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1. INTRODUCTION

e(G) = |E(G)| - the number of edges of G;

G|[M] - the subgraph of G, induced by M, where M C V(G);

I'c(M) —the set of all vertices of G adjacent to any vertex of M;

de(v) = |[C'g(v)| - the degree of a vertex v in G;

K, and K, - the complete and discrete n-vertex graphs, respectively.

Let r be an integer. A graph G is called r-partite with partition classes V;,i =
1,...,rif V(G) = V1U...UV,, V;NV; = & for i # j and the sets V; are independent
sets in G. If every two vertices from different partition classes are adjacent, then
G is called complete r-partite graph. Let G be an n-vertex r-partite graph with
partition classes V; and p; = |V;|,i = 1,...,7. Obviously, dg(v) < n — p;, for
any v € V;,1 = 1,...,7 and dg(v) = n — p; if and only if G is a complete r-
partite graph. The symbol K(pi,...,pr) denotes the complete r-partite graph
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with partition classes V4,...,V, such that |V;| = p;,i = 1,...,7. If p1,...,p, are
as equal as possible (in the sense that |p; — p;| < 1 for all pairs {i,3}), then if
p+...+pr =n, K(p1,...,pr) is denoted by T-(n) and is called r-partite n-vertex
Turan’s graph. Clearly

e(K(ply'“)pr)) = Z{Pipj l 1 S 1 <j S T}-
Thus, if p; — p; > 2, then
e(K(pl - 11P2 + 17p3v~"ap1')) _e(K(PlaPZw-'aPr)) =p1—pP2— 1>0

This observation implies the following elementary proposition, we make shall
use of later:

Lemma 1.1. Let n and r be positive integers. Then the inequality

e(K(pl) oo ,Pr)) < e(Tr(n))

holds for each r-tuple (p1, ..., pr) of nonnegative integers p; such thatp;+...+p, =
n. The equality occurs only when K(p,,...,pr) = Tr(n).

Let Vi,...,V,_1 be partition classes of T;_1(n),2 < r < n. Then T;._1(n) is r-
partite graph with partition classes Vi,...,V,_1,{@}. Since 2 <r <n, T,_1(n) #
Tr(n). Thus, from Lemma 1.1 it follows that

e(Tr-1(n)) < e(Tr(n)) (1.1)

Let V(G) = {v1,...,vn}. We call the graph G regular, if

de(v1) =dg(v2) = ... =dg(va).

A simple calculation shows that

_(n2=A)(r-1) (v
e(Tr(n)) = > + 9 (1.2)
wheren=kr+v,0<v<r-1.0
Definition 1.1 Let G be a graph and vy, ...,v, € V(G) be a vertex sequence
such that
v € PG(”I?"')”"-I)) 2<i<r.

Define V3 = V(G)\I'¢(v1), Vo = Tg(v1)\I'g(v2), V3 = Lg(v1,v2)\l'c(vs),- ..,
Vrc1 =T¢(v1,...,vr—2)\l'c(vr-1), Vr =Tc(v1,...,vr_1).

Definition 1.2 The sequence of vertices vy,...,v, in a graph G is called (-
sequence, if the following conditions are satisfied: v; is a vertex of maximal degree
in G, and for i > 2, v; € I'g(vs,...,vi—1) and

dG(’v,') = max {dc;('u)lv € FG('UI, RN ,’U,’_l)}.
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Definition 1.3 Let G be an n-vertex graph and vy,...,v, € V(G). Then the

sequence vy, ...,v, is called saturated, if
1 2e(G
—(dg(v1)+...+dg(vr)) > ( )
T n
This sequence is called balanced, if
1 2e(G
;(d(;('vl) +...+dg(v)) = (T)

Obviously, if G is regular, then any vertex sequence in G is balanced. Let
V(G) = {v1,...,v,}. Then

%(dc(vl) +...+dc(vs))

for any vertex of maximal degree in G. Thus, if d(v) = %G)- for some vertex of

maximal degree in G, then G is regular.
Let r and n be positive integers,2 < r < n. Define

nr-1) n

- o= if n = 0(modr);
fln,r) = n2(r—1)_ vn if n = v(modr),1 <v<r-1
2r ar-1) T I

It straightforward to show that

(r—2)n? 2)n2
f(n,r) > 7 G -1)" >2
Since (r 2)1) > f(n,r — 1), we have
f(n,r=1)< f(n,r),2<r<n (1.3)

Our main result is the following theorem:

Theorem 1.1 (The Main Theorem). Let G be an n-vertexr graph and r be a
positive integer, 2 < r < n, such that e(G) > f(n,r). Let for some s, 1 <s <,
there ezists a balanced B-sequence v1,...,vs € V(G). Then G is regular.

