
âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✷✷ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ñèÿíà ßñåíîâà Ïëà÷êîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

2x1 −9x2 +2x3 +8x4 −5x5 =0

9x1 +8x2 +2x3 +4x4 +2x5 =0

9x1 −2x2 +2x3 +8x4 +2x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (2, 9, 2, 8, 0)

b = (2, 2, 8, 9, 0)

c = (2, 2, 0, 9, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−7

2
, 0,−1

)

,

v2 =
(

0, 1,−8, 5
2
,−1

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2 9 2 8 0
2 2 8 9 0
2 2 0 9 8
1 0 −7

2
0 −1

0 1 −8 5

2
−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 7004

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 2 2
9 2 2 8 0
2 8 0 9 2
2 2 8 0 9
8 2 2 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 2 2
9 2 2 8 0
2 8 0 9 2
2 2 8 0 9
8 2 2 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 2 2
9 2 2 8 0
2 8 0 9 2
2 2 8 0 9
8 2 2 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 2 2 0 9
−6 0 6 0 0
0 6 −8 9 −7
7 −6 2 −1 −2
−1 −2 7 −6 2













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −6 0 −2 9
−6 6 6 −6 0
0 6 −14 17 −16
7 −13 8 −3 −1
−1 −1 9 −13 8













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 1 2 3
7 3 4 7
2 1 1 2
5 2 3 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 1 2 3
7 3 4 7
2 1 1 2
5 2 3 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 0, 0, 1), a2 = (−1, 1, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−6 10 −4
−2 4 −1
4 −6 4





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 6 10 −4
−2 4− x −1
4 −6 4− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−8 10 −4
−2 2 −1
4 −6 2



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0,−2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✸✵ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➚ðòåì ➚ëåêñàíäðîâè÷ ❮èêèôîðîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

2x1 −9x2 −3x3 +8x4 −5x5 =0

8x1 +9x2 −3x3 +5x4 +3x5 =0

8x1 −3x2 +6x3 −9x4 +3x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (0, 9, 3, 8, 0)

b = (8, 3, 0, 0, 9)

c = (9, 0, 8, 0, 3)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−92

15
,−138

35
,−78

35

)

,

v2 =
(

0, 1, 16
5
, 6
5
,−9

5

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà äå✲
òåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 9 3 8 0
8 3 0 0 9
9 0 8 0 3
1 0 −92

15
−138

35
−78

35

0 1 16

5

6

5
−9

5

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
26654

7

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 3 0
9 3 0 8 0
0 8 0 9 3
3 0 8 0 9
8 3 0 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 3 0
9 3 0 8 0
0 8 0 9 3
3 0 8 0 9
8 3 0 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 3 0
9 3 0 8 0
0 8 0 9 3
3 0 8 0 9
8 3 0 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 3 0 0 9
−5 −3 8 0 0
−3 8 −8 9 −6
9 −5 0 −1 −3
−1 −3 9 −5 0













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −5 −3 0 9
−5 2 11 −8 0
−3 11 −16 17 −15
9 −14 5 −1 −2
−1 −2 12 −14 5













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 2 2 2
15 7 7 10
3 1 1 2
12 6 6 8









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 2 2 2
15 7 7 10
3 1 1 2
12 6 6 8





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−2

3
, 0, 0, 1), a2 = (0,−1, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−2 2 0
−1 2 0
2 −2 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 2 2 0
−1 2− x 0
2 −2 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 2 0
−1 0 0
2 −2 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✹✵ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❮èêîëàé ✃îëåâ ➹åîðãèåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

6x1 −9x2 −4x3 +8x4 +6x5 =0

4x1 −8x2 +2x3 −x4 +9x5 =0

−9x1 −4x2 −8x3 −4x4 −4x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (0, 9, 4, 8, 0)

b = (9, 0, 0, 8, 4)

c = (4, 8, 9, 0, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−215

384
,−35

48
,− 77

192

)

,

v2 =
(

0, 1,−23

24
,−1

6
, 13
12

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 9 4 8 0
9 0 0 8 4
4 8 9 0 0
1 0 −215

384
−35

48
− 77

192

0 1 −23

24
−1

6

13

12

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
316627

128

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 4 0
9 4 0 8 0
0 8 0 9 4
4 0 8 0 9
8 4 0 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 4 0
9 4 0 8 0
0 8 0 9 4
4 0 8 0 9
8 4 0 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 4 0
9 4 0 8 0
0 8 0 9 4
4 0 8 0 9
8 4 0 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 4 0 0 9
−4 −4 8 0 0
−4 8 −8 9 −5
9 −4 0 −1 −4
−1 −4 9 −4 0













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −4 −4 0 9
−4 0 12 −8 0
−4 12 −16 17 −14
9 −13 4 −1 −3
−1 −3 13 −13 4













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 1 3 3
8 8 9 12
2 2 1 2
6 6 8 10









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 1 3 3
8 8 9 12
2 2 1 2
6 6 8 10





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−3

5
, 0,−4

5
, 1), a2 = (−1, 1, 0, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





3 −6 1
0 −2 2
1 −2 1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

3− x −6 1
0 −x− 2 2
1 −2 1− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





1 −6 1
0 −4 2
1 −2 −1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1
4
, 1
2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✹✷ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❒èõàèë Ðóìåíîâ ❒ëàäåíîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

2x1 −9x2 −4x3 +8x4 −5x5 =0

4x1 +2x2 +5x3 +9x4 −8x5 =0

−5x1 −9x2 −4x3 +2x4 −8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (2, 9, 4, 8, 0)

b = (8, 2, 0, 4, 9)

c = (4, 8, 9, 0, 2)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−199

570
,−159

190
,−188

285

)

,

v2 =
(

0, 1,−261

190
, 37

190
,−37

95

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2 9 4 8 0
8 2 0 4 9
4 8 9 0 2
1 0 −199

570
−159

190
−188

285

0 1 −261

190

37

190
−37

95

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
398709

190

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 4 2
9 4 2 8 0
2 8 0 9 4
4 2 8 0 9
8 4 2 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 4 2
9 4 2 8 0
2 8 0 9 4
4 2 8 0 9
8 4 2 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 4 2
9 4 2 8 0
2 8 0 9 4
4 2 8 0 9
8 4 2 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 4 2 0 9
−4 −2 6 0 0
−2 6 −8 9 −5
7 −4 2 −1 −4
−1 −4 7 −4 2













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −4 −2 −2 9
−4 2 8 −6 0
−2 8 −14 17 −14
7 −11 6 −3 −3
−1 −3 11 −11 6













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 2 1 3
10 9 5 12
1 3 2 3
5 8 5 9









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 2 1 3
10 9 5 12
1 3 2 3
5 8 5 9





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−3

7
,−6

7
, 0, 1), a2 = (1

7
,−5

7
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−1 −1 2
−4 2 2
2 −3 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 1 −1 2
−4 2− x 2
2 −3 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 −1 2
−4 −1 2
2 −3 −1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0, 2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✹✸ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➘èìèòúð ➴ìèëîâ ✃åðìåä÷èåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

3x1 +9x2 −4x3 +8x4 +6x5 =0

9x1 +4x2 −3x3 −8x4 −5x5 =0

−4x1 +5x2 −8x3 −9x4 +3x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (3, 9, 4, 8, 0)

b = (0, 8, 3, 9, 4)

c = (9, 4, 8, 3, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 941
446

,−623

446
, 1235

446

)

,

v2 =
(

0, 1, 893
446

,−395

446
, 453
446

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

3 9 4 8 0
0 8 3 9 4
9 4 8 3 0
1 0 941

446
−623

446

1235

446

0 1 893

446
−395

446

453

446

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
192985

223

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 4 3
9 4 3 8 0
3 8 0 9 4
4 3 8 0 9
8 4 3 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 4 3
9 4 3 8 0
3 8 0 9 4
4 3 8 0 9
8 4 3 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 4 3
9 4 3 8 0
3 8 0 9 4
4 3 8 0 9
8 4 3 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 4 3 0 9
−4 −1 5 0 0
−1 5 −8 9 −5
6 −4 3 −1 −4
−1 −4 6 −4 3













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −4 −1 −3 9
−4 3 6 −5 0
−1 6 −13 17 −14
6 −10 7 −4 −3
−1 −3 10 −10 7













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 2 2 1
5 10 10 11
1 2 2 3
6 12 12 12









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 2 2 1
5 10 10 11
1 2 2 3
6 12 12 12





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−2, 1, 0, 0), a2 = (−2, 0, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





4 −4 5
5 −3 4
4 −2 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

4− x −4 5
5 −x− 3 4
4 −2 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





1 −4 5
5 −6 4
4 −2 −1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 3
2
, 1
]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✹✽ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➬âåçäàëèíà ➘èìèòðîâà ➘èìèòðîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−8x1 −9x2 +4x3 −8x4 −6x5 =0

−8x1 +4x2 +8x3 −9x4 +2x5 =0

8x1 −8x2 +6x3 +9x4 −4x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (8, 9, 4, 8, 0)

b = (8, 9, 8, 4, 0)

c = (8, 4, 8, 9, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,− 4

259
,−240

259
,− 4

37

)

,

v2 =
(

0, 1, 27

518
, 33

259
,−121

74

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

8 9 4 8 0
8 9 8 4 0
8 4 8 9 0
1 0 − 4

259
−240

259
− 4

37

0 1 27

518

33

259
−121

74

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
246990

259

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 4 8
9 4 8 8 0
8 8 0 9 4
4 8 8 0 9
8 4 8 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 4 8
9 4 8 8 0
8 8 0 9 4
4 8 8 0 9
8 4 8 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 4 8
9 4 8 8 0
8 8 0 9 4
4 8 8 0 9
8 4 8 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 4 8 0 9
−4 4 0 0 0
4 0 −8 9 −5
1 −4 8 −1 −4
−1 −4 1 −4 8













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −4 4 −8 9
−4 8 −4 0 0
4 −4 −8 17 −14
1 −5 12 −9 −3
−1 −3 5 −5 12













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 3 2 2
4 9 6 7
2 3 2 3
5 9 6 8









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 3 2 2
4 9 6 7
2 3 2 3
5 9 6 8





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1,−1

3
, 0, 1), a2 = (0,−2

3
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−1 −1 3
−2 −1 5
2 −3 5





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 1 −1 3
−2 −x− 1 5
2 −3 5− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 −1 3
−2 −4 5
2 −3 2



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 2, 2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✹✾ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➶àëåðèÿ ❒ëàäåíîâà Òîäîðîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−9x1 +9x2 +4x3 +8x4 −x5 =0

3x1 −8x2 +4x3 −9x4 +9x5 =0

9x1 +8x2 −9x3 +4x4 −6x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (9, 9, 4, 8, 0)

b = (9, 4, 8, 0, 9)

c = (9, 0, 4, 9, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 537
319

, 54

319
,−291

319

)

,

v2 =
(

0, 1, 314
319

,−569

319
,−425

319

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

9 9 4 8 0
9 4 8 0 9
9 0 4 9 8
1 0 537

319

54

319
−291

319

0 1 314

319
−569

319
−425

319

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
5189
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Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 4 9
9 4 9 8 0
9 8 0 9 4
4 9 8 0 9
8 4 9 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 4 9
9 4 9 8 0
9 8 0 9 4
4 9 8 0 9
8 4 9 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 4 9
9 4 9 8 0
9 8 0 9 4
4 9 8 0 9
8 4 9 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 4 9 0 9
−4 5 −1 0 0
5 −1 −8 9 −5
0 −4 9 −1 −4
−1 −4 0 −4 9













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −4 5 −9 9
−4 9 −6 1 0
5 −6 −7 17 −14
0 −4 13 −10 −3
−1 −3 4 −4 13













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 3 2 2
5 10 9 8
2 1 3 2
4 7 7 6









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 3 2 2
5 10 9 8
2 1 3 2
4 7 7 6





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−4

5
,−2

5
, 0, 1), a2 = (−7

5
,−1

5
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−1 1 1
−3 3 1
4 −2 0





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 1 1 1
−3 3− x 1
4 −2 −x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−3 1 1
−3 1 1
4 −2 −2



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 1,−1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✺✵ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➹åîðãè ➶àëåðèåâ Ïàâëîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−3x1 −9x2 −5x3 −8x4 −6x5 =0

5x1 −9x2 −2x3 −8x4 −6x5 =0

4x1 −5x2 +9x3 +8x4 −x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (0, 9, 5, 8, 0)

b = (0, 5, 0, 8, 9)

c = (0, 0, 8, 5, 9)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−8

3
, 391
168

,−29

21

)

,

v2 =
(

0, 1, 0, 3
8
,−2

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 9 5 8 0
0 5 0 8 9
0 0 8 5 9
1 0 −8

3

391

168
−29

21

0 1 0 3

8
−2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
3027

8

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 5 0
9 5 0 8 0
0 8 0 9 5
5 0 8 0 9
8 5 0 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 5 0
9 5 0 8 0
0 8 0 9 5
5 0 8 0 9
8 5 0 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 5 0
9 5 0 8 0
0 8 0 9 5
5 0 8 0 9
8 5 0 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 0 0 9
−3 −5 8 0 0
−5 8 −8 9 −4
9 −3 0 −1 −5
−1 −5 9 −3 0













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 −5 0 9
−3 −2 13 −8 0
−5 13 −16 17 −13
9 −12 3 −1 −4
−1 −4 14 −12 3













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 2 1 3
7 5 4 9
3 1 2 3
9 7 5 12









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 2 1 3
7 5 4 9
3 1 2 3
9 7 5 12





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−3

4
,−3

4
, 0, 1), a2 = (−3

4
, 1
4
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−1 2 2
−2 4 1
6 −10 0





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 1 2 2
−2 4− x 1
6 −10 −x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 2 2
−2 1 1
6 −10 −3



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0, 2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✺✶ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➮âàéëî ➶àëåðèåâ Õàðòàðñêè

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

x1 −9x2 −5x3 −8x4 −3x5 =0

−8x1 +5x2 +5x3 +x4 −9x5 =0

−5x1 −9x2 −x3 −5x4 +8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (1, 9, 5, 8, 0)

b = (8, 0, 9, 1, 5)

c = (0, 5, 8, 1, 9)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 1044
505

,−613

505
, 63

505

)

,

v2 =
(

0, 1,− 53

505
,−604

505
, 184
505

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷å✲
íàòà äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 9 5 8 0
8 0 9 1 5
0 5 8 1 9
1 0 1044

505
−613

505

63

505

0 1 − 53

505
−604

505

184

505

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
1233408

505

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 5 1
9 5 1 8 0
1 8 0 9 5
5 1 8 0 9
8 5 1 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 5 1
9 5 1 8 0
1 8 0 9 5
5 1 8 0 9
8 5 1 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 5 1
9 5 1 8 0
1 8 0 9 5
5 1 8 0 9
8 5 1 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 1 0 9
−3 −4 7 0 0
−4 7 −8 9 −4
8 −3 1 −1 −5
−1 −5 8 −3 1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 −4 −1 9
−3 −1 11 −7 0
−4 11 −15 17 −13
8 −11 4 −2 −4
−1 −4 13 −11 4













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 3 1 2
3 5 3 4
1 1 1 1
5 9 5 7









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 3 1 2
3 5 3 4
1 1 1 1
5 9 5 7





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1

2
,−1

2
, 0, 1), a2 = (−1, 0, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−1 −2 6
−2 1 3
−1 1 1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 1 −2 6
−2 1− x 3
−1 1 1− x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−2 −2 6
−2 0 3
−1 1 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1, 2
3

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✺✻ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➱îðäàí ➘ðàãîìèðîâ ❒èõàéëîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−6x1 +9x2 −5x3 +8x4 −2x5 =0

5x1 +9x2 −6x3 +4x4 −8x5 =0

9x1 −8x2 +3x3 +5x4 −6x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (6, 9, 5, 8, 0)

b = (9, 5, 6, 0, 8)

c = (5, 0, 6, 9, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−205

238
, 72

119
, 107

68

)

,

v2 =
(

0, 1, 467
238

, 2

119
,−23

68

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 9 5 8 0
9 5 6 0 8
5 0 6 9 8
1 0 −205

