.30. Given a covering space p : X—X,a homotopy fi:Y—=X,and a
map fo Y — X lifting fo, then there exists a unique homotopy ft Y—X of fo that

lifts f;.

Proof: For the covering space p:R—S" this is property (c) in the proof of Theo-
rem 1.7, and the proof there applies to any covering space. |

Taking Y to be a point gives the path lifting property for a covering space
p : X— X, which says that for each path S:I—X and each lift X, of the starting
point f(0) = x, there is a unique path f:I —X lifting f starting at X,,. In particular,
the uniqueness of lifts implies that every lift of a constant path is constant, but this
could be deduced more simply from the fact that p~! (xq) has the discrete topology,
by the definition of a covering space.
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Taking Y to be I, we see that every homotopy f; of a path f, in X lifts to a
homotopy ft of each lift fo of f,. The lifted homotopy ft is a homotopy of paths,
fixing the endpoints, since as t varies each endpoint of ft traces out a path lifting a
constant path, which must therefore be constant.

Here is a simple application:

Proposition 1.31. The map p,, : M, (X, Xy) — 1, (X, xo) induced by a covering space
p: (X, %) — (X,x,) Is injective. The image subgroup p, (1,(X,%,)) in (X, x,)
consists of the homotopy classes of loops in X based at x, whose lifts to X starting
at X, are loops.

Proof: An element of the kernel of p, is represented by a loop fo :I—X with a
homotopy f;:I—X of f, = pfo to the trivial loop f;. By the remarks preceding the
proposition, there is a lifted homotopy of loops ft starting with fo and ending with
a constant loop. Hence [fo] =0 in m (X, %,) and p, is injective.

For the second statement of the proposition, loops at x, lifting to loops at X,
certainly represent elements of the image of p, :m (X, Xy) — 1 (X, x,). Conversely,
a loop representing an element of the image of p, is homotopic to aloop having such
a lift, so by homotopy lifting, the loop itself must have such a lift. O

Ifp X—>Xisa covering space, then the cardinality of the set p_l(x) is locally
constant over X. Hence if X is connected, this cardinality is constant as x ranges
over all of X. It is called the number of sheets of the covering.

Proposition 1.32. The number of sheets of a covering space p:()?,)?o)q(X,xo)
with X and X path-connected equals the index of p, (1,(X,%,)) in 1, (X,x,).

Proof: For aloop g in X based at x,, let g be its lift to X starting at X. A product
h-g with [h] € H = p, (1,(X,%,)) has the lift h-§ ending at the same point as §
since i is a loop. Thus we may define a function ® from cosets H[g] to p’l(xo)
by sending H[g] to g(1). The path-connectedness of X implies that ® is surjective
since X can be joined to any point in p_l(xo) by a path g projecting to a loop g at
Xo. To see that ® is injective, observe that ®(H[g,]) = ®(H[g,]) implies that g,9,
lifts to a loop in X based at X, so [g,1[g,]" € H and hence H[g,] = H[g,]. O

It is important also to know about the existence and uniqueness of lifts of general
maps, not just lifts of homotopies. For the existence question an answer is provided
by the following lifting criterion:

Proposition 1.33. Suppose given a covering space p : ()?, Xy) — (X, x,) and a map
f:(Y,y9) — (X,x,) with Y path-connected and locally path-connected. Then a lift
Fi(Y, )= (X, %) of f exists iff f, (1 (Y, ¥0)) € p, (my (X, X))
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When we say a space has a certain property locally, such as being locally path-
connected, we shall mean that each point has arbitrarily small open neighborhoods
with this property. Thus for Y to be locally path-connected means that for each point
v € Y and each neighborhood U of y there is an open neighborhood V Cc U of
v that is path-connected. Some authors weaken the requirement that V be path-
connected to the condition that any two points in V be joinable by a path in U.
This broader definition would work just as well for our purposes, necessitating only
small adjustments in the proofs, but for simplicity we shall use the more restrictive
definition.