Example 1.1. Consider the graph G shown in Fig.1. The 8-sequence {v1, v3}
is balanced, because
2¢(G)

3(do(on) + do(um)) = 2570 = 2.

Obviously, G is not regular.
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Fig. 1.

2. GENERALIZED r-PARTITE GRAPHS

Definition 2.1. ([2]) An n-vertex graph G is called generalized r-partite with
partition classes V;,i=1,...,r, f V(G) =V U...UV,, VinV; =@,i # j and
dg(v) <n—p; foranyv € V;,i =1,...,r, where p; = |Vi|. If dg(v) = n —p;
for any v € V;, i =1,...,r, then G is called generalized complete r-partite graph
with partition classes V3, ...,V,. We call G generalized Turan’s r-partite graph if
G is a generalized complete r-partite graph with partition classes V3,...,V, and
|pi — pj] <1 for all pairs {i, j}.

Proposition 2.1. Let r and n be natural numbers, 1 < r < n. Let G be an
n-vertex graph, such that

d(v) < (l-‘r—l)l‘- Yo € V(G).

Then G is generalized r-partite graph.

Proof. Let
V@) =WViU...UV,, ViNV; =@, i#j
n n
— | <IViI<[=1],2=1,...,r.
and|_2._|_|hl_[2],z L..,r

From d(v) < r=bn =n— 2 it follows that dlv) <n-— [g], Yv € V(G).

r T
Thus d(v) < n—|V], Vv € V;, i =1,...,7, and G is generalized r-partite graph
with partition classes V4,...,V,.. O

Observe that, if n = 0(modr) and d(v) = g_——rm’ Vv € V(G), then G is

generalized r-partite Turan’s graph.
We shall make use of the following result:

Theorem 2.1. ([2]) Let G be a generalized r-partite graph with partition
classes Vi,...,V,, where |V;| =8;,i=1,...,r. Then

e(G) < e(K(p1,-.-,pr))

The equality holds if and only if G is generalized complete r-partite graph with
partition classes Vi,...,V;.
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Theorem 2.2. ([2]) Let G be a generalized r-partite graph and |V (G)| = n.
Then
e(G) < e(Tr(n))

and equality occurs if and only if G is generalized r-partite Turan’s graph.

Example 2.1. Consider the graph K3 + C5 = Kg — Cs. Obviously, e(K3 +
Cs) = 23 < e(T4(8)) = 24. This graph is not generalized 4-partite graph. Assume
the opposite, i.e. that K3+ Cs is generalized 4-partite graph with partition classes
V1, V2, V3, V4. Let V(K3)) = {v1,v2,v3}. If v; € Vj}, then from d(v;) =7 < 8 — |V}|
it follows that |V;| = 1, i.e. V; = {v;}. Thus, we may assume that V; = {v;},i =
1,2,3. Hence, V4 = V(Cs). Let v € V(C5). Then d(v) =5 > 8 — |V4| = 3, which is
a contradiction.

3. f-SEQUENCES AND GENERALIZED r-PARTITE GRAPHS

We shall use the following:

Theorem 3.1. ([2]) Let vy,...,vr be a B-sequence in an n-vertexr graph G,
which is not contained in an (r + 1)-cliqgue. If V; is the i-th stratum of the stratifi-
cation induced by this sequence and p; = |V;| (see Definition 1.1), then

(a) G is generalized r-partite graph with partition classes Vi,...,Vy;

(b) e(G) < e(K(p1,---,pr)), and the equality occurs if and only if G is a
generalized complete r-partite graph with partition classes Vi,...,V;;

(c) e(G) < e(Tr(n)) and we have e(G) = e(T(n)) only when G is a generalized
r-partite Turan’s graph.

The proof of the theorem 3.1, given in (2], actually establishes the following

stronger statement:

Theorem 3.2. ([2]) Let vy, ..., v, be a B-sequence in an n-vertez graph G such
that
dG(’l}r). <n- |FG('U1, e ,v,_l)l

Then the statements (a), (b) and (c) of the Theorem 3.1 hold.
Denote by ®%(G) the smallest integer r for which there exist a [-sequence
v1,...,VUr, T > 2, in n-vertex graph G, such that
dg(vr) <n—[Cg(vr,. .., vr-1)l.