238

72

119

107

68

0 1 467

238

2

119
−23

68

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
431449

476

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 5 6
9 5 6 8 0
6 8 0 9 5
5 6 8 0 9
8 5 6 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 5 6
9 5 6 8 0
6 8 0 9 5
5 6 8 0 9
8 5 6 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 5 6
9 5 6 8 0
6 8 0 9 5
5 6 8 0 9
8 5 6 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 6 0 9
−3 1 2 0 0
1 2 −8 9 −4
3 −3 6 −1 −5
−1 −5 3 −3 6













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 1 −6 9
−3 4 1 −2 0
1 1 −10 17 −13
3 −6 9 −7 −4
−1 −4 8 −6 9













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 3 2 2
7 8 6 6
3 2 2 2
9 11 8 8









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 3 2 2
7 8 6 6
3 2 2 2
9 11 8 8





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−2

5
,−2

5
, 0, 1), a2 = (−2

5
,−2

5
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





3 −6 7
1 −4 7
1 −2 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

3− x −6 7
1 −x− 4 7
1 −2 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





1 −6 7
1 −6 7
1 −2 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 3
4
, 1
2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✺✼ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➹àëåí Ïëàìåíîâ ➹åîðãèåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−7x1 +9x2 +5x3 −8x4 +2x5 =0

8x1 +9x2 −7x3 −3x4 +5x5 =0

x1 −7x2 −5x3 −8x4 +9x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (7, 9, 5, 8, 0)

b = (5, 8, 9, 7, 0)

c = (0, 7, 5, 9, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 323
157

, 135
157

, 282
157

)

,

v2 =
(

0, 1, 859
157

, 1110
157

, 1586
157

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

7 9 5 8 0
5 8 9 7 0
0 7 5 9 8
1 0 323

157

135

157

282

157

0 1 859

157

1110

157

1586

157

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
283090

157

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 5 7
9 5 7 8 0
7 8 0 9 5
5 7 8 0 9
8 5 7 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 5 7
9 5 7 8 0
7 8 0 9 5
5 7 8 0 9
8 5 7 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 5 7
9 5 7 8 0
7 8 0 9 5
5 7 8 0 9
8 5 7 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 7 0 9
−3 2 1 0 0
2 1 −8 9 −4
2 −3 7 −1 −5
−1 −5 2 −3 7













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 2 −7 9
−3 5 −1 −1 0
2 −1 −9 17 −13
2 −5 10 −8 −4
−1 −4 7 −5 10













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 1 2 3
4 6 9 12
1 3 3 3
5 9 12 15









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 1 2 3
4 6 9 12
1 3 3 3
5 9 12 15





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−3, 0, 0, 1), a2 = (−3

2
,−1

2
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−1 −1 3
−2 −1 5
2 −3 5





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 1 −1 3
−2 −x− 1 5
2 −3 5− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 −1 3
−2 −4 5
2 −3 2



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 2, 2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✺✽ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➪åòèíà ➴ìèëîâà ➮âàíîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

8x1 +9x2 +5x3 +8x4 −2x5 =0

−8x1 −2x2 +8x3 +5x4 +9x5 =0

9x1 −5x2 +5x3 +8x4 −8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (8, 9, 5, 8, 0)

b = (8, 9, 8, 0, 5)

c = (5, 8, 8, 9, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 271
117

,−563

234
, 1
6

)

,

v2 =
(

0, 1, 757
117

,−673

117
,−7

3

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

8 9 5 8 0
8 9 8 0 5
5 8 8 9 0
1 0 271

117
−563

234

1

6

0 1 757

117
−673

117
−7

3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
403769

117

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 5 8
9 5 8 8 0
8 8 0 9 5
5 8 8 0 9
8 5 8 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 5 8
9 5 8 8 0
8 8 0 9 5
5 8 8 0 9
8 5 8 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 5 8
9 5 8 8 0
8 8 0 9 5
5 8 8 0 9
8 5 8 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 8 0 9
−3 3 0 0 0
3 0 −8 9 −4
1 −3 8 −1 −5
−1 −5 1 −3 8













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 3 −8 9
−3 6 −3 0 0
3 −3 −8 17 −13
1 −4 11 −9 −4
−1 −4 6 −4 11













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 2 1 1
5 4 5 5
1 1 2 2
4 3 3 3









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 2 1 1
5 4 5 5
1 1 2 2
4 3 3 3





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (3,−5, 0, 1), a2 = (3,−5, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−2 −1 7
−4 1 7
0 −1 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 2 −1 7
−4 1− x 7
0 −1 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 −1 7
−4 −1 7
0 −1 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 2
3
, 2
3

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✻✹ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ïëàìåí ➷èâêîâ ❮à÷åâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−4x1 +9x2 −6x3 +8x4 +6x5 =0

6x1 −x2 +4x3 −8x4 −9x5 =0

8x1 −9x2 −4x3 −6x4 −x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (4, 9, 6, 8, 0)

b = (4, 8, 0, 6, 9)

c = (8, 4, 9, 0, 6)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 44
65
, 11
13
, 14
65

)

,

v2 =
(

0, 1, 17
26
,−30

13
, 29
13

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

4 9 6 8 0
4 8 0 6 9
8 4 9 0 6
1 0 44

65

11

13

14

65

0 1 17

26
−30

13

29

13

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
1902

13

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 6 4
9 6 4 8 0
4 8 0 9 6
6 4 8 0 9
8 6 4 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 6 4
9 6 4 8 0
4 8 0 9 6
6 4 8 0 9
8 6 4 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 6 4
9 6 4 8 0
4 8 0 9 6
6 4 8 0 9
8 6 4 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 6 4 0 9
−2 −2 4 0 0
−2 4 −8 9 −3
5 −2 4 −1 −6
−1 −6 5 −2 4













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −2 −2 −4 9
−2 0 6 −4 0
−2 6 −12 17 −12
5 −7 6 −5 −5
−1 −5 11 −7 6













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 2 2 3
8 10 8 8
1 3 2 1
4 5 4 4









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 2 2 3
8 10 8 8
1 3 2 1
4 5 4 4





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 0, 0, 1), a2 = (−2

7
,−4

7
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





0 0 1
−1 1 1
0 2 0





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x 0 1
−1 1− x 1
0 2 −x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−1 0 1
−1 0 1
0 2 −1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1
2
, 1
]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✻✺ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ✃ðèñòèí ➮ëèåâà ➚ëåêñàíäðîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−5x1 −9x2 −6x3 −8x4 −4x5 =0

5x1 −5x2 +6x3 +9x4 −8x5 =0

−5x1 +8x2 −6x3 −x4 −9x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (5, 9, 6, 8, 0)

b = (5, 6, 8, 0, 9)

c = (9, 5, 6, 0, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−5

6
, 0, 0

)

,

v2 =
(

0, 1, 647
158

,−274

79
,−115

79

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

5 9 6 8 0
5 6 8 0 9
9 5 6 0 8
1 0 −5

6
0 0

0 1 647

158
−274

79
−115

79

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
328628

237

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 6 5
9 6 5 8 0
5 8 0 9 6
6 5 8 0 9
8 6 5 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 6 5
9 6 5 8 0
5 8 0 9 6
6 5 8 0 9
8 6 5 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 6 5
9 6 5 8 0
5 8 0 9 6
6 5 8 0 9
8 6 5 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 6 5 0 9
−2 −1 3 0 0
−1 3 −8 9 −3
4 −2 5 −1 −6
−1 −6 4 −2 5













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −2 −1 −5 9
−2 1 4 −3 0
−1 4 −11 17 −12
4 −6 7 −6 −5
−1 −5 10 −6 7













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 1 2 3
5 5 6 7
1 3 2 1
6 8 8 8









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 1 2 3
5 5 6 7
1 3 2 1
6 8 8 8





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−8

5
, 1
5
, 0, 1), a2 = (−4

5
,−2

5
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−1 2 0
0 2 −1
1 0 0





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 1 2 0
0 2− x −1
1 0 −x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−2 2 0
0 1 −1
1 0 −1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 1, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✻✻ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❮èêîëàé ➹åîðãèåâ ➶àòåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

6x1 −9x2 +6x3 +8x4 −2x5 =0

9x1 +8x2 −2x3 +6x4 −6x5 =0

−4x1 +6x2 −6x3 +9x4 +8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (6, 9, 6, 8, 0)

b = (6, 8, 0, 6, 9)

c = (6, 8, 9, 6, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,− 9

496
,−119

248
, 509
496

)

,

v2 =
(

0, 1, 895
496

,− 15

248
, 333
496

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 9 6 8 0
6 8 0 6 9
6 8 9 6 0
1 0 − 9

496
−119

248

509

496

0 1 895

496
− 15

248

333

496

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
18459

124

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 6 6
9 6 6 8 0
6 8 0 9 6
6 6 8 0 9
8 6 6 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 6 6
9 6 6 8 0
6 8 0 9 6
6 6 8 0 9
8 6 6 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 6 6
9 6 6 8 0
6 8 0 9 6
6 6 8 0 9
8 6 6 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 6 6 0 9
−2 0 2 0 0
0 2 −8 9 −3
3 −2 6 −1 −6
−1 −6 3 −2 6













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −2 0 −6 9
−2 2 2 −2 0
0 2 −10 17 −12
3 −5 8 −7 −5
−1 −5 9 −5 8













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 3 2 1
6 6 4 3
3 3 2 2
12 12 8 6









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 3 2 1
6 6 4 3
3 3 2 2
12 12 8 6





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 1, 0, 0), a2 = (−2

3
, 0, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





2 −8 4
0 −2 2
1 −3 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

2− x −8 4
0 −x− 2 2
1 −3 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





0 −8 4
0 −4 2
1 −3 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1
3
, 2
3

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✻✼ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❮èêîëà ßñåíîâ ➪îæèíîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

7x1 −9x2 −6x3 −8x4 −2x5 =0

6x1 +8x2 −6x3 +7x4 −9x5 =0

7x1 −8x2 −5x3 +9x4 −6x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (7, 9, 6, 8, 0)

b = (7, 8, 9, 6, 0)

c = (0, 7, 8, 9, 6)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 479
268

,− 75

268
,−199

268

)

,

v2 =
(

0, 1,−1567

268
, 463
268

, 1643
268

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

7 9 6 8 0
7 8 9 6 0
0 7 8 9 6
1 0 479

268
− 75

268
−199

268

0 1 −1567

268

463

268

1643

268

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
229769

268

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 6 7
9 6 7 8 0
7 8 0 9 6
6 7 8 0 9
8 6 7 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 6 7
9 6 7 8 0
7 8 0 9 6
6 7 8 0 9
8 6 7 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 6 7
9 6 7 8 0
7 8 0 9 6
6 7 8 0 9
8 6 7 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 6 7 0 9
−2 1 1 0 0
1 1 −8 9 −3
2 −2 7 −1 −6
−1 −6 2 −2 7













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −2 1 −7 9
−2 3 0 −1 0
1 0 −9 17 −12
2 −4 9 −8 −5
−1 −5 8 −4 9













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 2 3 3
8 13 9 12
2 3 1 2
6 10 8 10









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 2 3 3
8 13 9 12
2 3 1 2
6 10 8 10





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (5,−4, 0, 1), a2 = (7,−5, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−6 9 −13
−4 5 −5
0 −1 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 6 9 −13
−4 5− x −5
0 −1 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−8 9 −13
−4 3 −5
0 −1 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1,−2,−2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✼✷ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ✃ðèñòèÿí ❒èëåíîâ ❒èòîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−2x1 −9x2 −7x3 +8x4 +6x5 =0

−7x1 +9x2 −2x3 −3x4 +8x5 =0

−8x1 −2x2 +7x3 −x4 −9x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (2, 9, 7, 8, 0)

b = (8, 2, 0, 9, 7)

c = (0, 7, 8, 9, 2)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 1188
197

, 575
197

, 685
197

)

,

v2 =
(

0, 1,−115

197
, 241
197

,−160

197

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2 9 7 8 0
8 2 0 9 7
0 7 8 9 2
1 0 1188

197

575

197

685

197

0 1 −115

197

241

197
−160

197

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
218095

197

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 7 2
9 7 2 8 0
2 8 0 9 7
7 2 8 0 9
8 7 2 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 7 2
9 7 2 8 0
2 8 0 9 7
7 2 8 0 9
8 7 2 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 7 2
9 7 2 8 0
2 8 0 9 7
7 2 8 0 9
8 7 2 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 7 2 0 9
−1 −5 6 0 0
−5 6 −8 9 −2
7 −1 2 −1 −7
−1 −7 7 −1 2













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −1 −5 −2 9
−1 −4 11 −6 0
−5 11 −14 17 −11
7 −8 3 −3 −6
−1 −6 14 −8 3













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 2 2 2
9 8 4 6
3 3 1 2
6 5 3 4









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 2 2 2
9 8 4 6
3 3 1 2
6 5 3 4





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−2

3
, 0, 0, 1), a2 = (−4

3
, 1, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−6 9 −13
−4 5 −5
0 −1 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 6 9 −13
−4 5− x −5
0 −1 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−8 9 −13
−4 3 −5
0 −1 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1,−2,−2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✼✸ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ïàâåë ➶àñèëåâ ➶àñèëåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−3x1 +9x2 +7x3 +8x4 −3x5 =0

−9x1 +7x2 +8x3 +6x4 +3x5 =0

−6x1 +7x2 −3x3 +9x4 +8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (3, 9, 7, 8, 0)

b = (7, 8, 3, 9, 0)

c = (0, 8, 7, 9, 3)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 72

101
, 66

707
, 645
707

)

,

v2 =
(

0, 1,− 22

101
,−643

707
, 47

707

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

3 9 7 8 0
7 8 3 9 0
0 8 7 9 3
1 0 72

101

66

707

645

707

0 1 − 22

101
−643

707

47

707

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
387334

707

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 7 3
9 7 3 8 0
3 8 0 9 7
7 3 8 0 9
8 7 3 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 7 3
9 7 3 8 0
3 8 0 9 7
7 3 8 0 9
8 7 3 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 7 3
9 7 3 8 0
3 8 0 9 7
7 3 8 0 9
8 7 3 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 7 3 0 9
−1 −4 5 0 0
−4 5 −8 9 −2
6 −1 3 −1 −7
−1 −7 6 −1 3













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −1 −4 −3 9
−1 −3 9 −5 0
−4 9 −13 17 −11
6 −7 4 −4 −6
−1 −6 13 −7 4













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 1 3 3
9 8 15 9
1 2 3 1
4 3 6 4









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 1 3 3
9 8 15 9
1 2 3 1
4 3 6 4





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 0, 0, 1), a2 = (−3

5
,−6

5
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−2 1 0
−2 2 0
−1 1 1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 2 1 0
−2 2− x 0
−1 1 1− x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−3 1 0
−2 1 0
−1 1 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✼✹ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➮âà Ïëàìåíîâà ➹ðèãîðîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

4x1 +9x2 −7x3 +8x4 +6x5 =0

8x1 +5x2 +4x3 +7x4 +9x5 =0

−4x1 +8x2 −2x3 −9x4 +7x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (4, 9, 7, 8, 0)

b = (8, 4, 7, 0, 9)

c = (7, 9, 8, 0, 4)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−16

47
,−138

235
,− 66

235

)

,

v2 =
(

0, 1, 86

141
, 97

1410
,−1241

1410

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

4 9 7 8 0
8 4 7 0 9
7 9 8 0 4
1 0 −16

47
−138

235
− 66

235

0 1 86

141

97

1410
−1241

1410

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
308029

1410

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 7 4
9 7 4 8 0
4 8 0 9 7
7 4 8 0 9
8 7 4 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 7 4
9 7 4 8 0
4 8 0 9 7
7 4 8 0 9
8 7 4 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 7 4
9 7 4 8 0
4 8 0 9 7
7 4 8 0 9
8 7 4 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 7 4 0 9
−1 −3 4 0 0
−3 4 −8 9 −2
5 −1 4 −1 −7
−1 −7 5 −1 4













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −1 −3 −4 9
−1 −2 7 −4 0
−3 7 −12 17 −11
5 −6 5 −5 −6
−1 −6 12 −6 5













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 1 2 2
10 9 12 8
2 3 3 1
8 6 9 7