Proof: The ‘only if’ statement is obvious since f, = p*f*. For the converse, let
¥ €Y and let y be apathin Y from y, to . The path fy in X starting at x,
has a unique lift f); starting at X,. Define f(y) = E(l). To show this is well-
defined, independent of the choice of y, let y’ be another path from y, to 5. Then
(fy')-(fy) is aloop hy at x, with [ho] € f,(,(Y,¥,)) C p,(m,(X,%,)). This
means there is a homotopy h, of h, to aloop h, that lifts to a
loop hl in X based at Xy . Apply the Covermg homotopy fy fo)

property to h; to get alifting ht Since h1 is aloop at
X,, S0 is ho By the uniqueness of lifted paths,

the first half of 1710 is f}/’ and the second

half is 3”7 traversed backwards, with
the common midpoint }37(1) =
ﬁ’(l). This shows that f is
well-defined.

To see that f is continuous, let U C X be an open neighborhood of f(y) having
alift U c X containing f(y) such that p: U/ — U is a homeomorphism. Choose a
path-connected open neighborhood V of y with f(V) c U. For paths from y, to
points y' € V we can take a fixed path y from y, to y followed by paths n in
V from vy to the points y’. Then the paths (fy)-(fn) in X have lifts (f);) - (?f])
where fn =p 'fn and p':U—U is the inverse of p:U—U. Thus f(V) c U and
~77|V = p ' f, hence f is continuous at y. O

An example showing the necessity of the local path-connectedness assumption
on Y is described in Exercise 7 at the end of this section.
Next we have the unique lifting property:

Proposition 1.34. Given a covering space p :X—>X and a map f:Y— X with two
lifts f1, fo: Y—X that agree at one point of Y, then if Y is connected, these two lifts
must agree on all of Y .

Proof: For a point y € Y, let U be an open neighborhood of f(y) in X for which
L(U) is a disjoint union of open sets lNIO( each mapped homeomorphically to U
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by p, and let 171 and 172 be the ﬁa’s containing fl (y) and ~)?z(y), respectively. By
continuity of fl and fz there is a neighborhood N of y mapped into ﬁl by fl and
into 172 by fz It fl(y) * fz(y) then U1 * U2, hence Ul and U2 are dlSJOlIlt and
f1 * f2 throughout the nelghborhood N. On the other hand, if fl(y) fz(y) then
U, = U, so f1 = fz on N since 1sz1 = pfz and p is injective on U, = U,. Thus the
set of points where fl and fz agree is both open and closed in Y. O

The Classification of Covering Spaces

We consider next the problem of classifying all the different covering spaces of
a fixed space X. Since the whole chapter is about paths, it should not be surprising
that we will restrict attention to spaces X that are at least locally path-connected.
Path-components of X are then the same as components, and for the purpose of
classifying the covering spaces of X there is no loss in assuming that X is connected,
or equivalently, path-connected. Local path-connectedness is inherited by covering
spaces, so these too are connected iff they are path-connected. The main thrust of the
classification will be the Galois correspondence between connected covering spaces of
X and subgroups of T, (X), but when this is finished we will also describe a different
method of classification that includes disconnected covering spaces as well.

The Galois correspondence arises from the function that assigns to each covering
space p:(X,X,)— (X,x,) the subgroup p, (1, (X,X,)) of m,(X,x,). First we con-
sider whether this function is surjective. That is, we ask whether every subgroup of
1M, (X, X,) is realized as p, (11, (X, %,)) for some covering space p: (X,%,) — (X, x,).
In particular we can ask whether the trivial subgroup is realized. Since p, is always
injective, this amounts to asking whether X has a simply-connnected covering space.
Answering this will take some work.