Theorem 3.3. Let G be an n-vertex graph and e(G) > e(Tr-(n)). Then ¢(G) >
T and Y(G) = r only when G is a generalized r-partite Turan’s graph.

Proof. Let ¢¥(G) = s. By Theorem 3.2, ¢(G) < e(Ts(n)). Thus e(Tr(n)) <
e(Ts(n)). From (1.1) it follows that s > r. If s = r, then e(G) = e(T;(n)).
According Theorem 3.2, G is a generalized r-partite Turan’s graph. O

The following lemma generalizes the Proposition 2.1.
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Lemma 3.1. ([3]) Let G be a graph and vy, ..., v, be a B-sequence in G such
that . ]
d(v1) + ...+ d(vg) < —(’:—)" for some 1 <k <r. (3.1)

Then G is a generalized r-partite graph. If inequality (3.1) is strict, then G is not
generalized r-partite Turan’s graph.

Denote the smallest integer r for which there exists a a g-sequence vy, ..., v,
in n-vertex graph G, such that
deg(v1) +...+dg(ve) < (r—1)n (3.2)
by £(G).

Theorem 3.4. Let G be an n-vertex graph and e(G) > e(Ty(n)). Then &(G) >
r and &(G) =r only when G is generalized r-partite Turan’s graph.

Proof. Let £(G) = s and let vy,...,v, be a B-sequence in G, such that
de(v1)+...+dg(vs) < (s—1)n

By Lemma 3.1 (r = k = s), the graph G is generalized r-partite. According
to Theorem 2.2 ¢(G) < e(T,(n)). Thus, the inequality e(G) > e(Ty(n)) implies
e(Ts(n)) > e(Ty(n)). By (1.1) we have s > r.

Let s = r. Then e¢(G) = e(T-(n)) and from the Theorem 2.2 it follows that G
is a generalized r-partite Turan’s graph. O

4. SATURATED AND BALANCED S-SEQUENCES

The following results were proved by us:

Theorem 4.1. ([3]) Let G be an n-vertez graph and vy, ..., v, be a B-sequence
in G, which is not balanced and not saturated. Then G is generalized r-partite graph,
which is not a generalized r-partite Turan’s graph. Thus e(G) < e(Ty(n)).

Theorem 4.2. ([3]) Let G be an n-vertez graph and let v,...,v, be a §-
sequence in G, r > 2, which is not balanced and not saturated. Then

r—1)2
d(vi) + ...+ d(vr—1) < %n.
In this section we improve Theorem 4.2.
Theorem 4.3. Let G be an n-vertex graph and vy, . ..,v, 7 > 2 be a -sequence
in G, which is not saturated but vy,...,v._1 is saturated. Then
r—1)2
dv)) + ... +dv,_1) < (—-r—)-n (4.1)
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If there is equality in (4.1), then:
(a) v1,-..,vyr is balanced,

(b) n = 0(modr) and G is a generalized (noncomplete) r-partite graph with

partition classes V{,...,V/,, such that |V]| = o i=1,...,7 and

r—1

d(v) = T—E—ln, Vv e U Vi
i=1
. —1)2
d(v) = 2e(§’)r _(r 7.1) n, Vo e V!
(r—=1)2%n2 r-1 (r=1n®> =n
(c) r? T se(@) s 2r 2r°

. (r=1)%n .
Proof. Since (r —2)n < ———incase d(n1)+...+d(vr—1) < (r—2)n the

inequality (4.1) holds. Therefore, we shall assume that

d(v1) + ... +d(vr—1) > (r — 2)n.

Let V; be the i-stratum of the stratification, induced by sequence vy, ...

Obviously, v; € V;, i =1,...,r and
VIG)=WMU..UV, VinV; =@, i#].
Since V; ¢ V(G)\I'(»s), i =1,...,r — 1, we have
Vil <n—d(vi),i=1,...,7— 1.

It follows from (4.3), (4.4) and (4.2) that

r

-1
> d(vi) - (r—2)n>0.
=1

1=

r—1
Vil=n-=> Vil >
i=1
Thus V; # @. Let V/ be a subset of V, such that
r—1
V= d(v:)—(r—2)n.
i=1

Define W = V(G)\V,.. By (4.5) we have

r—1

W= (n—d)).

=1

(4.2)

) Ur.