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 1 2 2
10 9 12 8
2 3 3 1
8 6 9 7





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−5

4
, 1
2
, 0, 1), a2 = (−3

4
,−1

2
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





1 1 −1
0 2 −1
2 0 −2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

1− x 1 −1
0 2− x −1
2 0 −x− 2

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





0 1 −1
0 1 −1
2 0 −3



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 2
3
, 2
3

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✼✺ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➴ëåîíîðà ✃ðàñèìèðîâà ➘èìîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

5x1 −9x2 +7x3 −8x4 −2x5 =0

−8x1 +7x2 +9x3 +6x4 +5x5 =0

x1 −8x2 −9x3 −7x4 −5x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (5, 9, 7, 8, 0)

b = (9, 5, 0, 8, 7)

c = (0, 7, 5, 8, 9)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−205

53
,−7, 899

53

)

,

v2 =
(

0, 1, 3

53
,−1,−16

53

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

5 9 7 8 0
9 5 0 8 7
0 7 5 8 9
1 0 −205

53
−7 899

53

0 1 3

53
−1 −16

53

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
498750

53

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 7 5
9 7 5 8 0
5 8 0 9 7
7 5 8 0 9
8 7 5 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 7 5
9 7 5 8 0
5 8 0 9 7
7 5 8 0 9
8 7 5 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 7 5
9 7 5 8 0
5 8 0 9 7
7 5 8 0 9
8 7 5 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 7 5 0 9
−1 −2 3 0 0
−2 3 −8 9 −2
4 −1 5 −1 −7
−1 −7 4 −1 5













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −1 −2 −5 9
−1 −1 5 −3 0
−2 5 −11 17 −11
4 −5 6 −6 −6
−1 −6 11 −5 6













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 3 1 2
9 12 9 15
1 1 2 3
9 12 9 15









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 3 1 2
9 12 9 15
1 1 2 3
9 12 9 15





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−7, 4, 0, 1), a2 = (−5, 3, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−11 18 4
−7 12 2
0 −1 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 11 18 4
−7 12− x 2
0 −1 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−14 18 4
−7 9 2
0 −1 −1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 1,−1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✽✵ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ✃ðèñòèÿí Ðóìåíîâ Ïåé÷åâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

2x1 +9x2 +8x3 −8x4 −4x5 =0

8x1 +3x2 +8x3 −9x4 −2x5 =0

9x1 −x2 −8x3 +8x4 −x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (0, 9, 8, 8, 0)

b = (9, 8, 0, 8, 0)

c = (9, 8, 0, 8, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 45
4
, 52

5
, 11

5

)

,

v2 =
(

0, 1,−25

8
,−14

5
, 8
5

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 9 8 8 0
9 8 0 8 0
9 8 0 8 0
1 0 45

4

52

5

11

5

0 1 −25

8
−14

5

8

5

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 8 0
9 8 0 8 0
0 8 0 9 8
8 0 8 0 9
8 8 0 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 8 0
9 8 0 8 0
0 8 0 9 8
8 0 8 0 9
8 8 0 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 8 0
9 8 0 8 0
0 8 0 9 8
8 0 8 0 9
8 8 0 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 8 0 0 9
0 −8 8 0 0
−8 8 −8 9 −1
9 0 0 −1 −8
−1 −8 9 0 0













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 0 −8 0 9
0 −8 16 −8 0
−8 16 −16 17 −10
9 −9 0 −1 −7
−1 −7 17 −9 0













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 3 3 1
7 13 13 9
2 2 2 3
6 10 10 8









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 3 3 1
7 13 13 9
2 2 2 3
6 10 10 8





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−7

4
, 1
4
, 0, 1), a2 = (0,−1, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−1 1 1
−4 4 1
5 −3 0





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 1 1 1
−4 4− x 1
5 −3 −x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 1 1
−4 1 1
5 −3 −3



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 1,−1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✽✶ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Òåîäîð Ðàé÷îâ ✃èðèëîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−x1 −9x2 +8x3 −8x4 +6x5 =0

9x1 +x2 −3x3 −8x4 −8x5 =0

−x1 +8x2 +8x3 −9x4 +x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (1, 9, 8, 8, 0)

b = (8, 1, 8, 0, 9)

c = (9, 0, 8, 1, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 223
197

, 345
394

,− 69

394

)

,

v2 =
(

0, 1,−785

197
,−877

394
, 1515

394

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷å✲
íàòà äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 9 8 8 0
8 1 8 0 9
9 0 8 1 8
1 0 223

197

345

394
− 69

394

0 1 −785

197
−877

394

1515

394

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
24703

197

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 8 1
9 8 1 8 0
1 8 0 9 8
8 1 8 0 9
8 8 1 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 8 1
9 8 1 8 0
1 8 0 9 8
8 1 8 0 9
8 8 1 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 8 1
9 8 1 8 0
1 8 0 9 8
8 1 8 0 9
8 8 1 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 8 1 0 9
0 −7 7 0 0
−7 7 −8 9 −1
8 0 1 −1 −8
−1 −8 8 0 1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 0 −7 −1 9
0 −7 14 −7 0
−7 14 −15 17 −10
8 −8 1 −2 −7
−1 −7 16 −8 1













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 2 1 3
4 11 10 6
1 3 3 1
3 7 5 7









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 2 1 3
4 11 10 6
1 3 3 1
3 7 5 7





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−7, 2, 0, 1), a2 = (3,−2, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−3 1 1
−6 3 1
−2 1 1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 3 1 1
−6 3− x 1
−2 1 1− x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 1 1
−6 2 1
−2 1 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 2, 2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✽✸ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Öâåòåëèíà ❮èêîëàåâà ✃îñòàäèíîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

3x1 +9x2 −8x3 +8x4 −3x5 =0

−8x1 +3x2 +6x3 −9x4 +8x5 =0

−8x1 +2x2 −8x3 +9x4 +3x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (3, 9, 8, 8, 0)

b = (9, 3, 0, 8, 8)

c = (8, 0, 3, 9, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 37
38
, 23
19
, 31
19

)

,

v2 =
(

0, 1, 97
19
, 79
19
, 9

19

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

3 9 8 8 0
9 3 0 8 8
8 0 3 9 8
1 0 37

38

23

19

31

19

0 1 97

19

79

19

9

19

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
5976

19

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 8 3
9 8 3 8 0
3 8 0 9 8
8 3 8 0 9
8 8 3 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 8 3
9 8 3 8 0
3 8 0 9 8
8 3 8 0 9
8 8 3 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 8 3
9 8 3 8 0
3 8 0 9 8
8 3 8 0 9
8 8 3 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 8 3 0 9
0 −5 5 0 0
−5 5 −8 9 −1
6 0 3 −1 −8
−1 −8 6 0 3













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 0 −5 −3 9
0 −5 10 −5 0
−5 10 −13 17 −10
6 −6 3 −4 −7
−1 −7 14 −6 3













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 1 2 2
5 5 10 13
1 1 2 3
2 2 4 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 1 2 2
5 5 10 13
1 1 2 3
2 2 4 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 1, 0, 0), a2 = (−2, 0, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





2 −7 11
4 −11 19
3 −7 12





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

2− x −7 11
4 −x− 11 19
3 −7 12− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−1 −7 11
4 −14 19
3 −7 9



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 3, 2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✽✽ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ✃îíñòàíòèí ➹åîðãèåâ Óçóíîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

8x1 −9x2 +8x3 −8x4 +4x5 =0

6x1 +8x2 +8x3 +8x4 −9x5 =0

8x1 −8x2 −8x3 −9x4 +5x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (8, 9, 8, 8, 0)

b = (0, 8, 9, 8, 8)

c = (8, 8, 0, 8, 9)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 2

77
, 190

77
, 222

77

)

,

v2 =
(

0, 1, 81

616
,−68

77
, 17
77

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

8 9 8 8 0
0 8 9 8 8
8 8 0 8 9
1 0 2

77

190

77

222

77

0 1 81

616
−68

77

17

77

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
105909

77

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 8 8
9 8 8 8 0
8 8 0 9 8
8 8 8 0 9
8 8 8 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 8 8
9 8 8 8 0
8 8 0 9 8
8 8 8 0 9
8 8 8 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 8 8
9 8 8 8 0
8 8 0 9 8
8 8 8 0 9
8 8 8 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =















8 8 8 0 9
0 0 0 0 0
0 0 −8 9 −1
1 0 8 −1 −8
−1 −8 1 0 8
cr















X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 0 0 −8 9
0 0 0 0 0
0 0 −8 17 −10
1 −1 8 −9 −7
−1 −7 9 −1 8













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 1 1 3
15 6 9 15
2 1 2 2
8 3 4 8









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 1 1 3
15 6 9 15
2 1 2 2
8 3 4 8





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 0, 0, 1), a2 = (1,−4, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−8 14 −20
1 0 2
4 −6 10





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 8 14 −20
1 −x 2
4 −6 10− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−10 14 −20
1 −2 2
4 −6 8



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 0,−1

2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✽✾ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❐þáîìèð Ïëàìåíîâ ➮âàíîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

9x1 −9x2 −8x3 −8x4 +3x5 =0

8x1 +8x2 +9x3 +5x4 +9x5 =0

9x1 +8x2 −8x3 +5x4 −9x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (9, 9, 8, 8, 0)

b = (9, 8, 9, 8, 0)

c = (8, 9, 9, 0, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 683
301

,−580

301
,−1885

903

)

,

v2 =
(

0, 1, 114
301

,−493

301
,−323

903

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷å✲
íàòà äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

9 9 8 8 0
9 8 9 8 0
8 9 9 0 8
1 0 683

301
−580

301
−1885

903

0 1 114

301
−493

301
−323

903

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
313766

903

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 8 9
9 8 9 8 0
9 8 0 9 8
8 9 8 0 9
8 8 9 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 8 9
9 8 9 8 0
9 8 0 9 8
8 9 8 0 9
8 8 9 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 8 9
9 8 9 8 0
9 8 0 9 8
8 9 8 0 9
8 8 9 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 8 9 0 9
0 1 −1 0 0
1 −1 −8 9 −1
0 0 9 −1 −8
−1 −8 0 0 9













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 0 1 −9 9
0 1 −2 1 0
1 −2 −7 17 −10
0 0 9 −10 −7
−1 −7 8 0 9













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 2 3 1
12 7 12 6
3 1 3 3
9 5 9 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 2 3 1
12 7 12 6
3 1 3 3
9 5 9 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−5

3
, 2, 0, 1), a2 = (−1, 0, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





5 −3 −1
2 0 −1
3 −1 −2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

5− x −3 −1
2 −x −1
3 −1 −x− 2

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





2 −3 −1
2 −3 −1
3 −1 −5



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1
2
, 1
2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✾✵ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ñòåôàí ➮ë÷åâ ➮ëåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−6x1 +9x2 +9x3 −8x4 +x5 =0

−x1 −9x2 −9x3 −8x4 +2x5 =0

−9x1 −4x2 −6x3 −9x4 +8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (0, 9, 9, 8, 0)

b = (0, 8, 0, 9, 9)

c = (9, 9, 0, 8, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 293
861

,− 65

287
, 323
287

)

,

v2 =
(

0, 1,−877

861
,− 18

287
,− 96

287

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷å✲
íàòà äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 9 9 8 0
0 8 0 9 9
9 9 0 8 0
1 0 293

861
− 65

287

323

287

0 1 −877

861
− 18

287
− 96

287

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
15996

7

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 9 0
9 9 0 8 0
0 8 0 9 9
9 0 8 0 9
8 9 0 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 9 0
9 9 0 8 0
0 8 0 9 9
9 0 8 0 9
8 9 0 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 9 0
9 9 0 8 0
0 8 0 9 9
9 0 8 0 9
8 9 0 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 9 0 0 9
1 −9 8 0 0
−9 8 −8 9 0
9 1 0 −1 −9
−1 −9 9 1 0













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 1 −9 0 9
1 −10 17 −8 0
−9 17 −16 17 −9
9 −8 −1 −1 −8
−1 −8 18 −8 −1













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 1 3 1
5 4 9 5
3 2 3 3
8 6 12 8









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 1 3 1
5 4 9 5
3 2 3 3
8 6 12 8





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 0, 0, 1), a2 = (3,−6, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





5 −3 −4
−1 1 2
3 −1 −3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

5− x −3 −4
−1 1− x 2
3 −1 −x− 3

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





2 −3 −4
−1 −2 2
3 −1 −6



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 0, 1
2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✾✶ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➚òàíàñ ➶àëåðèåâ ➘àêîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−x1 −9x2 +9x3 +8x4 +4x5 =0

9x1 +x2 +8x3 −9x4 −5x5 =0

9x1 −8x2 −x3 −2x4 −9x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (1, 9, 9, 8, 0)

b = (9, 9, 1, 0, 8)

c = (0, 9, 8, 9, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,− 67

165
, 1

15
, 34
33

)

,

v2 =
(

0, 1, 181
385

, 6
5
,−93

77

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 9 9 8 0
9 9 1 0 8
0 9 8 9 1
1 0 − 67

165

1

15

34

33

0 1 181

385

6

5
−93

77

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
21936

77

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 9 1
9 9 1 8 0
1 8 0 9 9
9 1 8 0 9
8 9 1 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 9 1
9 9 1 8 0
1 8 0 9 9
9 1 8 0 9
8 9 1 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 9 1
9 9 1 8 0
1 8 0 9 9
9 1 8 0 9
8 9 1 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 9 1 0 9
1 −8 7 0 0
−8 7 −8 9 0
8 1 1 −1 −9
−1 −9 8 1 1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 1 −8 −1 9
1 −9 15 −7 0
−8 15 −15 17 −9
8 −7 0 −2 −8
−1 −8 17 −7 0













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 3 2 1
9 9 5 4
3 3 1 2
12 12 7 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 3 2 1
9 9 5 4
3 3 1 2
12 12 7 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 0, 1, 1), a2 = (−1, 1, 0, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−6 9 −13
−4 5 −5
0 −1 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 6 9 −13
−4 5− x −5
0 −1 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−8 9 −13
−4 3 −5
0 −1 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1,−2,−2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✾✻ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➚ëåêñàíäúð ❒åòîäèåâ ➚ëåêñàíäðîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

6x1 −9x2 −9x3 −8x4 +5x5 =0

−8x1 +9x2 −2x3 −9x4 +6x5 =0

9x1 +6x2 −2x3 +8x4 −9x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (6, 9, 9, 8, 0)

b = (6, 9, 0, 9, 8)

c = (0, 9, 8, 6, 9)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 427
227

,−512

227
,−323

227

)

,

v2 =
(

0, 1,−603

227
, 1353

227
, 1488

227

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 9 9 8 0
6 9 0 9 8
0 9 8 6 9
1 0 427

227
−512

227
−323

227

0 1 −603

227

1353

227

1488

227

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
1501421

227

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 9 6
9 9 6 8 0
6 8 0 9 9
9 6 8 0 9
8 9 6 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 9 6
9 9 6 8 0
6 8 0 9 9
9 6 8 0 9
8 9 6 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 9 6
9 9 6 8 0
6 8 0 9 9
9 6 8 0 9
8 9 6 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 9 6 0 9
1 −3 2 0 0
−3 2 −8 9 0
3 1 6 −1 −9
−1 −9 3 1 6













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 1 −3 −6 9
1 −4 5 −2 0
−3 5 −10 17 −9
3 −2 5 −7 −8
−1 −8 12 −2 5













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 2 1 2
9 15 6 15
2 3 1 3
7 12 5 12









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 2 1 2
9 15 6 15
2 3 1 3
7 12 5 12





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−1, 0, 1), a2 = (1,−1, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





8 −6 −1
5 −3 −1
4 −2 −2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

8− x −6 −1
5 −x− 3 −1
4 −2 −x− 2

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





5 −6 −1
5 −6 −1
4 −2 −5



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 3
4
, 1
2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✾✼ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❮èêîëàé ➬äðàâêîâ ➪úðçàíîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

7x1 +9x2 +9x3 +8x4 −x5 =0

−7x1 −9x2 +8x3 +x4 −9x5 =0

8x1 +6x2 +9x3 −9x4 +7x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (7, 9, 9, 8, 0)

b = (7, 9, 9, 8, 0)

c = (8, 9, 9, 7, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,− 757

1681
,− 879

1681
,−2078

1681

)