A necessary condition for X to have a simply-connected covering space is the
following: Each point x € X has a neighborhood U such that the inclusion-induced
map T, (U, x)— (X, x) is trivial; one says X is semilocally simply-connected if
this holds. To see the necessity of this condition, suppose p :X—X is a covering
space with X simply-connected. Every point x € X has a neighborhood U having a
lift U c X projecting homeomorphically to U by p. Each loop in U lifts to a loop
in U, and the lifted loop is nullhomotopic in X since Trl()? ) = 0. So, composing this
nullhomotopy with p, the original loop in U is nullhomotopic in X.

A locally simply-connected space is certainly semilocally simply-connected. For
example, CW complexes have the much stronger property of being locally contractible,
as we show in the Appendix. An example of a space that is not semilocally simply-
connected is the shrinking wedge of circles, the subspace X c R? consisting of the
circles of radius !/, centered at the point (1/,,,0) for n = 1,2, - - -, introduced in Exam-
ple 1.25. On the other hand, the cone CX = (XxI)/(Xx {0}) is semilocally simply-
connected since it is contractible, but it is not locally simply-connected.
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We shall now show how to construct a simply-connected covering space of X if
X is path-connected, locally path-connected, and semilocally simply-connected. To
motivate the construction, suppose p: (X , %) — (X, x) is a simply-connected cover-
ing space. Each point X € X can then be joined to X, by a unique homotopy class of
paths, by Proposition 1.6, so we can view points of X as homotopy classes of paths
starting at X,,. The advantage of this is that, by the homotopy lifting property, homo-
topy classes of paths in X starting at X, are the same as homotopy classes of paths
in X starting at x,. This gives a way of describing X purely in terms of X.

Given a path-connected, locally path-connected, semilocally simply-connected
space X with a basepoint x, € X, we are therefore led to define

X = {[yl]| yisapathin X starting at x, }

where, as usual, [y] denotes the homotopy class of y with respect to homotopies
that fix the endpoints y(0) and y(1). The function p X—X sending [y] to y(1) is
then well-defined. Since X is path-connected, the endpoint y(1) can be any point of
X, s0 p is surjective.

Before we define a topology on X we make a few preliminary observations. Let
U be the collection of path-connected open sets U C X such that 1 (U) —m; (X) is
trivial. Note that if the map T, (U) — 17 (X) is trivial for one choice of basepointin U,
it is trivial for all choices of basepoint since U is path-connected. A path-connected
open subset V C U € U is also in U since the composition 1 (V) — 11 (U) — 117 (X)
will also be trivial. It follows that U is a basis for the topology on X if X is locally
path-connected and semilocally simply-connected.

Given a set U € U and a path y in X from x to a point in U, let

Uy = {[y-nl | nisapathin U with n(0) = y(1) }

As the notation indicates, U,; depends only on the homotopy class [y]. Observe
that p:Up,)—U is surjective since U is path-connected and injective since differ-
ent choices of n joining y(1) to a fixed x € U are all homotopic in X, the map
1M, (U) — 11, (X) being trivial. Another property is

Uiy = Upyy if [y'] € Upyy. Forif y' = y-n then elements of U, have the
(x) form [y:n-pu] and hence lie in U, while elements of Uy, have the form
ly-ul=I[y-n-n-pl = [y -n-ul and hence lie in Uj,,.
This can be used to show that the sets Up,; form a basis for a topology on X. Forif
we are given two such sets U[y], V[y,] and an element [y"] € U[y] N V[y,], we have
Upyy = Upyry and Vg = Vi by (). So if W € U is contained in U NV and contains
y" (1) then Wi,y C Upyry NV, and [y”] € Wiy.
The bijection p:Up,,;— U is a homeomorphism since it gives a bijection between
the subsets V,,; C Up,; and the sets V € U contained in U. Namely, in one direction
we have p(V[y,]) = V and in the other direction we have p’l(V) N U[y] = V[y,] for
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any [y'] € U, with endpoint in V, since V;,.y C Uy, = U,y and V. maps onto V
by the bijection p.