(4.3)

(4.4)

(4.5)

(4.6)

Since V; C W, i=1,...,r — 1, from (4.3), (4.4) and (4.6) it follows that there
exist disjoint sets V/, ¢ = 1,...,7 —1, such that V; C V/ C W and |V}/| = n —d(w;).
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Since V; C V/, we have v; € V/, i = 1,...,r — 1. From (4.6) it follows that
r—1
W = |J V/. Hence,

i=1
V(G)=V\U...UV,V/NnV/=2,i#]. (4.7)
Observe that
V,'I\V, cV,= F(’U],. ..,’Ur_l) C F(’Ul,.. .,v,-_l)

and V; C I'(vy,...,vi—1). Thus V! Cc I'(vq,...,%—1), i =1,...,7r— 1 and d(v) <
d(v;), Vv € V/, i = 1,...,r — 1. From the inclusion V;/ C V; it follows that
d(v) < d(v,), Yv € V.. So, we have

dw) <d(v), WweV/,i=1,...,r (4.8)

By (4.7), we have

2(G)= Y d)= Y dv)+...+ Y dv).

veV(G) veVy veV!
Let d(v;) =d;, i =1,...,r. From |V/|=n—d;,i=1,...,r -1, (4.8) and
(4.5) it follows that
r—1 r—1
2e(G) < 3 di(n —di) + (Zdi —(r- 2)n)d,.. (4.9)
=1 i=1

The equality in (4.9) occurs if and only if
dv)=d;, VeV, i=1,...,r
o+d, 2e(G)

Let 0 = d;y + ...+ dr_1. We have - < because the sequence
v1,..., Uy is not saturated. Thus,
2re(G
dy < —r—il(—)- - (4.10)

By the Caushy-Schwarz inequality ( z::z:iy,-)2 < 32?3 y2, applied to z; =
d;, y; = 1, we have

Yod?> (4.11)

and the equality holds if and only if d; = ... = d,—;. We obtain by (4.10) and
(4.11)

o? r
2e(G) Sno— = + (0 — (r = 2)n )(2 e(G) o).
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This inequality is equivalent to

o
r—1

@ (r=1)2n-ro) < (r-1)?n—-ro). (4.12)

The equality in (4.12) occurs simultaneously with the equalities in (4.9), (4.10)
and (4.11), i.e. when

dv)=d;=di, WweV/,i=1,...,r—1and (4.13)
d(v) =d, = ZT‘eT(G)—a, Vv e V.
Since vy, ...,v,_1 is saturated, we have
T 2e(G).
r—1 n

: —1)?
Thus, (4.12) is equivalent to the inequality o < w The inequality (4.1)

is proved.
It remains to examine the case of the equality in (4.1). Assume, that

po (T=1)n

- (4.14)

Then n = 0(mod r) and the equality holds in (4.12), i.e. (4.13) is realized.
From (4.14) and (4.13) it follows that

dv)=d;=...= ,_1=-(T_T—1)n,VvGVi',i=l,...,r—1 (4.15)

and

d(v) = d, = 2re(G)  (r—1)°
n T

n, Yv € V.. (4.16)
By (4.15) and (4.16) it follows that

di+...+d.  2¢e(G)
T T oon

i.e. v1,...,v, is balansed. Since vy,...,v-_1 is saturated, we have

di+...+dr_1 >2e(G) _di+...+d,

K

r—1 n T
r—1
Hence d, < dy = n.Thus
r—1 ,
d(v) =d, < —r—n, vE V,;. (417)
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r—1
Since |V/|=n—d;,i=1,...,r—1and |V/| = ) di — (r — 2)n, we obtain by
i=1

(4.15)
|v'|_2 i=1,...,r
Thus, from (4.15) and (4.17) it follows that G generalized (noncomplete) r-
partite graph with equal partite classes V{,..., V.

So, (a) and (b) are proved. It remains to prove (c). The number ﬂ is
integer, because n = 0(mod r) and consequently from (4.17) it follows that
d, < w —1.
T
Since vy, ..., v, is balanced, by this inequality and (4.15) we have
(r-=1)%n (r—1)n )
2e(G) _dit..+d A _(r=Dn-1

n r T r

Thus, e(G) < (r— 1)n2 - 1

Since v, € I'g(v1,...,vr-1), d(v,) > r — 1. From this inequality and (4.16) we
conclude that

>
(02 it 5,

The proof of (c) is over and Theorem 4.3 is proved. O

Corollary 4.1. Let G be an n-vertex graph and r be integer, 1 <r < n. Let
e(G) > e(Ty(n)) and for some s, 1 < s < r there exists a balanced (3-sequence
v1,...,Vs € V(G). Then G is regular.