,

v2 =
(

0, 1,− 669

1681
,−1443

1681
,−2436

1681

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó✲
÷åíàòà äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

7 9 9 8 0
7 9 9 8 0
8 9 9 7 0
1 0 − 757

1681
− 879

1681
−2078

1681

0 1 − 669

1681
−1443

1681
−2436

1681

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 9 7
9 9 7 8 0
7 8 0 9 9
9 7 8 0 9
8 9 7 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 9 7
9 9 7 8 0
7 8 0 9 9
9 7 8 0 9
8 9 7 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 9 7
9 9 7 8 0
7 8 0 9 9
9 7 8 0 9
8 9 7 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 9 7 0 9
1 −2 1 0 0
−2 1 −8 9 0
2 1 7 −1 −9
−1 −9 2 1 7













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 1 −2 −7 9
1 −3 3 −1 0
−2 3 −9 17 −9
2 −1 6 −8 −8
−1 −8 11 −1 6













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 2 1 2
7 7 5 13
1 1 1 3
9 9 6 15









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 2 1 2
7 7 5 13
1 1 1 3
9 9 6 15





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (1, 0,−4, 1), a2 = (−1, 1, 0, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−7 11 −5
−4 6 −2
2 −5 4





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 7 11 −5
−4 6− x −2
2 −5 4− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−10 11 −5
−4 3 −2
2 −5 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0,−2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✵✾✾✽ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ✃ðèñòèàí ❒èðîñëàâîâ ❒èòîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−8x1 +9x2 −9x3 −8x4 +2x5 =0

8x1 +9x2 +9x3 +8x4 −4x5 =0

8x1 −9x2 +2x3 −8x4 −9x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (8, 9, 9, 8, 0)

b = (9, 9, 8, 0, 8)

c = (9, 9, 8, 0, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−16

11
, 7

11
, 0
)

,

v2 =
(

0, 1, 117
11
,−189

22
, 9
)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

8 9 9 8 0
9 9 8 0 8
9 9 8 0 8
1 0 −16

11

7

11
0

0 1 117

11
−189

22
9

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 0 9 9 8
9 9 8 8 0
8 8 0 9 9
9 8 8 0 9
8 9 8 0 9















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 0 9 9 8
9 9 8 8 0
8 8 0 9 9
9 8 8 0 9
8 9 8 0 9













✳ ❰ò êúäåòî Y = A−1.













8 0 9 9 8
9 9 8 8 0
8 8 0 9 9
9 8 8 0 9
8 9 8 0 9













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 9 8 0 9
1 −1 0 0 0
−1 0 −8 9 0
1 1 8 −1 −9
−1 −9 1 1 8













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 1 −1 −8 9
1 −2 1 0 0
−1 1 −8 17 −9
1 0 7 −9 −8
−1 −8 10 0 7













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 2 3 2
5 8 12 8
1 2 3 2
5 8 12 8









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 2 3 2
5 8 12 8
1 2 3 2
5 8 12 8





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−1, 0, 1), a2 = (0,−3

2
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−6 10 −14
2 −2 5
4 −6 10





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 6 10 −14
2 −x− 2 5
4 −6 10− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−8 10 −14
2 −4 5
4 −6 8



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1,−2,−2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✵✵ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➘èìèòúð Ïàíàéîòîâ Öåíêîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

6x1 +5x2 −6x3 +8x4 −x5 =0

6x1 −5x2 −x3 +2x4 +8x5 =0

2x1 −4x2 +x3 +8x4 −3x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (0, 0, 0, 8, 1)

b = (8, 0, 0, 0, 1)

c = (8, 0, 0, 0, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 96

235
,−121

235
,−134

235

)

,

v2 =
(

0, 1, 347
235

, 133
235

, 157
235

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 8 1
8 0 0 0 1
8 0 0 0 1
1 0 96

235
−121

235
−134

235

0 1 347

235

133

235

157

235

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 0 0
0 0 0 8 1
0 8 1 0 0
0 0 8 1 0
8 0 0 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 0 0
0 0 0 8 1
0 8 1 0 0
0 0 8 1 0
8 0 0 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 0 0
0 0 0 8 1
0 8 1 0 0
0 0 8 1 0
8 0 0 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 0 0 1 0
−8 0 8 0 0
0 8 −7 −1 0
0 −8 −1 8 1
8 1 0 −8 −1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −8 0 1 −1
−8 8 8 −8 0
0 8 −15 6 1
0 −8 7 9 −7
8 −7 −1 −8 7













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 1 1 2
18 6 9 15
3 1 2 3
18 6 9 15









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 1 1 2
18 6 9 15
3 1 2 3
18 6 9 15





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1

3
, 0,−1, 1), a2 = (−1

3
, 1, 0, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−2 1 0
−2 2 0
1 −3 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 2 1 0
−2 2− x 0
1 −3 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−5 1 0
−2 −1 0
1 −3 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✵✹ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❒àðèÿ Òèõîìèðîâà ➘óëåâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

4x1 −6x2 +x3 +8x4 −x5 =0

4x1 +x2 +4x3 +x4 +8x5 =0

4x1 −4x2 +3x3 −x4 −8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (4, 0, 0, 8, 1)

b = (0, 0, 4, 8, 1)

c = (4, 0, 0, 8, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−8

7
,−12

35
, 4

35

)

,

v2 =
(

0, 1, 3
7
, 293
455

,−191

455

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

4 0 0 8 1
0 0 4 8 1
4 0 0 8 1
1 0 −8

7
−12

35

4

35

0 1 3

7

293

455
−191

455

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 0 4
0 0 4 8 1
4 8 1 0 0
0 4 8 1 0
8 0 4 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 0 4
0 0 4 8 1
4 8 1 0 0
0 4 8 1 0
8 0 4 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 0 4
0 0 4 8 1
4 8 1 0 0
0 4 8 1 0
8 0 4 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 0 4 1 0
−8 4 4 0 0
4 4 −7 −1 0
−4 −8 3 8 1
8 1 −4 −8 3













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −8 4 −3 −1
−8 12 0 −4 0
4 0 −11 6 1
−4 −4 11 5 −7
8 −7 −5 −4 11













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 3 1 2
15 15 7 12
3 3 2 3
15 15 8 13









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 3 1 2
15 15 7 12
3 3 2 3
15 15 8 13





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1

3
, 0,−1, 1), a2 = (−1, 1, 0, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−7 12 −5
−2 4 −1
6 −10 6





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 7 12 −5
−2 4− x −1
6 −10 6− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−10 12 −5
−2 1 −1
6 −10 3



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0,−2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✵✺ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➶èêòîðèÿ ➹åîðãèåâà Òåðçèåâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−5x1 −4x2 −4x3 −8x4 +x5 =0

2x1 −x2 −5x3 +8x4 −5x5 =0

x1 −x2 +x3 +5x4 −8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (5, 0, 0, 8, 1)

b = (0, 1, 0, 8, 5)

c = (1, 8, 0, 0, 5)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−109

483
,−262

483
,− 39

161

)

,

v2 =
(

0, 1,− 61

161
,− 58

161
,− 64

161

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷å✲
íàòà äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

5 0 0 8 1
0 1 0 8 5
1 8 0 0 5
1 0 −109

483
−262

483
− 39

161

0 1 − 61

161
− 58

161
− 64

161

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
25016

161

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 0 5
0 0 5 8 1
5 8 1 0 0
0 5 8 1 0
8 0 5 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 0 5
0 0 5 8 1
5 8 1 0 0
0 5 8 1 0
8 0 5 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 0 5
0 0 5 8 1
5 8 1 0 0
0 5 8 1 0
8 0 5 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 0 5 1 0
−8 5 3 0 0
5 3 −7 −1 0
−5 −8 4 8 1
8 1 −5 −8 4













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −8 5 −4 −1
−8 13 −2 −3 0
5 −2 −10 6 1
−5 −3 12 4 −7
8 −7 −6 −3 12













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 1 3 3
7 7 9 5
3 3 3 1
7 7 9 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 1 3 3
7 7 9 5
3 3 3 1
7 7 9 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (1, 0,−4

3
, 1), a2 = (−1, 1, 0, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−3 2 2
−3 3 1
−1 1 1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 3 2 2
−3 3− x 1
−1 1 1− x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 2 2
−3 2 1
−1 1 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 1, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✵✻ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➮âàéëî ❒èòêîâ Ñòîèëîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−6x1 +3x2 +2x3 +8x4 +x5 =0

x1 +x2 +6x3 +8x4 −3x5 =0

8x1 +x2 +4x3 +6x4 −2x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (6, 0, 0, 8, 1)

b = (1, 0, 8, 6, 0)

c = (0, 8, 6, 0, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 123
4
,−11, 65

2

)

,

v2 =
(

0, 1, 1
2
,−1

2
, 0
)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 0 0 8 1
1 0 8 6 0
0 8 6 0 1
1 0 123

4
−11 65

2

0 1 1

2
−1

2
0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −5998

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 0 6
0 0 6 8 1
6 8 1 0 0
0 6 8 1 0
8 0 6 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 0 6
0 0 6 8 1
6 8 1 0 0
0 6 8 1 0
8 0 6 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 0 6
0 0 6 8 1
6 8 1 0 0
0 6 8 1 0
8 0 6 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 0 6 1 0
−8 6 2 0 0
6 2 −7 −1 0
−6 −8 5 8 1
8 1 −6 −8 5













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −8 6 −5 −1
−8 14 −4 −2 0
6 −4 −9 6 1
−6 −2 13 3 −7
8 −7 −7 −2 13













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 3 1 3
7 9 3 7
3 3 1 1
7 9 3 7









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 3 1 3
7 9 3 7
3 3 1 1
7 9 3 7





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (2,−7

3
, 0, 1), a2 = (0,−1

3
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−2 1 0
−2 2 0
−1 1 1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 2 1 0
−2 2− x 0
−1 1 1− x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−3 1 0
−2 1 0
−1 1 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✵✼ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➚ñåí ➘èìèòðîâ ➶úë÷åâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

7x1 +x2 +4x3 −8x4 +x5 =0

−8x1 −x2 +4x3 +4x4 +7x5 =0

−2x1 +4x2 +8x3 +7x4 −x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (7, 0, 0, 8, 1)

b = (7, 0, 0, 1, 8)

c = (0, 0, 8, 1, 7)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,− 81

232
, 47
58
, 51
58

)

,

v2 =
(

0, 1,− 73

174
,− 1

29
, 35
87

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

7 0 0 8 1
7 0 0 1 8
0 0 8 1 7
1 0 − 81

232

47

58

51

58

0 1 − 73

174
− 1

29

35

87

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
8561

29

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 0 7
0 0 7 8 1
7 8 1 0 0
0 7 8 1 0
8 0 7 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 0 7
0 0 7 8 1
7 8 1 0 0
0 7 8 1 0
8 0 7 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 0 7
0 0 7 8 1
7 8 1 0 0
0 7 8 1 0
8 0 7 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 0 7 1 0
−8 7 1 0 0
7 1 −7 −1 0
−7 −8 6 8 1
8 1 −7 −8 6













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −8 7 −6 −1
−8 15 −6 −1 0
7 −6 −8 6 1
−7 −1 14 2 −7
8 −7 −8 −1 14













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 2 3 2
7 6 5 4
2 2 1 1
12 10 9 7









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 2 3 2
7 6 5 4
2 2 1 1
12 10 9 7





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 1
2
, 0, 1), a2 = (−2, 3

2
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−5 2 7
−6 3 7
−2 1 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 5 2 7
−6 3− x 7
−2 1 3− x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−6 2 7
−6 2 7
−2 1 2



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 2
3
, 2
3

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✵✽ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➘èàíà ➚íòîíîâà ➹åíåâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

8x1 −2x2 +5x3 −8x4 −x5 =0

−x1 +8x2 +6x3 −8x4 −4x5 =0

−x1 +8x2 −5x3 +x4 +8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (8, 0, 0, 8, 1)

b = (0, 1, 8, 0, 8)

c = (0, 1, 8, 8, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−27

2
,−13

2
,−15

2

)

,

v2 =
(

0, 1, 136
7
, 32

3
, 206

21

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

8 0 0 8 1
0 1 8 0 8
0 1 8 8 0
1 0 −27

2
−13

2
−15

2

0 1 136

7

32

3

206

21

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
1984

7

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 0 8
0 0 8 8 1
8 8 1 0 0
0 8 8 1 0
8 0 8 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 0 8
0 0 8 8 1
8 8 1 0 0
0 8 8 1 0
8 0 8 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 0 8
0 0 8 8 1
8 8 1 0 0
0 8 8 1 0
8 0 8 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 0 8 1 0
−8 8 0 0 0
8 0 −7 −1 0
−8 −8 7 8 1
8 1 −8 −8 7













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −8 8 −7 −1
−8 16 −8 0 0
8 −8 −7 6 1
−8 0 15 1 −7
8 −7 −9 0 15













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 3 2 3
5 9 5 9
1 3 1 3
7 12 7 12









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 3 2 3
5 9 5 9
1 3 1 3
7 12 7 12





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−1, 0, 1), a2 = (−1, 0, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−5 6 4
−4 6 2
2 −5 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 5 6 4
−4 6− x 2
2 −5 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−8 6 4
−4 3 2
2 −5 −1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0, 2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✶✸ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ðàëèöà ➹åîðãèåâà ➶åëèêîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−3x1 +2x2 +x3 +8x4 +x5 =0

x1 +3x2 +8x3 +4x4 −x5 =0

−8x1 +x2 +3x3 +x4 +4x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (3, 0, 1, 8, 1)

b = (1, 8, 1, 0, 3)

c = (0, 8, 3, 1, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 14

267
, 34

267
, 515
267

)

,

v2 =
(

0, 1,− 71

267
,− 58

267
, 1

267

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

3 0 1 8 1
1 8 1 0 3
0 8 3 1 1
1 0 14

267

34

267

515

267

0 1 − 71

267
− 58

267

1

267

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
1432

89

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 1 3
0 1 3 8 1
3 8 1 0 1
1 3 8 1 0
8 1 3 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 1 3
0 1 3 8 1
3 8 1 0 1
1 3 8 1 0
8 1 3 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 1 3
0 1 3 8 1
3 8 1 0 1
1 3 8 1 0
8 1 3 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 1 3 1 0
−7 2 5 0 0
2 5 −7 −1 1
−3 −7 2 8 0
8 0 −3 −7 2













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −7 2 −2 −1
−7 9 3 −5 0
2 3 −12 6 2
−3 −4 9 6 −8
8 −8 −3 −4 9













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 3 2 3
6 8 6 8
2 1 1 1
5 10 7 10









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 3 2 3
6 8 6 8
2 1 1 1
5 10 7 10





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−1, 0, 1), a2 = (−1

5
,−3

5
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−2 2 0
−1 2 0
1 0 1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 2 2 0
−1 2− x 0
1 0 1− x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−3 2 0
−1 1 0
1 0 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✶✹ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ßâîð ➷óëèåíîâ Ñòàíêîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−4x1 +4x2 +x3 −8x4 +x5 =0

−4x1 +8x2 +x3 −x4 +x5 =0

4x1 −8x2 +x3 +x4 −x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (4, 0, 1, 8, 1)

b = (1, 4, 8, 1, 0)

c = (1, 0, 1, 8, 4)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 = (1, 0, 0, 0, 4) ,

v2 =
(

0, 1, 0,−4

7
,−60

7

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

4 0 1 8 1
1 4 8 1 0
1 0 1 8 4
1 0 0 0 4
0 1 0 −4

7
−60

7

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
6375

7

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 1 4
0 1 4 8 1
4 8 1 0 1
1 4 8 1 0
8 1 4 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 1 4
0 1 4 8 1
4 8 1 0 1
1 4 8 1 0
8 1 4 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 1 4
0 1 4 8 1
4 8 1 0 1
1 4 8 1 0
8 1 4 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 1 4 1 0
−7 3 4 0 0
3 4 −7 −1 1
−4 −7 3 8 0
8 0 −4 −7 3