The preceding paragraph implies that p : X — X is continuous. We can also de-
duce that this is a covering space since for fixed U € U, the sets Uiy for varying [y]
partition p~'(U) because if [y”] € Upy) N Uy then Upyy = Upyry = Uy by (%)

It remains only to show that X is simply-connected. For a point [y] € X let Vi
be the path in X that equals y on [0, t] and is stationary at y(t) on [t,1]. Then the
function t — [y;] is a path in X lifting y that starts at [x,], the homotopy class of
the constant path at x;, and ends at [y]. Since [y] was an arbitrary point in X , this
shows that X is path-connected. To show that Trl()? ,[x0]) = 0 it suffices to show
that the image of this group under p,, is trivial since p,, is injective. Elements in the
image of p, are represented by loops y at x, that lift to loops in X at [xo]. We have
observed that the path t — [y,] lifts y starting at [x,], and for this lifted path to
be a loop means that [y;] = [x,]. Since y, = y, this says that [y] = [x,], so y is
nullhomotopic and the image of p,, is trivial.

This completes the construction of a simply-connected covering space X—X.

In concrete cases one usually constructs a simply-connected covering space by
more direct methods. For example, suppose X is the union of subspaces A and B for
which simply-connected covering spaces A—A and B— B are already known. Then
one can attempt to build a simply-connected covering space X—X by assembling
copies of A and B. For example, for X = st v s, if we take A and B to be the two
circles, then A and B are each R, and we can build the simply-connected cover X
described earlier in this section by glueing together infinitely many copies of A and
B , the horizontal and vertical lines in X. Here is another illustration of this method:

Example 1.35. For integers m,n > 2, let Xu.n be the quotient space of a cylinder
S'xI under the identifications (z,0) ~ (e™/™z 0) and (z,1) ~ (>™/"z 1). Let
A C X and B C X be the quotients of S*x[0,%,] and S*x[1/,,1], so A and B are
the mapping cylinders of z — z™ and z — z", with A N B = S'. The simplest case
is m =mn =2, when A and B are Mébius bands and X, , is the Klein bottle. We
encountered the complexes X,, ,, previously in analyzing torus knot complements in
Example 1.24.

The figure for Example 1.29 at the end of the preceding section
shows what A looks like in the typical case m = 3. We have 1, (A) = Z,
and the universal cover A is homeomorphic to a product C,, X R where |
C,, is the graph that is a cone on m points, as shown in the figure to
the right. The situation for B is similar, and Bis homeomorphic to
C, xR. Now we attempt to build the universal cover )?m’n from copies
of A and B. Start with a copy of A. Tts boundary, the outer edges of
its fins, consists of m copies of R. Along each of these m boundary

AVAVAVAN
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lines we attach a copy of B. Each of these copies of B has one of its boundary lines
attached to the initial copy of A, leaving n — 1 boundary lines free, and we attach a
new copy of A to each of these free boundary lines. Thus we now have m(n—-1) +1
copies of A. Each of the newly attached copies of A has m — 1 free boundary lines,
and to each of these lines we attach a new copy of B. The process is now repeated ad
infinitim in the evident way. Let }?m‘n be the resulting space.
The product structures A = C,,xR and B = C,, xR
give )?m,n the structure of a product T,, ,, xR where T,, ,,
is an infinite graph constructed by an inductive scheme
justlike the construction of )?m’n. Thus T, ,, is the union
of a sequence of finite subgraphs, each obtained from the
preceding by attaching new copies of C,, or C,. Each
of these finite subgraphs deformation retracts onto the
preceding one. The infinite concatenation of these defor-
mation retractions, with the k" graph deformation retracting to the previous one
during the time interval [1 /2", 1/ 2"’1], gives a deformation retraction of Ty ONtO
the initial stage C,,. Since C,, is contractible, this means T,, ,, is contractible, hence
also )?m’n, which is the product T,, , X R. In particular, )?m,n is simply-connected.
The map that projects each copy of Ain )?m’n to A and