Proof. We prove this corollary by induction on s. The base s = 1 is clear, since

261(1G) implies that G is regular.

d(v1) +...+d(vs) _ 2e(G)
n

S

dv1)=

Let s > 2. Since , from d(v;) 2 d(v2) > ... >

d(v,) it follows that
d(v1) + ...+ d(vs—1) > 2¢(QG)

s—1 - n
i.e. vq,...,vs—~1 is balanced or saturated. We prove that v;,...,vs_1 is balanced.
Assume the opposite.
Since vy, ..., s is not saturated, by Theorem 4.3
s—1)n
d(wn) +...+ d(wsr) < BT (4.18)

By Lemma 3.1, G is a generalized s-partite graph. From Theorem 2.2 it follows
e(G) < e(To(n)).
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Thus, we have e(T;(n)) < e(G) < e(Ts(n)). Since s < 7, (1.1) implies that
s =r and e(G) = e(Ts(n)). According to Lemma 3.1, there is equality in (4.18).

(s=Ln®> n

Thus, Theorem 4.3 implies that n = 0(mod s) and e(G) < %5 %5 This

12
contradicts the equality e(G) = e(Ts(n)) = E——Q—’}—

So, v1,...,vs—1 is balanced. By inductive hypothesis, G is regular and the
proof of Corollary 4.1 is over. 0O

5. PROOF OF THE MAIN THEOREM

We prove that G is regular by induction on s. The base s = 1 is clear, since
d(n) = 267(16’) implies that G is regular.

Let s > 2. From d(v;) > ... > d(v;) it follows that

d(w) + ... +d(v,-1) _ 2e(G)
s—1 = n

Hence, v;,...,vs5—1 is balanced or saturated. We prove that vy,...,vs—1 is
balanced. Assume the opposite. Then

d(v1) + ... +d(vs-1) S 2e(G)'

—— > (5.1)

By Theorem 4.3, the inequality (4.18) holds. If there is equality in (4.18), then

—1\n2
according to Theorem 4.3, n = 0(mod s) and e(G) < (s=Un® _ 2n_s = f(n,s).
But f(n,s) < f(n,r), because s < r (see (1.3)). Therefore, e(G) < f(n,r) which is
a contradiction. Assume that (4.18) is strict.

Case 1. n = 0(mod s). Since (4.18) is strict, it follows that

d(v1) + ... +d(ve-1) < (—‘?—'?122—" -1 (5.2)
From (5.1) and (5.2) it follows that
_ 2
e@) < & 231)" - 2(3"_ 5 < f(ns).

By s < r and (1.3), f(n,s) < f(n,r). Hence e(G) < f(n,r), which is a
contradiction.
Case 2. n=v(mod s), 1 <v <s—1. Since (4.18) is strict, we have

i +v(s —2). (5.3)

(s—=12n, (n-v)(s—1)
I= s

d(v1) + .. +d(vs-1) < [T
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From (5.1) and (5.3) it follows
e(G) < f(n,s) < f(n,7),

which is a contradiction.

The Main Theorem is proved.

2(p —
Remark. If n = 0(mod r), then f(n,r) < e(Tr(n)) = %Tl) Therefore,

in this case the Corollary 4.1 follows from Main Theorem. Let n = v(mod r),
1<v <r-1. From (1.2) it follows that

1) u(r—u).

n?(r —
e(Tr(n)) - o 2 (5'4)
The equality (5.4) implies, that if
v(r—v) vn

- 2r(r —1)’

ie. n> (n— uj(r — 1), then f(n,r) < e(T-(n)). Hence, if n > (r — v)(r — 1),
Corollary 4.1 follows from the Main Theorem.

6. o-SEQUENCES IN GRAPHS

Let G be a graph and vy,...,v € V(G). Define I'y = V(G) and I'; =
Lg(vr,...,v:),i=1,...,r—1. In our articles [4] and [5] we introduced the following
concept:

Definition 6.1. The sequence vy, ...,v, € V(G) is called a-sequences if v; €
T;_; and v; has maximal degree in the graph G[[';—4], i =1,...,7.

a-sequences appears later in [7-10] under the name ” degree-greedy algorithm”
and in [11] under the name ”s-stable algorithm”.