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −7 3 −3 −1
−7 10 1 −4 0
3 1 −11 6 2
−4 −3 10 5 −8
8 −8 −4 −3 10













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 1 2 3
12 5 7 15
2 1 1 3
12 5 7 15









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 1 2 3
12 5 7 15
2 1 1 3
12 5 7 15





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−3, 0, 1), a2 = (−1, 1, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−4 1 7
−7 4 7
0 −1 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 4 1 7
−7 4− x 7
0 −1 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−7 1 7
−7 1 7
0 −1 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✶✻ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ñòàíèñëàâ ➶åñåëèíîâ ➶åëè÷êîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

6x1 −5x2 −x3 −8x4 +x5 =0

x1 −x2 −x3 +6x4 +8x5 =0

x1 +6x2 −8x3 −x4 +6x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (6, 0, 1, 8, 1)

b = (1, 6, 1, 8, 0)

c = (8, 6, 1, 1, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−241

469
, 339
469

,−49

67

)

,

v2 =
(

0, 1, 687
469

,−330

469
, 56
67

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 0 1 8 1
1 6 1 8 0
8 6 1 1 0
1 0 −241

469

339

469
−49

67

0 1 687

469
−330

469

56

67

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
24072

67

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 1 6
0 1 6 8 1
6 8 1 0 1
1 6 8 1 0
8 1 6 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 1 6
0 1 6 8 1
6 8 1 0 1
1 6 8 1 0
8 1 6 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 1 6
0 1 6 8 1
6 8 1 0 1
1 6 8 1 0
8 1 6 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 1 6 1 0
−7 5 2 0 0
5 2 −7 −1 1
−6 −7 5 8 0
8 0 −6 −7 5













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −7 5 −5 −1
−7 12 −3 −2 0
5 −3 −9 6 2
−6 −1 12 3 −8
8 −8 −6 −1 12













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 3 2 3
7 12 5 12
2 3 1 3
9 18 9 18









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 3 2 3
7 12 5 12
2 3 1 3
9 18 9 18





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−1, 0, 1), a2 = (1,−1, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





5 −3 −4
−1 1 2
3 −1 −3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

5− x −3 −4
−1 1− x 2
3 −1 −x− 3

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





2 −3 −4
−1 −2 2
3 −1 −6



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 0, 1
2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✶✼ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➘èìèòúð ➹åîðãèåâ ➘èìèòðîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−7x1 +6x2 +x3 +8x4 +x5 =0

−7x1 +x2 +x3 +4x4 +8x5 =0

8x1 −x2 −x3 −7x4 +x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (7, 0, 1, 8, 1)

b = (8, 1, 1, 0, 7)

c = (1, 7, 0, 8, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 11,− 7

15
,− 4

15

)

,
v2 = (0, 1, 19,−3,−1)✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

7 0 1 8 1
8 1 1 0 7
1 7 0 8 1
1 0 11 − 7

15
− 4

15

0 1 19 −3 −1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
28604

5

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 1 7
0 1 7 8 1
7 8 1 0 1
1 7 8 1 0
8 1 7 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 1 7
0 1 7 8 1
7 8 1 0 1
1 7 8 1 0
8 1 7 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 1 7
0 1 7 8 1
7 8 1 0 1
1 7 8 1 0
8 1 7 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 1 7 1 0
−7 6 1 0 0
6 1 −7 −1 1
−7 −7 6 8 0
8 0 −7 −7 6













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −7 6 −6 −1
−7 13 −5 −1 0
6 −5 −8 6 2
−7 0 13 2 −8
8 −8 −7 0 13













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 1 2 3
9 7 8 9
2 2 2 2
12 8 10 12









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 1 2 3
9 7 8 9
2 2 2 2
12 8 10 12





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 0, 0, 1), a2 = (−1

2
,−1

2
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





2 −8 12
1 −5 9
1 −3 5





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

2− x −8 12
1 −x− 5 9
1 −3 5− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





0 −8 12
1 −7 9
1 −3 3



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1, 2
3

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✷✷ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ïåòúð Ñòåôàíîâ ➪àåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−2x1 +6x2 −2x3 −8x4 −x5 =0

−x1 −2x2 −8x3 +5x4 +2x5 =0

8x1 −2x2 −3x3 +x4 −2x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (2, 0, 2, 8, 1)

b = (2, 0, 8, 2, 1)

c = (2, 1, 8, 0, 2)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 47

193
,−139

193
, 632
193

)

,

v2 =
(

0, 1, 16

193
, 158
193

,−138

193

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2 0 2 8 1
2 0 8 2 1
2 1 8 0 2
1 0 47

193
−139

193

632

193

0 1 16

193

158

193
−138

193

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
3108

193

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 2 2
0 2 2 8 1
2 8 1 0 2
2 2 8 1 0
8 2 2 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 2 2
0 2 2 8 1
2 8 1 0 2
2 2 8 1 0
8 2 2 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 2 2
0 2 2 8 1
2 8 1 0 2
2 2 8 1 0
8 2 2 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 2 2 1 0
−6 0 6 0 0
0 6 −7 −1 2
−2 −6 1 8 −1
8 −1 −2 −6 1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −6 0 −1 −1
−6 6 6 −6 0
0 6 −13 6 3
−2 −4 7 7 −9
8 −9 −1 −4 7













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 2 2 3
10 10 10 10
3 3 3 2
13 13 13 12









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 2 2 3
10 10 10 10
3 3 3 2
13 13 13 12





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 1, 0, 0), a2 = (−1, 0, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





2 −4 2
0 −2 2
1 −2 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

2− x −4 2
0 −x− 2 2
1 −2 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





0 −4 2
0 −4 2
1 −2 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1
2
, 1
]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✷✸ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❮èêîëàé Þëèÿíîâ ❮èêîëîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

3x1 +6x2 −2x3 −8x4 +x5 =0

−8x1 −3x2 −3x3 −2x4 −x5 =0

2x1 +3x2 −x3 +4x4 +8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (3, 0, 2, 8, 1)

b = (1, 8, 3, 0, 2)

c = (8, 1, 3, 0, 2)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−56

19
, 37
38
,−21

19

)

,

v2 =
(

0, 1,−123

95
, 18
19
,−96

95

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

3 0 2 8 1
1 8 3 0 2
8 1 3 0 2
1 0 −56

19

37

38
−21

19

0 1 −123

95

18

19
−96

95

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
18571

19

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 2 3
0 2 3 8 1
3 8 1 0 2
2 3 8 1 0
8 2 3 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 2 3
0 2 3 8 1
3 8 1 0 2
2 3 8 1 0
8 2 3 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 2 3
0 2 3 8 1
3 8 1 0 2
2 3 8 1 0
8 2 3 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 2 3 1 0
−6 1 5 0 0
1 5 −7 −1 2
−3 −6 2 8 −1
8 −1 −3 −6 2













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −6 1 −2 −1
−6 7 4 −5 0
1 4 −12 6 3
−3 −3 8 6 −9
8 −9 −2 −3 8













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 2 2 1
4 4 3 4
3 2 1 3
4 4 3 4









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 2 2 1
4 4 3 4
3 2 1 3
4 4 3 4





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 0, 0, 1), a2 = (1
2
,−5

4
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





4 −2 −3
−4 4 5
5 −3 −5





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

4− x −2 −3
−4 4− x 5
5 −3 −x− 5

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





1 −2 −3
−4 1 5
5 −3 −8



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1,−1, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✷✹ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➮âàí ➮âàíîâ ❒èíåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

4x1 +3x2 +2x3 +8x4 +x5 =0

−x1 +4x2 +2x3 −8x4 −2x5 =0

−3x1 −8x2 −x3 +4x4 +2x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (4, 0, 2, 8, 1)

b = (8, 2, 1, 0, 4)

c = (4, 8, 1, 2, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 1
8
,−31

32
, 7
2

)

,

v2 =
(

0, 1,−1

4
,−17

16
, 6
)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

4 0 2 8 1
8 2 1 0 4
4 8 1 2 0
1 0 1

8
−31

32

7

2

0 1 −1

4
−17

16
6

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
2461

4

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 2 4
0 2 4 8 1
4 8 1 0 2
2 4 8 1 0
8 2 4 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 2 4
0 2 4 8 1
4 8 1 0 2
2 4 8 1 0
8 2 4 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 2 4
0 2 4 8 1
4 8 1 0 2
2 4 8 1 0
8 2 4 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 2 4 1 0
−6 2 4 0 0
2 4 −7 −1 2
−4 −6 3 8 −1
8 −1 −4 −6 3













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −6 2 −3 −1
−6 8 2 −4 0
2 2 −11 6 3
−4 −2 9 5 −9
8 −9 −3 −2 9













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 1 1 3
7 4 3 9
1 2 1 3
8 6 4 12









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 1 1 3
7 4 3 9
1 2 1 3
8 6 4 12





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−3

5
,−6

5
, 0, 1), a2 = (−1

5
,−2

5
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





7 −5 −1
4 −2 −1
6 −4 −2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

7− x −5 −1
4 −x− 2 −1
6 −4 −x− 2

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





4 −5 −1
4 −5 −1
6 −4 −5



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 2
3
, 2
3

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✷✺ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➶àëåíòèí Ïëàìåíîâ ➘èìèòðîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−5x1 +2x2 −2x3 +8x4 +x5 =0

−5x1 +8x2 −2x3 −x4 −3x5 =0

x1 +5x2 −2x3 +x4 +8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (5, 0, 2, 8, 1)

b = (5, 8, 1, 2, 0)

c = (2, 1, 0, 5, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−317

182
, 24
91
,−54

91

)

,

v2 =
(

0, 1, 629
182

, 54
91
, 15
91

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

5 0 2 8 1
5 8 1 2 0
2 1 0 5 8
1 0 −317

182

24

91
−54

91

0 1 629

182

54

91

15

91

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
62745

182

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 2 5
0 2 5 8 1
5 8 1 0 2
2 5 8 1 0
8 2 5 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 2 5
0 2 5 8 1
5 8 1 0 2
2 5 8 1 0
8 2 5 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 2 5
0 2 5 8 1
5 8 1 0 2
2 5 8 1 0
8 2 5 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 2 5 1 0
−6 3 3 0 0
3 3 −7 −1 2
−5 −6 4 8 −1
8 −1 −5 −6 4













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −6 3 −4 −1
−6 9 0 −3 0
3 0 −10 6 3
−5 −1 10 4 −9
8 −9 −4 −1 10













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 3 1 2
12 15 7 10
3 3 2 2
9 12 5 8









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 3 1 2
12 15 7 10
3 3 2 2
9 12 5 8





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−2

3
, 0, 1), a2 = (−1, 1

3
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−9 15 −7
−6 10 −4
−1 1 1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 9 15 −7
−6 10− x −4
−1 1 1− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−11 15 −7
−6 8 −4
−1 1 −1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1
2
,−1

2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✸✵ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ðàäîñëàâ ➹åîðãèåâ ➹åîðãèåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−2x1 +3x2 −3x3 +8x4 +x5 =0

−8x1 −x2 +3x3 −2x4 +4x5 =0

−6x1 −8x2 +3x3 −6x4 +x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (0, 0, 3, 8, 1)

b = (1, 3, 0, 0, 8)

c = (3, 0, 1, 8, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−68

3
,−10, 14

)

,

v2 =
(

0, 1,−32,−29

2
, 17

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 3 8 1
1 3 0 0 8
3 0 1 8 0
1 0 −68

3
−10 14

0 1 −32 −29

2
17

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
53897

6

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 3 0
0 3 0 8 1
0 8 1 0 3
3 0 8 1 0
8 3 0 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 3 0
0 3 0 8 1
0 8 1 0 3
3 0 8 1 0
8 3 0 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 3 0
0 3 0 8 1
0 8 1 0 3
3 0 8 1 0
8 3 0 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 3 0 1 0
−5 −3 8 0 0
−3 8 −7 −1 3
0 −5 −1 8 −2
8 −2 0 − 5 −1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −5 −3 1 −1
−5 2 11 −8 0
−3 11 −15 6 4
0 −5 4 9 −10
8 −10 2 −5 4













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 1 1 1
10 7 10 7
3 2 3 2
7 5 7 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 1 1 1
10 7 10 7
3 2 3 2
7 5 7 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−1, 0, 1), a2 = (−1, 0, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





0 −2 4
−2 −1 5
0 −1 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x −2 4
−2 −x− 1 5
0 −1 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−2 −2 4
−2 −3 5
0 −1 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 1, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✸✶ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➹þëäæàí ➮áðàèì ✃óïåí

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

x1 −2x2 +3x3 −8x4 +x5 =0

−x1 +x2 −4x3 +3x4 +8x5 =0

−3x1 +x2 −8x3 −x4 +3x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (1, 0, 3, 8, 1)

b = (8, 1, 1, 3, 0)

c = (8, 1, 3, 0, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−13

33
,− 1

33
,− 2

33

)

,

v2 =
(

0, 1, 26

165
,− 31

165
, 4

165

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 3 8 1
8 1 1 3 0
8 1 3 0 1
1 0 −13

33
− 1

33
− 2

33

0 1 26

165
− 31

165

4

165

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
1558

55

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 3 1
0 3 1 8 1
1 8 1 0 3
3 1 8 1 0
8 3 1 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 3 1
0 3 1 8 1
1 8 1 0 3
3 1 8 1 0
8 3 1 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 3 1
0 3 1 8 1
1 8 1 0 3
3 1 8 1 0
8 3 1 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 3 1 1 0
−5 −2 7 0 0
−2 7 −7 −1 3
−1 −5 0 8 −2
8 −2 −1 −5 0













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −5 −2 0 −1
−5 3 9 −7 0
−2 9 −14 6 4
−1 −4 5 8 −10
8 −10 1 −4 5













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 3 1 3
8 15 11 12
2 3 3 2
9 18 12 15









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 3 1 3
8 15 11 12
2 3 3 2
9 18 12 15





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (1,−4

3
, 0, 1), a2 = (−2, 1

3
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−2 1 −1
−2 1 1
0 −1 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 2 1 −1
−2 1− x 1
0 −1 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 1 −1
−2 −1 1
0 −1 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 1, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✸✷ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➚íäðåé Ïåòðîâ Ðóñåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

2x1 +5x2 +3x3 +8x4 −x5 =0

8x1 +2x2 +x3 −x4 +3x5 =0

3x1 +8x2 +x3 +2x4 +3x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (2, 0, 3, 8, 1)

b = (0, 8, 3, 1, 2)

c = (2, 8, 1, 3, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−157

30
, 5
3
,−11

30

)

,

v2 =
(

0, 1, 29
10
,−2,−23

10

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2 0 3 8 1
0 8 3 1 2
2 8 1 3 0
1 0 −157

30

5

3
−11

30

0 1 29

10
−2 −23

10

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
8402

15

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 3 2
0 3 2 8 1
2 8 1 0 3
3 2 8 1 0
8 3 2 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 3 2
0 3 2 8 1
2 8 1 0 3
3 2 8 1 0
8 3 2 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 3 2
0 3 2 8 1
2 8 1 0 3
3 2 8 1 0
8 3 2 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 3 2 1 0
−5 −1 6 0 0
−1 6 −7 −1 3
−2 −5 1 8 −2
8 −2 −2 −5 1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −5 −1 −1 −1
−5 4 7 −6 0
−1 7 −13 6 4
−2 −3 6 7 −10
8 −10 0 −3 6













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 1 3 2
10 5 10 8
1 2 1 2
11 7 11 10









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 1 3 2
10 5 10 8
1 2 1 2
11 7 11 10





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−2

5
,−4

5
, 0, 1), a2 = (−1, 0, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−6 8 4
−4 6 2
0 −1 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 6 8 4
−4 6− x 2
0 −1 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−8 8 4
−4 4 2
0 −1 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0, 2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✸✸ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❒èõàèë ❐àçàðîâ Ïåòðóøåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−3x1 +5x2 −3x3 −8x4 +x5 =0

6x1 +8x2 −3x3 −x4 +3x5 =0

−2x1 +8x2 +3x3 −x4 −3x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (3, 0, 3, 8, 1)

b = (0, 3, 3, 1, 8)

c = (1, 3, 0, 8, 3)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−61

6
, 2,−23

2

)