each copy of BtoBisa covering space. To define this map e

precisely, choose a point x, € S ! and then the image of the < [
line segment {x,} xI in X, ,, meets A in aline segment whose ~!
preimage in A consists of an infinite number of line segments,

appearing in the earlier figure as the horizontal segments spi- IS >‘
raling around the central vertical axis. The picture in B is A N
similar, and when we glue together all the copies of A and B

to form )?m’n, we do so in such a way that these horizontal segments always line up
exactly. This decomposes )?m,n into infinitely many rectangles, each formed from a
rectangle in an A and a rectangle in a B. The covering projection )?m,n—»xm’n is the
quotient map that identifies all these rectangles.

Now we return to the general theory. The hypotheses for constructing a simply-
connected covering space of X in fact suffice for constructing covering spaces realiz-
ing arbitrary subgroups of 1, (X):

Proposition 1.36. Suppose X is path-connected, locally path-connected, and semilo-
cally simply-connected. Then for every subgroup H C 11,(X, x,) there is a covering
space p:Xy— X such that p, (17,(Xy,X,)) = H for a suitably chosen basepoint
Xo € Xy-

Proof: For points [y], [y'] in the simply-connected covering space X constructed
above, define [y] ~ [y'] to mean y(1) = y'(1) and [yYy’] € H. It is easy to see
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that this is an equivalence relation since H is a subgroup; namely, it is reflexive since
H contains the identity element, symmetric since H is closed under inverses, and
transitive since H is closed under multiplication. Let X;; be the quotient space of X
obtained by identifying [y] with [y'] if [y] ~ [y']. Note that if y(1) = y'(1), then
[yl ~ [y'1iff [yn] ~ [y'n]. This means that if any two points in basic neighborhoods
U}, and Uy, areidentified in Xy then the whole neighborhoods are identified. Hence
the natural projection X, — X induced by [y] — y(1) is a covering space.

If we choose for the basepoint X, € Xj; the equivalence class of the constant path
¢ at x,, then the image of p, : 1, (X, X,) — 1 (X, Xx,) is exactly H. This is because
for aloop y in X based at x,, its lift to X starting at [c] ends at [y], so the image
of this lifted path in X} is a loop iff [y] ~ [c], or equivalently, [y] € H. m]

Having taken care of the existence of covering spaces of X corresponding to all
subgroups of 1; (X), we turn now to the question of uniqueness. More specifically,
we are interested in uniqueness up to isomorphism, where an isomorphism between
covering spaces p,:X,—X and p,:X,— X is a homeomorphism f:X, —X, such
that p; = p,f. This condition means exactly that f preserves the covering space
structures, taking pl_l(x) to pz_l (x) for each x € X. The inverse f~! is then also an
isomorphism, and the composition of two isomorphisms is an isomorphism, so we
have an equivalence relation.

Proposition 1.37. If X is path-connected and locally path-connected, then two path-
connected covering spaces p, X 1— X and p, :)?2 — X are isomorphic via an isomor-
phism f:X,— X, taking a basepoint X, € p;'(x,) to a basepoint %, € p;"'(x,) iff
Iﬂ1*(771()?1,9~<1)) = 1172*(771()?2v%2))-
Proof: If there is an isomorphism f: ()?1,3?1) — ()?2, X,), then from the two relations
p1 = pof and p, = pif " it follows that py, (m; (X,, %)) = pa, (m,(X,,%,)). Con-
versely, suppose that p,, (m,(X;,%,)) = po, (m;(X,,%,)). By the lifting criterion,
we may lift p, to amap p,:(X,,¥,)— (X,,%,) with p,p, = p,. Symmetrically, we
obtain p,: (X,,%,)— (X,,%,) with p,P, = p,. Then by the unique lifting property,
PP, = 1 and p,p, = 1 since these composed lifts fix the basepoints. Thus p; and
P, are inverse isomorphisms. i