The following result was proved by us:

Theorem 6.1. ([2]) Let vy,...,v, be a a-sequence in an n-vertexr graph G,
which is not contained in an (r + 1)-gliqgue. If V; is the i-th stratum of the strat-
ification induced by this sequence and p; = |Vi|, i = 1,...,r (see Definition 1.1),
then

(a) G is generalized r-partite graph with partition classes Vi, ...,V; and

2(G) < e(K(p1,---,pr)); (6.1)
(b) There is equality in (6.1) only when G = K(p1,...,pr).

The proof of Theorem 6.1, given in [2], actually establishes the following state-
ment:
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Theorem 6.2. Let vy,...,v, be an a-sequence in an n-verter graph G such
that
d(v) <n—|Tpq], Vv €Ty (6.2)

If V; is the i-th stratum of the stratification induced by this sequence and p; =
|Vil, i=1,...,r, then

(a) G is generalized r-partite graph with partition classes Vi,...,V, and in-
equality (6.1) holds;

(b) There is equality in (6.1) only when G is generalized complete r-partite
graph with partition classes Vi,...,V,.

Denote by ¢(G) the smallest integer = for which there exists an a-sequence
v1,. ..,y € V(G), such that (6.2) holds.

Theorem 6.3. Let G be an n-vertex graph, such that e(G) > e(Tr(n)), 1 <
r < n. Then ¢(G) > r and ¢(G) = r only when G is generalized r-partite Turan’s
graph.

Proof. Let ¢(G) = s and vy,...,vs be a-sequence in G, such that d(v) <
n — |Ts—1|, Vv € T's_1. By Theorem 6.2 and Theorem 2.2, we have e(Tr(n)) <
e(Ts(n)). From (1.1) it follows s > r. If s = r, then e(G) = e(Tr(n)). According
to Theorem 2.2(c), G is generalized r-partite Turan’s graph. This completes the
proof of Theorem 6.3. O

Let vy,...,v, be a-sequence in graph G, and Gi—1 = G[['i-1}, i = 1,...,r,
where I';, 1 = 1,...,7 — 1 are defined above. Define

d} = dg(v1), dy = dg, (v2),...,d,. = dg._,(vr).

Theorem 6.4. Let G be an n-vertex graph and vy, ...,v, be a-sequence in G,
such that for some s, 1 <s<r,

dg+...+d;g§<(;>—(’";s)). (6.3)

Then G is generalized T-partite graph.

Proof. We prove Theorem 6.4 by induction on s. The induction base is s = 1.

From (6.3) it follows that dj < (r —rl)n

(r—1)n

. Since d; = dg(v1) and v; has maximal

degree in G, we have d(v) < , Yv € V(G). By Proposition 1.1, G is

generalized r-partite graph.
Let s > 2 and suppose, that assertion is true for s — 1.
Case 1. dj+...+d)< _5"1_(("—1) - ("‘s
B 2 2
Obviously vs,...,v, be a-sequence in G; = G[['¢(v1)]. By inductive hypo-
thesis, we may assume that G; is generalized (r — 1)-partite graph with partition
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classes Wa, ..., W,. Thus, G is generalized r-partite graph with partition classes
W1 = V(G)\FG('Dl), W2, ceey W,-.

d r—1\" (r-s
U U 1 _
Case 2. d2+'”+d’>—r—1(( 9 ) ( 9 ))

From (6.3) it follows that

s ((3)-()HO-(2)

(-0 .
5 (059-03)

Note that A = r — 1. Thus, by (6.4), we have dj < %(r —1). Hence d(v) <
n(r—1)
r

Hence

di < ;A, where A =

, Vv € V(G). By Proposition 2.1, G is generalized r-partite graph. O

Theorem 6.5. Let _G be an n-vertez graph and v1,. ..,V be a-sequence in G,
such that e
d 4. +d < —ef;—)

Then G is generalized k-partite graph.
U
Proof. If k = 1, then dj < E%;-)-. Since e(G) < %2, it follows that d} = 0.
Thus, E(G) = @ and G is 1-partite graph.
Let kK > 2. Then
ke(G)

d+...+d; <
2t de S —

—d.

U

From this inequality and e(G) < anl, it follows that

k—2)dy dy (k-1
I /<( 1= 1 .
dy+...+d < k—l( ) )

Since vs,..., vk is an a-sequence in G1 = G[T¢(v1)], by this inequality and
Theorem 6.4 (with 7 = s = k — 1), it follows that the graph G is generalized
(k — 1)-partite graph. Let Wa,..., Wy be partition classes of G;. Then G is
generalized r-partite graph with partition classes Wi = V(G)\I'g(v1), Wa, ..., Wk.
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