,

v2 =
(

0, 1,−59

2
, 8,−59

2

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

3 0 3 8 1
0 3 3 1 8
1 3 0 8 3
1 0 −61

6
2 −23

2

0 1 −59

2
8 −59

2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
2229

2

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 3 3
0 3 3 8 1
3 8 1 0 3
3 3 8 1 0
8 3 3 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 3 3
0 3 3 8 1
3 8 1 0 3
3 3 8 1 0
8 3 3 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 3 3
0 3 3 8 1
3 8 1 0 3
3 3 8 1 0
8 3 3 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 3 3 1 0
−5 0 5 0 0
0 5 −7 −1 3
−3 −5 2 8 −2
8 −2 −3 −5 2













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −5 0 −2 −1
−5 5 5 −5 0
0 5 −12 6 4
−3 −2 7 6 −10
8 −10 −1 −2 7













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 3 1 3
5 8 4 9
1 2 2 3
8 13 7 15









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 3 1 3
5 8 4 9
1 2 2 3
8 13 7 15





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (3,−3, 0, 1), a2 = (4,−3, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





4 −4 5
5 −3 4
4 −2 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

4− x −4 5
5 −x− 3 4
4 −2 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





1 −4 5
5 −6 4
4 −2 −1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 3
2
, 1
]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✸✾ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❒àðèÿ Ñòåôàíîâà ❒àí÷åâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

9x1 +3x2 −3x3 +8x4 −x5 =0

9x1 +x2 −6x3 −3x4 −8x5 =0

−6x1 +8x2 +9x3 +3x4 +x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (9, 0, 3, 8, 1)

b = (1, 3, 8, 9, 0)

c = (1, 3, 9, 0, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 41
50
,−18

25
, 39
50

)

,

v2 =
(

0, 1,−121

150
,−14

25
, 47
50

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

9 0 3 8 1
1 3 8 9 0
1 3 9 0 8
1 0 41

50
−18

25

39

50

0 1 −121

150
−14

25

47

50

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
41649

50

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 3 9
0 3 9 8 1
9 8 1 0 3
3 9 8 1 0
8 3 9 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 3 9
0 3 9 8 1
9 8 1 0 3
3 9 8 1 0
8 3 9 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 3 9
0 3 9 8 1
9 8 1 0 3
3 9 8 1 0
8 3 9 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 3 9 1 0
−5 6 −1 0 0
6 −1 −7 −1 3
−9 −5 8 8 −2
8 −2 −9 −5 8













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −5 6 −8 −1
−5 11 −7 1 0
6 −7 −6 6 4
−9 4 13 0 −10
8 −10 −7 4 13













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 3 2 2
3 7 6 7
1 1 2 3
5 11 10 12









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 3 2 2
3 7 6 7
1 1 2 3
5 11 10 12





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−7

2
, 1
2
, 0, 1), a2 = (−2, 0, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





2 −5 2
−2 0 4
1 −2 1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

2− x −5 2
−2 −x 4
1 −2 1− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−1 −5 2
−2 −3 4
1 −2 −2



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 0, 1
2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✹✵ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ïëàìåí ❒àëèíîâ ✃àðàùðàíîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

2x1 +3x2 −4x3 −8x4 +x5 =0

4x1 +x2 −2x3 −x4 −8x5 =0

5x1 −8x2 +x3 −4x4 +x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (0, 0, 4, 8, 1)

b = (4, 8, 1, 0, 0)

c = (8, 1, 0, 4, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−275

189
, 202
189

, 46
63

)

,

v2 =
(

0, 1, 205
63
,−83

63
,−11

21

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 4 8 1
4 8 1 0 0
8 1 0 4 0
1 0 −275

189

202

189

46

63

0 1 205

63
−83

63
−11

21

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
52877

63

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 4 0
0 4 0 8 1
0 8 1 0 4
4 0 8 1 0
8 4 0 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 4 0
0 4 0 8 1
0 8 1 0 4
4 0 8 1 0
8 4 0 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 4 0
0 4 0 8 1
0 8 1 0 4
4 0 8 1 0
8 4 0 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 4 0 1 0
−4 −4 8 0 0
−4 8 −7 −1 4
0 −4 −1 8 −3
8 −3 0 − 4 −1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −4 −4 1 −1
−4 0 12 −8 0
−4 12 −15 6 5
0 −4 3 9 −11
8 −11 3 −4 3













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 1 2 2
9 5 7 6
3 3 3 2
9 5 7 6









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 1 2 2
9 5 7 6
3 3 3 2
9 5 7 6





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−2

3
, 0, 0, 1), a2 = (−1

2
,−1

2
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





1 −1 2
1 1 0
2 0 0





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

1− x −1 2
1 1− x 0
2 0 −x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−1 −1 2
1 −1 0
2 0 −2



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 1, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✹✶ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❮èêîëèíà ➱îðäàíîâà ➶àí÷åâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−x1 −4x2 +4x3 +8x4 −x5 =0

−x1 +4x2 +8x3 −2x4 −x5 =0

8x1 −x2 +4x3 +x4 −x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (1, 0, 4, 8, 1)

b = (0, 8, 1, 4, 1)

c = (4, 0, 1, 8, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 45
14
, 9
7
, 155

7

)

,

v2 =
(

0, 1,−13

14
, 3
7
,−30

7

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 4 8 1
0 8 1 4 1
4 0 1 8 1
1 0 45

14

9

7

155

7

0 1 −13

14

3

7
−30

7

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
9630

7

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 4 1
0 4 1 8 1
1 8 1 0 4
4 1 8 1 0
8 4 1 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 4 1
0 4 1 8 1
1 8 1 0 4
4 1 8 1 0
8 4 1 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 4 1
0 4 1 8 1
1 8 1 0 4
4 1 8 1 0
8 4 1 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 4 1 1 0
−4 −3 7 0 0
−3 7 −7 −1 4
−1 −4 0 8 −3
8 −3 −1 −4 0













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −4 −3 0 −1
−4 1 10 −7 0
−3 10 −14 6 5
−1 −3 4 8 −11
8 −11 2 −3 4













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 2 2 1
8 6 6 7
3 2 2 3
12 10 10 9









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 2 2 1
8 6 6 7
3 2 2 3
12 10 10 9





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−2, 3
2
, 0, 1), a2 = (0,−1, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−5 10 −8
1 0 1
5 −8 8





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 5 10 −8
1 −x 1
5 −8 8− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−8 10 −8
1 −3 1
5 −8 5



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0,−1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✹✷ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❮èêîëàé Ñâåòëèíîâ ➪îæàíîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−2x1 −3x2 +4x3 −8x4 +x5 =0

−2x1 −8x2 +2x3 −4x4 +x5 =0

8x1 +2x2 +x3 +x4 +4x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (2, 0, 4, 8, 1)

b = (1, 2, 4, 0, 8)

c = (8, 0, 4, 2, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−32

3
,−16

3
, 2
)

,

v2 =
(

0, 1,−221

6
,−103

6
, 13

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2 0 4 8 1
1 2 4 0 8
8 0 4 2 1
1 0 −32

3
−16

3
2

0 1 −221

6
−103

6
13

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −2266

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 4 2
0 4 2 8 1
2 8 1 0 4
4 2 8 1 0
8 4 2 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 4 2
0 4 2 8 1
2 8 1 0 4
4 2 8 1 0
8 4 2 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 4 2
0 4 2 8 1
2 8 1 0 4
4 2 8 1 0
8 4 2 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 4 2 1 0
−4 −2 6 0 0
−2 6 −7 −1 4
−2 −4 1 8 −3
8 −3 −2 −4 1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −4 −2 −1 −1
−4 2 8 −6 0
−2 8 −13 6 5
−2 −2 5 7 −11
8 −11 1 −2 5













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 2 1 1
5 10 5 8
1 2 1 2
3 6 3 4









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 2 1 1
5 10 5 8
1 2 1 2
3 6 3 4





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−2, 1, 0, 0), a2 = (−1, 0, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−10 16 −12
−7 11 −7
−1 1 1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 10 16 −12
−7 11− x −7
−1 1 1− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−12 16 −12
−7 9 −7
−1 1 −1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0,−1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✹✼ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➘èìèòúð ➚òàíàñîâ ❐àçàðîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

7x1 −3x2 −4x3 +8x4 −x5 =0

−x1 +5x2 −4x3 +8x4 +7x5 =0

7x1 −8x2 +x3 +3x4 +4x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (7, 0, 4, 8, 1)

b = (4, 1, 7, 8, 0)

c = (0, 1, 7, 8, 4)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−7

2
,−5

2
, 1
)

,

v2 =
(

0, 1, 9
2
, 5
2
,−1

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

7 0 4 8 1
4 1 7 8 0
0 1 7 8 4
1 0 −7

2
−5

2
1

0 1 9

2

5

2
−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 72

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 4 7
0 4 7 8 1
7 8 1 0 4
4 7 8 1 0
8 4 7 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 4 7
0 4 7 8 1
7 8 1 0 4
4 7 8 1 0
8 4 7 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 4 7
0 4 7 8 1
7 8 1 0 4
4 7 8 1 0
8 4 7 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 4 7 1 0
−4 3 1 0 0
3 1 −7 −1 4
−7 −4 6 8 −3
8 −3 −7 −4 6













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −4 3 −6 −1
−4 7 −2 −1 0
3 −2 −8 6 5
−7 3 10 2 −11
8 −11 −4 3 10













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 2 1 2
4 4 3 4
3 2 2 2
11 10 8 10









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 2 1 2
4 4 3 4
3 2 2 2
11 10 8 10





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−1, 0, 1), a2 = (−1

2
,−1

4
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−10 16 4
−6 10 2
−1 1 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 10 16 4
−6 10− x 2
−1 1 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−12 16 4
−6 8 2
−1 1 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 1,−1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✹✽ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ðàäîñëàâ ➪îÿíîâ ✃îìèòîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

8x1 +6x2 +4x3 −8x4 +x5 =0

−3x1 +x2 −8x3 −8x4 +4x5 =0

x1 +8x2 −4x3 +4x4 +8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (8, 0, 4, 8, 1)

b = (8, 1, 4, 0, 8)

c = (8, 1, 8, 4, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−217

192
, 21
64
,−41

48

)

,

v2 =
(

0, 1,−151

192
, 11
64
,−71

48

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

8 0 4 8 1
8 1 4 0 8
8 1 8 4 0
1 0 −217

192

21

64
−41

48

0 1 −151

192

11

64
−71

48

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
10885

12

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 4 8
0 4 8 8 1
8 8 1 0 4
4 8 8 1 0
8 4 8 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 4 8
0 4 8 8 1
8 8 1 0 4
4 8 8 1 0
8 4 8 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 4 8
0 4 8 8 1
8 8 1 0 4
4 8 8 1 0
8 4 8 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 4 8 1 0
−4 4 0 0 0
4 0 −7 −1 4
−8 −4 7 8 −3
8 −3 −8 −4 7













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −4 4 −7 −1
−4 8 −4 0 0
4 −4 −7 6 5
−8 4 11 1 −11
8 −11 −5 4 11













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 1 2 2
3 3 4 8
1 1 1 3
4 4 5 11









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 1 2 2
3 3 4 8
1 1 1 3
4 4 5 11





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−4, 0, 1, 1), a2 = (−1, 1, 0, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





5 −14 4
1 −4 2
3 −7 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

5− x −14 4
1 −x− 4 2
3 −7 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





2 −14 4
1 −7 2
3 −7 −1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1
3
, 2
3

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✹✾ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➶àíÿ ßíåâà ➹óøåâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−9x1 −4x2 −4x3 −8x4 −x5 =0

−6x1 +9x2 −8x3 +x4 −4x5 =0

x1 −4x2 +8x3 −5x4 −9x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (9, 0, 4, 8, 1)

b = (1, 4, 0, 9, 8)

c = (8, 4, 1, 0, 9)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−174

229
,−166

229
,− 37

229

)

,

v2 =
(

0, 1, 619
916

,−211

229
, 153
229

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

9 0 4 8 1
1 4 0 9 8
8 4 1 0 9
1 0 −174

229
−166

229
− 37

229

0 1 619

916
−211

229

153

229

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
210212

229

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 4 9
0 4 9 8 1
9 8 1 0 4
4 9 8 1 0
8 4 9 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 4 9
0 4 9 8 1
9 8 1 0 4
4 9 8 1 0
8 4 9 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 4 9
0 4 9 8 1
9 8 1 0 4
4 9 8 1 0
8 4 9 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 4 9 1 0
−4 5 −1 0 0
5 −1 −7 −1 4
−9 −4 8 8 −3
8 −3 −9 −4 8













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −4 5 −8 −1
−4 9 −6 1 0
5 −6 −6 6 5
−9 5 12 0 −11
8 −11 −6 5 12













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 2 2 3
12 12 15 18
3 2 3 3
6 8 9 12









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 2 2 3
12 12 15 18
3 2 3 3
6 8 9 12





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−3

2
, 0, 1), a2 = (−1

2
,−3

4
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





5 −3 −4
−1 1 2
3 −1 −3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

5− x −3 −4
−1 1− x 2
3 −1 −x− 3

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





2 −3 −4
−1 −2 2
3 −1 −6



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 0, 1
2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✺✵ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➚íãåë Ïàâëîâ ➚íãåëîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

4x1 −3x2 −5x3 −8x4 +x5 =0

8x1 +6x2 −5x3 +6x4 −x5 =0

5x1 +x2 +8x3 +x4 +6x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (0, 0, 5, 8, 1)

b = (0, 0, 1, 5, 8)

c = (1, 8, 5, 0, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 275
207

,−133

207
,−517

207

)

,

v2 =
(

0, 1, 185
414

,−152

207
,−265

414

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷å✲
íàòà äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 5 8 1
0 0 1 5 8
1 8 5 0 0
1 0 275

207
−133

207
−517

207

0 1 185

414
−152

207
−265

414

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
24622

207

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 5 0
0 5 0 8 1
0 8 1 0 5
5 0 8 1 0
8 5 0 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 5 0
0 5 0 8 1
0 8 1 0 5
5 0 8 1 0
8 5 0 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 5 0
0 5 0 8 1
0 8 1 0 5
5 0 8 1 0
8 5 0 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 0 1 0
−3 −5 8 0 0
−5 8 −7 −1 5
0 −3 −1 8 −4
8 −4 0 − 3 −1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 −5 1 −1
−3 −2 13 −8 0
−5 13 −15 6 6
0 −3 2 9 −12
8 −12 4 −3 2













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 1 1 2
3 2 3 4
2 1 2 2
5 3 5 6









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 1 1 2
3 2 3 4
2 1 2 2
5 3 5 6





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−2, 0, 1), a2 = (−1, 0, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





3 −1 −1
1 1 −1
4 −2 −2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

3− x −1 −1
1 1− x −1
4 −2 −x− 2

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





1 −1 −1
1 −1 −1
4 −2 −4



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✺✸ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❒àðòèí ➱îðäàíîâ ❒èí÷åâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−3x1 −4x2 −5x3 −8x4 −x5 =0

8x1 +3x2 −3x3 −5x4 −x5 =0

8x1 +5x2 +x3 +3x4 −3x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (3, 0, 5, 8, 1)

b = (5, 0, 3, 1, 8)

c = (0, 8, 5, 1, 3)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−41, 71
3
, 38

3

)

,
v2 = (0, 1,−23, 13, 7)✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

3 0 5 8 1
5 0 3 1 8
0 8 5 1 3
1 0 −41 71

3

38

3

0 1 −23 13 7

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
8978

3

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 5 3
0 5 3 8 1
3 8 1 0 5
5 3 8 1 0
8 5 3 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 5 3
0 5 3 8 1
3 8 1 0 5
5 3 8 1 0
8 5 3 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 5 3
0 5 3 8 1
3 8 1 0 5
5 3 8 1 0
8 5 3 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 3 1 0
−3 −2 5 0 0
−2 5 −7 −1 5
−3 −3 2 8 −4
8 −4 −3 −3 2













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 −2 −2 −1
−3 1 7 −5 0
−2 7 −12 6 6
−3 0 5 6 −12
8 −12 1 0 5













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 1 3 1
13 11 12 8
3 3 2 2
9 6 11 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 1 3 1
13 11 12 8
3 3 2 2
9 6 11 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1