We have proved the first half of the following classification theorem:

Theorem 1.38. Let X be path-connected, locally path-connected, and semilocally
simply-connected. Then there is a bijection between the set of basepoint-preserving
isomorphism classes of path-connected covering spaces p : (X , X)) — (X, x,) and the
set of subgroups of 1, (X, x,), obtained by associating the subgroup p. (11, (X, X0))
to the covering space (X, X,) . If basepoints are ignored, this correspondence gives a
bijection between isomorphism classes of path-connected covering spaces p X—X

and conjugacy classes of subgroups of 1, (X, x,) .
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Proof: It remains only to prove the last statement. We show that for a covering space
p: (X, %, — (X,x,), changing the basepoint X, within p~!(x,) corresponds exactly
to changing p, (11, (X, %,)) to a conjugate subgroup of 1, (X, x,). Suppose that ¥,
is another basepoint in » ! (x,), and let ¥ be a path from X, to X,. Then y projects
to aloop y in X representing some element g € 1, (X, x,). Set H; = p, (m;(X,%,))
for i = 0,1. We have an inclusion g’lHog C H; since for f a loop at X, ?ff/ is a
loop at X, . Similarly we have ngg’l C H,. Conjugating the latter relation by gt
gives H; C g’lHOg, SO g’lHOg = H,. Thus, changing the basepoint from X, to X,
changes H, to the conjugate subgroup H; = g_lHog.

Conversely, to change H,, to a conjugate subgroup H; = g’lHOg, choose a loop
y representing g, lift this to a path y starting at X, and let X; = ¥(1). The preceding
argument then shows that we have the desired relation H, = g’lHOg. O

A consequence of the lifting criterion is that a simply-connected covering space of
a path-connected, locally path-connected space X is a covering space of every other
path-connected covering space of X. A simply-connected covering space of X is
therefore called a universal cover. It is unique up to isomorphism, so one is justified
in calling it the universal cover.

More generally, there is a partial ordering on the various path-connected covering
spaces of X, according to which ones cover which others. This corresponds to the
partial ordering by inclusion of the corresponding subgroups of T, (X), or conjugacy
classes of subgroups if basepoints are ignored.

Representing Covering Spaces by Permutations

We wish to describe now another way of classifying the different covering spaces
of a connected, locally path-connected, semilocally simply-connected space X, with-
out restricting just to connected covering spaces. To give the idea, con-
sider the 3-sheeted covering spaces of S'. There are three of these,

X s )?2, and )?3, with the subscript indicating the number of compo- O
nents. For each of these covering spaces p :)?i —S! the three different

lifts of a loop in S! generating 1, (S', x,) determine a permutation of

p! (xq) sending the starting point of the lift to the ending point of the O
lift. For X , this is a cyclic permutation, for X , it is a transposition of

two points fixing the third point, and for )?3 it is the identity permu-

tation. These permutations obviously determine the covering spaces

uniquely, up to isomorphism. The same would be true for n-sheeted

covering spaces of S ! for arbitrary n, even for n infinite.

The covering spaces of S' v §! can be encoded using the same idea. Referring
back to the large table of examples near the beginning of this section, we see in the
covering space (1) that the loop a lifts to the identity permutation of the two vertices
and b lifts to the permutation that transposes the two vertices. In (2), both a and b
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lift to transpositions of the two vertices. In (3) and (4), a and b lift to transpositions of
different pairs of the three vertices, while in (5) and (6) they lift to cyclic permutations
of the vertices. In (11) the vertices can be labeled by 7, with a lifting to the identity
permutation and b lifting to the shift n — n + 1. Indeed, one can see from these
examples that a covering space of S* v §! is nothing more than an efficient graphical
representation of a pair of permutations of a given set.