3
,−1

3
, 0, 1), a2 = (−7

3
, 5
3
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





2 −8 4
0 −2 2
1 −3 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

2− x −8 4
0 −x− 2 2
1 −3 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





0 −8 4
0 −4 2
1 −3 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1
3
, 2
3

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✺✹ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❐þäìèë ➘îáðîìèðîâ ➘åë÷åâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−4x1 −6x2 −5x3 −8x4 −x5 =0

4x1 −5x2 +x3 −8x4 +x5 =0

−4x1 −x2 +8x3 +3x4 −5x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (4, 0, 5, 8, 1)

b = (0, 1, 8, 4, 5)

c = (1, 4, 0, 8, 5)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−64

89
, 16
89
,−164

89

)

,

v2 =
(

0, 1, 9

356
,−247

356
,−205

356

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

4 0 5 8 1
0 1 8 4 5
1 4 0 8 5
1 0 −64

89

16

89
−164

89

0 1 9

356
−247

356
−205

356

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
17751

356

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 5 4
0 5 4 8 1
4 8 1 0 5
5 4 8 1 0
8 5 4 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 5 4
0 5 4 8 1
4 8 1 0 5
5 4 8 1 0
8 5 4 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 5 4
0 5 4 8 1
4 8 1 0 5
5 4 8 1 0
8 5 4 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 4 1 0
−3 −1 4 0 0
−1 4 −7 −1 5
−4 −3 3 8 −4
8 −4 −4 −3 3













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 −1 −3 −1
−3 2 5 −4 0
−1 5 −11 6 6
−4 1 6 5 −12
8 −12 0 1 6













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 2 1 1
9 11 10 4
2 3 3 1
12 13 11 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 2 1 1
9 11 10 4
2 3 3 1
12 13 11 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1

5
,−1

5
, 0, 1), a2 = (3

5
,−7

5
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





1 1 −1
0 2 −1
2 0 −2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

1− x 1 −1
0 2− x −1
2 0 −x− 2

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





0 1 −1
0 1 −1
2 0 −3



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 2
3
, 2
3

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✺✺ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❒èëà ➚íãåëîâà Òîøåâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

5x1 +4x2 +5x3 −8x4 +x5 =0

−8x1 −5x2 +4x3 +5x4 −x5 =0

−3x1 −8x2 +x3 −5x4 +5x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (5, 0, 5, 8, 1)

b = (0, 5, 1, 5, 8)

c = (0, 8, 5, 1, 5)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 7
9
, 4
3
, 16

9

)

,

v2 =
(

0, 1, 119
243

, 92
81
, 641
243

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

5 0 5 8 1
0 5 1 5 8
0 8 5 1 5
1 0 7

9

4

3

16

9

0 1 119

243

92

81

641

243

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
13873

81

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 5 5
0 5 5 8 1
5 8 1 0 5
5 5 8 1 0
8 5 5 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 5 5
0 5 5 8 1
5 8 1 0 5
5 5 8 1 0
8 5 5 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 5 5
0 5 5 8 1
5 8 1 0 5
5 5 8 1 0
8 5 5 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 5 1 0
−3 0 3 0 0
0 3 −7 −1 5
−5 −3 4 8 −4
8 −4 −5 −3 4













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 0 −4 −1
−3 3 3 −3 0
0 3 −10 6 6
−5 2 7 4 −12
8 −12 −1 2 7













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 1 3 1
10 8 12 6
3 3 3 2
7 5 9 4









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 1 3 1
10 8 12 6
3 3 3 2
7 5 9 4





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1

3
,−1

3
, 0, 1), a2 = (−2, 1, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−4 2 0
−7 4 0
−1 0 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 4 2 0
−7 4− x 0
−1 0 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−6 2 0
−7 2 0
−1 0 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✺✻ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ñâåòëèí Òðèôîíîâ ➶àñèëåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

6x1 +6x2 +5x3 +8x4 −x5 =0

5x1 +6x2 −5x3 −x4 +8x5 =0

6x1 +x2 +5x3 +2x4 −8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (6, 0, 5, 8, 1)

b = (6, 8, 1, 0, 5)

c = (8, 1, 0, 5, 6)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 128
7
,−11, 66

7

)

,

v2 =
(

0, 1, 387
35
,−7, 37

7

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 0 5 8 1
6 8 1 0 5
8 1 0 5 6
1 0 128

7
−11 66

7

0 1 387

35
−7 37

7

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
16592

5

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 5 6
0 5 6 8 1
6 8 1 0 5
5 6 8 1 0
8 5 6 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 5 6
0 5 6 8 1
6 8 1 0 5
5 6 8 1 0
8 5 6 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 5 6
0 5 6 8 1
6 8 1 0 5
5 6 8 1 0
8 5 6 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 6 1 0
−3 1 2 0 0
1 2 −7 −1 5
−6 −3 5 8 −4
8 −4 −6 −3 5













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 1 −5 −1
−3 4 1 −2 0
1 1 −9 6 6
−6 3 8 3 −12
8 −12 −2 3 8













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 3 3 1
9 18 15 9
1 3 2 2
6 12 10 6









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 3 3 1
9 18 15 9
1 3 2 2
6 12 10 6





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (1,−1, 0, 1), a2 = (−1,−1

3
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−2 0 4
−2 2 2
0 −1 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 2 0 4
−2 2− x 2
0 −1 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 0 4
−2 0 2
0 −1 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✺✼ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ñòåôàí ❮èêîëàåâ ❮èêîëîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−7x1 −2x2 −5x3 −8x4 +x5 =0

7x1 +x2 −5x3 +6x4 +8x5 =0

7x1 −5x2 +8x3 −5x4 +x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (7, 0, 5, 8, 1)

b = (8, 0, 1, 7, 5)

c = (0, 5, 8, 7, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−113

115
,− 47

115
,−136

115

)

,

v2 =
(

0, 1, 261
805

,−326

805
, 307
805

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

7 0 5 8 1
8 0 1 7 5
0 5 8 7 1
1 0 −113

115
− 47

115
−136

115

0 1 261

805
−326

805

307

805

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
70443

161

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 5 7
0 5 7 8 1
7 8 1 0 5
5 7 8 1 0
8 5 7 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 5 7
0 5 7 8 1
7 8 1 0 5
5 7 8 1 0
8 5 7 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 5 7
0 5 7 8 1
7 8 1 0 5
5 7 8 1 0
8 5 7 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 7 1 0
−3 2 1 0 0
2 1 −7 −1 5
−7 −3 6 8 −4
8 −4 −7 −3 6













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 2 −6 −1
−3 5 −1 −1 0
2 −1 −8 6 6
−7 4 9 2 −12
8 −12 −3 4 9













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 2 1 3
10 7 5 15
2 1 1 3
12 9 6 18









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 2 1 3
10 7 5 15
2 1 1 3
12 9 6 18





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−3

2
, 0, 0, 1), a2 = (−1

2
, 0, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−11 19 −28
−7 11 −14
0 −1 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 11 19 −28
−7 11− x −14
0 −1 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−14 19 −28
−7 8 −14
0 −1 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 0,−1

2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✺✽ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➚ëåêñàíäúð Ñïàñîâ Ïîïîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−8x1 −3x2 +5x3 −8x4 +x5 =0

x1 +2x2 +8x3 +5x4 +8x5 =0

−5x1 +6x2 +8x3 −x4 −8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (8, 0, 5, 8, 1)

b = (1, 0, 5, 8, 8)

c = (8, 8, 0, 5, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 67

154
,−57

77
,− 15

154

)

,

v2 =
(

0, 1,− 4

11
,− 6

11
, 5

11

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

8 0 5 8 1
1 0 5 8 8
8 8 0 5 1
1 0 67

154
−57

77
− 15

154

0 1 − 4

11
− 6

11

5

11

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
287

11

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 5 8
0 5 8 8 1
8 8 1 0 5
5 8 8 1 0
8 5 8 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 5 8
0 5 8 8 1
8 8 1 0 5
5 8 8 1 0
8 5 8 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 5 8
0 5 8 8 1
8 8 1 0 5
5 8 8 1 0
8 5 8 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 5 8 1 0
−3 3 0 0 0
3 0 −7 −1 5
−8 −3 7 8 −4
8 −4 −8 −3 7













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −3 3 −7 −1
−3 6 −3 0 0
3 −3 −7 6 6
−8 5 10 1 −12
8 −12 −4 5 10













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 1 1 2
12 8 4 10
3 3 1 3
6 4 2 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 1 1 2
12 8 4 10
3 3 1 3
6 4 2 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1

2
,−1

2
, 0, 1), a2 = (−1

3
, 0, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−7 11 −5
−4 6 −2
2 −5 4





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 7 11 −5
−4 6− x −2
2 −5 4− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−10 11 −5
−4 3 −2
2 −5 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0,−2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✻✸ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➴âãåíè Ñîòèðîâ ➪àòåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

3x1 −x2 +6x3 −8x4 −x5 =0

3x1 +8x2 +6x3 +x4 −3x5 =0

x1 +3x2 +8x3 +6x4 +x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (3, 0, 6, 8, 1)

b = (3, 8, 1, 0, 6)

c = (8, 1, 6, 0, 3)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,− 44

163
, 18

163
, 81

163

)

,

v2 =
(

0, 1,− 36

163
,− 89

163
, 333
163

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

3 0 6 8 1
3 8 1 0 6
8 1 6 0 3
1 0 − 44

163

18

163

81

163

0 1 − 36

163
− 89

163

333

163

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
125630

163

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 6 3
0 6 3 8 1
3 8 1 0 6
6 3 8 1 0
8 6 3 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 6 3
0 6 3 8 1
3 8 1 0 6
6 3 8 1 0
8 6 3 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 6 3
0 6 3 8 1
3 8 1 0 6
6 3 8 1 0
8 6 3 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 6 3 1 0
−2 −3 5 0 0
−3 5 −7 −1 6
−3 −2 2 8 −5
8 −5 −3 −2 2













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −2 −3 −2 −1
−2 −1 8 −5 0
−3 8 −12 6 7
−3 1 4 6 −13
8 −13 2 1 4













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 2 3 3
3 4 5 6
1 2 2 3
7 10 12 15









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 2 3 3
3 4 5 6
1 2 2 3
7 10 12 15





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (0,−3

2
, 0, 1), a2 = (−1,−1

2
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





7 −10 −3
1 −3 1
3 −4 −1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

7− x −10 −3
1 −x− 3 1
3 −4 −x− 1

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





4 −10 −3
1 −6 1
3 −4 −4



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1
4
, 1
2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✻✹ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❐þáîñëàâ ✃ðàñèìèðîâ ✃úíåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

4x1 −3x2 −6x3 +8x4 −x5 =0

x1 +4x2 +8x3 −6x4 −3x5 =0

−x1 +6x2 +3x3 −8x4 −4x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (4, 0, 6, 8, 1)

b = (4, 1, 0, 6, 8)

c = (4, 1, 0, 8, 6)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,− 7

23
,−29

46
, 18
23

)

,

v2 =
(

0, 1, 2

23
, 117
230

, 63

115

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

4 0 6 8 1
4 1 0 6 8
4 1 0 8 6
1 0 − 7

23
−29

46

18

23

0 1 2

23

117

230

63

115

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
18294

115

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 6 4
0 6 4 8 1
4 8 1 0 6
6 4 8 1 0
8 6 4 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 6 4
0 6 4 8 1
4 8 1 0 6
6 4 8 1 0
8 6 4 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 6 4
0 6 4 8 1
4 8 1 0 6
6 4 8 1 0
8 6 4 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 6 4 1 0
−2 −2 4 0 0
−2 4 −7 −1 6
−4 −2 3 8 −5
8 −5 −4 −2 3













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −2 −2 −3 −1
−2 0 6 −4 0
−2 6 −11 6 7
−4 2 5 5 −13
8 −13 1 2 5













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 2 3 2
15 12 15 15
2 2 2 3
8 6 8 7









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 2 3 2
15 12 15 15
2 2 2 3
8 6 8 7





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (1,−5

2
, 0, 1), a2 = (−1, 0, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−7 11 −16
−2 1 1
2 −5 9





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 7 11 −16
−2 1− x 1
2 −5 9− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−10 11 −16
−2 −2 1
2 −5 6



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1,−2,−2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✻✺ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ Ñòåôàí ➹åîðãèåâ Ïåòðîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−5x1 −3x2 +6x3 +8x4 −x5 =0

x1 −6x2 −x3 −8x4 +5x5 =0

x1 +6x2 −5x3 +8x4 −2x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (5, 0, 6, 8, 1)

b = (1, 0, 6, 5, 8)

c = (8, 5, 0, 1, 6)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 20
39
, 89

312
, 14
39

)

,

v2 =
(

0, 1, 9

13
, 3

104
, 18
13

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

5 0 6 8 1
1 0 6 5 8
8 5 0 1 6
1 0 20

39

89

312

14

39

0 1 9

13

3

104

18

13

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
90235

312

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 6 5
0 6 5 8 1
5 8 1 0 6
6 5 8 1 0
8 6 5 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 6 5
0 6 5 8 1
5 8 1 0 6
6 5 8 1 0
8 6 5 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 6 5
0 6 5 8 1
5 8 1 0 6
6 5 8 1 0
8 6 5 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 6 5 1 0
−2 −1 3 0 0
−1 3 −7 −1 6
−5 −2 4 8 −5
8 −5 −5 −2 4













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −2 −1 −4 −1
−2 1 4 −3 0
−1 4 −10 6 7
−5 3 6 4 −13
8 −13 0 3 6













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 2 2 2
7 12 12 10
2 3 3 2
5 9 9 8









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 2 2 2
7 12 12 10
2 3 3 2
5 9 9 8





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (2,−2, 0, 1), a2 = (0,−1, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−2 2 −2
1 0 2
2 −2 4





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 2 2 −2
1 −x 2
2 −2 4− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 2 −2
1 −2 2
2 −2 2



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 1, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✻✻ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➚ëåêñàíäðà ✃ðóìîâà Öâåòêîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−6x1 +x2 −6x3 +8x4 +x5 =0

−x1 −3x2 −6x3 −6x4 −8x5 =0

6x1 −8x2 +2x3 −x4 −6x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (6, 0, 6, 8, 1)

b = (6, 1, 6, 8, 0)

c = (1, 8, 6, 6, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−563

566
,− 23

283
, 193
283

)

,

v2 =
(

0, 1, 351
566

, 139
283

,−342

283

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

6 0 6 8 1
6 1 6 8 0
1 8 6 6 0
1 0 −563

566
− 23

283

193

283

0 1 351

566

139

283
−342

283

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
1771

283

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 6 6
0 6 6 8 1
6 8 1 0 6
6 6 8 1 0
8 6 6 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 6 6
0 6 6 8 1
6 8 1 0 6
6 6 8 1 0
8 6 6 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 6 6
0 6 6 8 1
6 8 1 0 6
6 6 8 1 0
8 6 6 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 6 6 1 0
−2 0 2 0 0
0 2 −7 −1 6
−6 −2 5 8 −5
8 −5 −6 −2 5













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −2 0 −5 −1
−2 2 2 −2 0
0 2 −9 6 7
−6 4 7 3 −13
8 −13 −1 4 7













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 2 3 3
13 10 15 12
3 2 3 2
9 8 12 11









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 2 3 3
13 10 15 12
3 2 3 2
9 8 12 11





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (1,−5

2
, 0, 1), a2 = (0,−3

2
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





0 −3 7
−2 −1 7
0 −1 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x −3 7
−2 −x− 1 7
0 −1 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−2 −3 7
−2 −3 7
0 −1 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1
2
, 1
2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✼✶ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ßâîð ➶åíöèñëàâîâ ➹îëåìàíîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

x1 −3x2 +7x3 −8x4 −x5 =0

x1 +7x2 −6x3 −x4 +8x5 =0

−x1 +8x2 −7x3 −x4 +x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (1, 0, 7, 8, 1)

b = (8, 1, 0, 1, 7)

c = (0, 7, 1, 8, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,− 9

50
, 0,−13

50

)