This idea of lifting loops to permutations generalizes to arbitrary covering spaces.
For a covering space p :X— X, a path y in X has a unique lift y starting at a given
point of p_l(y(O)), so we obtain a well-defined map L, : p‘l(y(O))qp_l(y(l)) by
sending the starting point y(0) of each lift ¥ to its ending point y(1). It is evident
that L, is a bijection since Ly is its inverse. For a composition of paths yn we have
L, =L,L,, rather than L,L,, since composition of paths is written from left to
right while composition of functions is written from right to left. To compensate for
this, let us modify the definition by replacing L, by its inverse. Thus the new L, is
a bijection p~!(y(1))—p '(y(0)), and L,,=L,L,. Since L, depends only on the
homotopy class of y, this means that if we restrict attention to loops at a basepoint
Xy € X, then the association y — L, gives a homomorphism from 77, (X, x;) to the
group of permutations of p’l (xq). This is called the action of 1, (X, x,) on the fiber
p~(xp).

Let us see how the covering space p : X — X can be reconstructed from the associ-
ated action of 1, (X, x) on the fiber F = p’l (x(), assuming that X is path-connected,
locally path-connected, and semilocally simply-connected, so it has a universal cover
)?0—>X. We can take the points of )?0 to be homotopy classes of paths in X starting
at x,, as in the general construction of a universal cover. Define a map h: Xy x F— X
sending a pair ([y],X,) to ¥(1) where ¥ is the lift of y to X starting at X,,. Then h
is continuous, and in fact a local homeomorphism, since a neighborhood of ([y], X,)
in )?OXF consists of the pairs ([yn],X,) with n a path in a suitable neighborhood
of y(1). It is obvious that h is surjective since X is path-connected. If h were injec-
tive as well, it would be a homeomorphism, which is unlikely since X is probably not
homeomorphic to )?0 X F. Even if h is not injective, it will induce a homeomorphism
from some quotient space of )?OXF onto X. To see what this quotient space is,
suppose h([y],X,) = h([y'],X{). Then y and y’ are both -
paths from x, to the same endpoint, and from the figure % .
we see that X = L,5(X,). Letting A be the loop y'Y, this ’NCZ :?

means that h([y],X;) = h([Ay],L,(X,)). Conversely, for Y’
any loop A we have h([y],X,) = h([Ay],L,(X;)). Thus h y
induces a well-defined map to X from the quotient space of X

X, X F obtained by identifying ([y],X,) with ([Ay],L,(X,)) Y

for each [A] € (X, x). Let this quotient space be denoted X » where p is the ho-
momorphism from T, (X, x,) to the permutation group of F specified by the action.
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Notice that the definition of X , makes sense whenever we are given an action
p of 1 (X,x,) on a set F. There is a natural projection X,—X sending ([y],%,)
to y(1), and this is a covering space since if U C X is an open set over which the
universal cover )?0 is a product Ux (X, Xx,), then the identifications defining X P
simply collapse Ux 1 (X, xy) XF to UXF.

Returning to our given covering space X — X with associated action p, the map
X p—>)? induced by h is a bijection and therefore a homeomorphism since h was a
local homeomorphism. Since this homeomorphism X, — X takes each fiber of X, to
the corresponding fiber of X,itis an isomorphism of covering spaces.

If two covering spaces p, :)?1 —X and p, :)?2—>X are isomorphic, one may ask
how the corresponding actions of ; (X, x,) on the fibers F; and F, over x, are
related. An isomorphism h:)?1 —>)?2 restricts to a bijection F; —F,, and evidently
L, (h(Xy)) = h(L,(X,)). Using the less cumbersome notation yX, for L, (X,), this
relation can be written more concisely as yh(X,) = h(yX,). A bijection F;, —F, with
this property is what one would naturally call an isomorphism of sets with 1, (X, x,)
action. Thus isomorphic covering spaces have isomorphic actions on fibers. The
converse is also true, and easy to prove. One just observes that for isomorphic actions
p; and p,, an isomorphism h:F; —F, induces a map )?m_’)?pz and h™! induces a
similar map in the opposite direction, such that the compositions of these two maps,
in either order, are the identity.

This shows that n-sheeted covering spaces of X are classified by equivalence
classes of homomorphisms ; (X, xy) —%,,, where ¥, is the symmetric group on n
symbols and the equivalence relation identifies a homomorphism p with each of its
conjugates h™!ph by elements h € 2, . The study of the various homomorphisms
from a given group to X,, is a very classical topic in group theory, so we see that this
algebraic question has a nice geometric interpretation.

Deck Transformations and Group Actions

For a covering space p :X— X the isomorphisms X — X are called deck transfor-
mations or covering transformations. These form a group G(X) under composition.
For example, for the covering space p:R— S' projecting a vertical helix onto a circle,
the deck transformations are the vertical translations taking the helix onto itself, so
G(X) ~ Z in this case. For the n-sheeted covering space S' —S', z — z", the deck
transformations are the rotations of ' through angles that are multiples of 27 /n,
so G(X) =z,.

By the unique lifting property, a deck transformation is completely determined
by where it sends a single point, assuming X is path-connected. In particular, only
the identity deck transformation can fix a point of X.

A covering space p : X — X is called normal if for each x € X and each pair of lifts
X,X’" of x there is a deck transformation taking X to X’ For example, the covering
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space R—S' and the n-sheeted covering spaces S —S' are normal. Intuitively, a
normal covering space is one with maximal symmetry. This can be seen in the covering
spaces of S v §! shown in the table earlier in this section, where the normal covering
spaces are (1), (2), (5)-(8), and (11). Note that in (7) the group of deck transformations
is Z, while in (8) itis Z, X Z,.

Sometimes normal covering spaces are called regular covering spaces. The term
‘normal’ is motivated by the following result.

Proposition 1.39. Let p: (X ,Xg)— (X, x,) be a path-connected covering space of

the path-connected, locally path-connected space X, and let H be the subgroup

p.(m (X, %)) € 1, (X, x,). Then:

(a) This covering space is normal iff H is a normal subgroup of 1, (X, x;) .

b) GX) is isomorphic to the quotient N(H)/H where N(H) is the normalizer of
H in m (X, x,).

In particular, G(X) is isomorphic to 1, (X, x,)/H if)? is a normal covering. Hence

for the universal cover X — X we have G(X) ~ 1, (X).

Proof: We observed earlier in the proof of the classification theorem that changing
the basepoint X, € p’l(xo) to X, € p’l(xo) corresponds precisely to conjugating
H by an element [y] € 11, (X, x,)) where y lifts to a path y from X, to X,. Thus [y]
is in the normalizer N(H) iff p, (1 ()?,9?0)) = p,(m ()?,)Ncl)), which by the lifting
criterion is equivalent to the existence of a deck transformation taking X, to X;.
Hence the covering space is normal iff N(H) = m, (X, x,), that is, iff H is a normal
subgroup of 1 (X, x().

Define @ :N(H )—G(X) sending [y] to the deck transformation T taking X, to
X, in the notation above. Then @ is a homomorphism, for if y’ is another loop corre-
sponding to the deck transformation T’ taking X, to X; then y-.y’ lifts to y-(7(¥")),
apath from X, to T(¥]) = 77'(X,), so 77’ is the deck transformation corresponding
to [y1[y’]. By the preceding paragraph @ is surjective. Its kernel consists of classes
[y] lifting to loops in X. These are exactly the elements of p, (1, ()?JNCO)) =H. O

The group of deck transformations is a special case of the general notion of
‘groups acting on spaces.” Given a group G and a space Y, then an action of G
on Y is a homomorphism p from G to the group Homeo(Y) of all