,

v2 =
(

0, 1, 239
225

, 5
9
,− 2

225

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 7 8 1
8 1 0 1 7
0 7 1 8 1
1 0 − 9

50
0 −13

50

0 1 239

225

5

9
− 2

225

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
18262

25

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 7 1
0 7 1 8 1
1 8 1 0 7
7 1 8 1 0
8 7 1 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 7 1
0 7 1 8 1
1 8 1 0 7
7 1 8 1 0
8 7 1 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 7 1
0 7 1 8 1
1 8 1 0 7
7 1 8 1 0
8 7 1 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 7 1 1 0
−1 −6 7 0 0
−6 7 −7 −1 7
−1 −1 0 8 −6
8 −6 −1 −1 0













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −1 −6 0 −1
−1 −5 13 −7 0
−6 13 −14 6 8
−1 0 1 8 −14
8 −14 5 0 1













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 2 3 3
7 9 10 11
1 3 1 2
3 5 4 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 2 3 3
7 9 10 11
1 3 1 2
3 5 4 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−5

4
,−1

4
, 0, 1), a2 = (−7

4
, 1
4
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−1 1 0
1 1 0
4 −2 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 1 1 0
1 1− x 0
4 −2 2− x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−3 1 0
1 −1 0
4 −2 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✼✷ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➱îðäàí Ðóìåíîâ Ðóñåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

2x1 −5x2 −7x3 +8x4 −x5 =0

−x1 −5x2 +8x3 −2x4 −7x5 =0

−3x1 +2x2 −x3 −8x4 −7x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (2, 0, 7, 8, 1)

b = (8, 7, 0, 1, 2)

c = (7, 0, 2, 1, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,− 13

432
,− 83

288
,− 41

432

)

,

v2 =
(

0, 1, 113
432

, 223
288

,−275

432

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2 0 7 8 1
8 7 0 1 2
7 0 2 1 8
1 0 − 13

432
− 83

288
− 41

432

0 1 113

432

223

288
−275

432

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
2711

96

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 7 2
0 7 2 8 1
2 8 1 0 7
7 2 8 1 0
8 7 2 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 7 2
0 7 2 8 1
2 8 1 0 7
7 2 8 1 0
8 7 2 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 7 2
0 7 2 8 1
2 8 1 0 7
7 2 8 1 0
8 7 2 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 7 2 1 0
−1 −5 6 0 0
−5 6 −7 −1 7
−2 −1 1 8 −6
8 −6 −2 −1 1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −1 −5 −1 −1
−1 −4 11 −6 0
−5 11 −13 6 8
−2 1 2 7 −14
8 −14 4 1 2













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 3 3 1
18 15 15 6
3 2 2 1
18 15 15 6









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 3 3 1
18 15 15 6
3 2 2 1
18 15 15 6





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−1

3
, 0, 0, 1), a2 = (0,−1, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−1 −2 7
−2 −1 7
−1 0 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 1 −2 7
−2 −x− 1 7
−1 0 3− x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−2 −2 7
−2 −2 7
−1 0 2



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 3
4
, 1
2

]

)✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✼✸ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❒àðòèí ➮ëèåâ ✃àñàïîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−3x1 −2x2 +7x3 +8x4 −x5 =0

−8x1 −7x2 −x3 +6x4 +3x5 =0

7x1 −8x2 −3x3 −x4 −4x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (3, 0, 7, 8, 1)

b = (1, 3, 0, 7, 8)

c = (0, 7, 8, 3, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 1

30
, 49
90
, 143

90

)

,

v2 =
(

0, 1,−143

90
, 403
270

,−319

270

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

3 0 7 8 1
1 3 0 7 8
0 7 8 3 1
1 0 1

30

49

90

143

90

0 1 −143

90

403

270
−319

270

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
498437

270

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 7 3
0 7 3 8 1
3 8 1 0 7
7 3 8 1 0
8 7 3 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 7 3
0 7 3 8 1
3 8 1 0 7
7 3 8 1 0
8 7 3 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 7 3
0 7 3 8 1
3 8 1 0 7
7 3 8 1 0
8 7 3 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 7 3 1 0
−1 −4 5 0 0
−4 5 −7 −1 7
−3 −1 2 8 −6
8 −6 −3 −1 2













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −1 −4 −2 −1
−1 −3 9 −5 0
−4 9 −12 6 8
−3 2 3 6 −14
8 −14 3 2 3













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 3 3 2
11 11 12 8
2 2 3 2
9 9 12 8









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 3 3 2
11 11 12 8
2 2 3 2
9 9 12 8





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (0, 0,−2

3
, 1), a2 = (−1, 1, 0, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





1 −1 1
−1 1 1
2 0 0





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

1− x −1 1
−1 1− x 1
2 0 −x

∣

∣

∣

∣

∣

∣

= −x3 + 2 x2 + 2 x− 4.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 2✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 2 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−1 −1 1
−1 −1 1
2 0 −2



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✼✹ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ✃àòÿ Ïëàìåíîâà Õðèñòîâñêà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−4x1 −6x2 −7x3 +8x4 −x5 =0

−4x1 −x2 −2x3 −7x4 +8x5 =0

6x1 −4x2 −8x3 +7x4 +x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (4, 0, 7, 8, 1)

b = (4, 1, 7, 8, 0)

c = (8, 0, 7, 4, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,−218

5
,−656

15
,−146

3

)

,

v2 =
(

0, 1,−11,−31

3
,−35

3

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

4 0 7 8 1
4 1 7 8 0
8 0 7 4 1
1 0 −218

5
−656

15
−146

3

0 1 −11 −31

3
−35

3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
9884

5

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 7 4
0 7 4 8 1
4 8 1 0 7
7 4 8 1 0
8 7 4 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 7 4
0 7 4 8 1
4 8 1 0 7
7 4 8 1 0
8 7 4 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 7 4
0 7 4 8 1
4 8 1 0 7
7 4 8 1 0
8 7 4 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 7 4 1 0
−1 −3 4 0 0
−3 4 −7 −1 7
−4 −1 3 8 −6
8 −6 −4 −1 3













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −1 −3 −3 −1
−1 −2 7 −4 0
−3 7 −11 6 8
−4 3 4 5 −14
8 −14 2 3 4













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 3 3 1
12 12 12 11
2 2 2 3
8 8 8 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 3 3 1
12 12 12 11
2 2 2 3
8 8 8 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−1, 1, 0, 0), a2 = (−1, 0, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−5 10 −8
1 0 1
5 −8 8





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 5 10 −8
1 −x 1
5 −8 8− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−8 10 −8
1 −3 1
5 −8 5



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0,−1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✼✾ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➘èìèòúð Õðèñòîâ ➪àêúðäæèåâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

9x1 +4x2 +7x3 +8x4 +x5 =0

−9x1 −7x2 +8x3 +2x4 −x5 =0

−8x1 +x2 −9x3 −x4 −7x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (9, 0, 7, 8, 1)

b = (1, 9, 8, 7, 0)

c = (1, 8, 7, 0, 9)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 22
17
,−33

17
,−43

17

)

,

v2 =
(

0, 1, 91
85
,−111

85
,−89

85

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U +V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

9 0 7 8 1
1 9 8 7 0
1 8 7 0 9
1 0 22

17
−33

17
−43

17

0 1 91

85
−111

85
−89

85

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
1152

17

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 7 9
0 7 9 8 1
9 8 1 0 7
7 9 8 1 0
8 7 9 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 7 9
0 7 9 8 1
9 8 1 0 7
7 9 8 1 0
8 7 9 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 7 9
0 7 9 8 1
9 8 1 0 7
7 9 8 1 0
8 7 9 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 7 9 1 0
−1 2 −1 0 0
2 −1 −7 −1 7
−9 −1 8 8 −6
8 −6 −9 −1 8













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 −1 2 −8 −1
−1 3 −3 1 0
2 −3 −6 6 8
−9 8 9 0 −14
8 −14 −3 8 9













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 3 1 2
12 18 6 15
3 3 1 3
12 18 6 15









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 3 1 2
12 18 6 15
3 3 1 3
12 18 6 15





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (−1

2
,−1

2
, 0, 1), a2 = (0,−1

3
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





1 −4 3
1 −2 2
4 −6 4





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

1− x −4 3
1 −x− 2 2
4 −6 4− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−2 −4 3
1 −5 2
4 −6 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 1, 2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✽✵ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ßíà ➶àñèëåâà ✃îçàðîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−4x1 −x2 +8x3 −8x4 −x5 =0

8x1 −5x2 −2x3 +8x4 −x5 =0

−x1 −8x2 +5x3 −8x4 −2x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (0, 0, 8, 8, 1)

b = (8, 0, 8, 0, 1)

c = (1, 8, 0, 8, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 1
6
,−31

48
, 5
2

)

,

v2 =
(

0, 1,−2

3
,−1

6
,−5

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 8 8 1
8 0 8 0 1
1 8 0 8 0
1 0 1

6
−31

48

5

2

0 1 −2

3
−1

6
−5

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
964

3

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 8 0
0 8 0 8 1
0 8 1 0 8
8 0 8 1 0
8 8 0 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 8 0
0 8 0 8 1
0 8 1 0 8
8 0 8 1 0
8 8 0 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 8 0
0 8 0 8 1
0 8 1 0 8
8 0 8 1 0
8 8 0 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 8 0 1 0
0 −8 8 0 0
−8 8 −7 −1 8
0 0 −1 8 −7
8 −7 0 0 − 1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 0 −8 1 −1
0 −8 16 −8 0
−8 16 −15 6 9
0 0 −1 9 −15
8 −15 7 0 −1













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 1 2 3
6 6 15 12
1 1 3 1
3 3 8 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 1 2 3
6 6 15 12
1 1 3 1
3 3 8 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−7, 0, 2, 1), a2 = (−1, 1, 0, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−5 8 −3
−2 4 −1
2 −2 2





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 5 8 −3
−2 4− x −1
2 −2 2− x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−6 8 −3
−2 3 −1
2 −2 1



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0,−2])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✽✶ ✼ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➹àáðèåëà ➮âàíîâà ❐óõîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−x1 +6x2 −8x3 −8x4 −x5 =0

x1 −x2 −x3 −8x4 +8x5 =0

−6x1 −8x2 +x3 −x4 −8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (1, 0, 8, 8, 1)

b = (0, 1, 8, 8, 1)

c = (1, 8, 8, 1, 0)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 33
65
,−5

9
,−361

585

)

,

v2 =
(

0, 1, 119
65
,−1,−42

65

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 8 8 1
0 1 8 8 1
1 8 8 1 0
1 0 33

65
−5

9
−361

585

0 1 119

65
−1 −42

65

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
12793

195

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 8 1
0 8 1 8 1
1 8 1 0 8
8 1 8 1 0
8 8 1 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 8 1
0 8 1 8 1
1 8 1 0 8
8 1 8 1 0
8 8 1 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 8 1
0 8 1 8 1
1 8 1 0 8
8 1 8 1 0
8 8 1 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 8 1 1 0
0 −7 7 0 0
−7 7 −7 −1 8
−1 0 0 8 −7
8 −7 −1 0 0













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 0 −7 0 −1
0 −7 14 −7 0
−7 14 −14 6 9
−1 1 0 8 −15
8 −15 6 1 0













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 2 1 3
7 6 7 5
2 2 3 1
12 10 11 9









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 2 1 3
7 6 7 5
2 2 3 1
12 10 11 9





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (−2, 3
2
, 0, 1), a2 = (2,−7

2
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−3 6 −4
1 0 1
3 −4 4





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 3 6 −4
1 −x 1
3 −4 4− x

∣

∣

∣

∣

∣

∣

= −x3 + x2 + 2 x− 2.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 1✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 1 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−4 6 −4
1 −1 1
3 −4 3



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0,−1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✽✷ ✽ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❒àðòèí ➶ëàäèìèðîâ Ïåòêîâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

−2x1 −x2 −8x3 −8x4 −x5 =0

x1 −3x2 −2x3 +8x4 +8x5 =0

x1 −2x2 +8x3 −8x4 +5x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (2, 0, 8, 8, 1)

b = (2, 0, 1, 8, 8)

c = (8, 0, 2, 8, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0,− 27

172
,− 57

688
,− 7

86

)

,

v2 =
(

0, 1,− 17

172
,− 55

688
, 37
86

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U+V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2 0 8 8 1
2 0 1 8 8
8 0 2 8 1
1 0 − 27

172
− 57

688
− 7

86

0 1 − 17

172
− 55

688

37

86

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
101199

344

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 8 2
0 8 2 8 1
2 8 1 0 8
8 2 8 1 0
8 8 2 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 8 2
0 8 2 8 1
2 8 1 0 8
8 2 8 1 0
8 8 2 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 8 2
0 8 2 8 1
2 8 1 0 8
8 2 8 1 0
8 8 2 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 8 2 1 0
0 −6 6 0 0
−6 6 −7 −1 8
−2 0 1 8 −7
8 −7 −2 0 1













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 0 −6 −1 −1
0 −6 12 −6 0
−6 12 −13 6 9
−2 2 1 7 −15
8 −15 5 2 1













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









1 1 1 3
12 9 9 18
3 2 2 3
11 8 8 15









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









1 1 1 3
12 9 9 18
3 2 2 3
11 8 8 15





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (3,−6, 0, 1), a2 = (0,−1, 1, 0)✳
Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−2 2 0
−1 2 0
3 −4 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 2 2 0
−1 2− x 0
3 −4 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−5 2 0
−1 −1 0
3 −4 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([0, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✽✼ ✺ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ❐èëèÿ Òèõîìèðîâà Öâåòêîâà

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

7x1 −6x2 +8x3 +8x4 +x5 =0

7x1 −2x2 −8x3 +x4 +8x5 =0

7x1 +8x2 −4x3 +x4 −8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (7, 0, 8, 8, 1)

b = (8, 0, 8, 7, 1)

c = (8, 7, 8, 0, 1)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 196
225

,−133

75
, 49

225

)

,

v2 =
(

0, 1, 47
90
, 2

15
, 34
45

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

7 0 8 8 1
8 0 8 7 1
8 7 8 0 1
1 0 196

225
−133

75

49

225

0 1 47

90

2

15

34

45

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −
42287

450

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 8 7
0 8 7 8 1
7 8 1 0 8
8 7 8 1 0
8 8 7 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 8 7
0 8 7 8 1
7 8 1 0 8
8 7 8 1 0
8 8 7 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 8 7
0 8 7 8 1
7 8 1 0 8
8 7 8 1 0
8 8 7 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =













8 8 7 1 0
0 −1 1 0 0
−1 1 −7 −1 8
−7 0 6 8 −7
8 −7 −7 0 6













X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 0 −1 −6 −1
0 −1 2 −1 0
−1 2 −8 6 9
−7 7 6 2 −15
8 −15 0 7 6













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









2 3 3 2
9 18 15 15
1 3 2 3
7 15 12 13









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









2 3 3 2
9 18 15 15
1 3 2 3
7 15 12 13





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷åKerϕ = l(a1, a2)✱ êúäåòî a1 = (1,−4

3
, 0, 1), a2 = (−1,−1

3
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





−4 1 7
−7 4 7
0 −1 3





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

−x− 4 1 7
−7 4− x 7
0 −1 3− x

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





−7 1 7
−7 1 7
0 −1 0



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l([1, 0, 1])✳



âàðèàíò ô✳ íîìåð ãðóïà ïîòîê êóðñ ñïåöèàëíîñò
✽✶✵✽✽ ✻ ■■ ■ ✃îìïþòúðíè ❮àóêè

➮ìå✿ ➘àíèåë ➴ìèëîâ ❒àí÷åâ

➶òîðî ➘îìàøíî ïî ➚ëãåáðà ■
ñïåö✳ ✃îìïþòúðíè ❮àóêè

✵✼✳✵✶✳✶✹

➬àäà÷à ✶✳ ➘à ñå íàìåðÿò áàçèñèòå íà ñóìàòà è ñå÷åíèåòî íà U è V ✱ êúäåòî✿

V :

∣

∣

∣

∣

∣

∣

∣

8x1 +2x2 −8x3 +8x4 −x5 =0

x1 −8x2 −8x3 +8x4 −2x5 =0

8x1 −8x2 −4x3 +x4 −8x5 =0

è U å ëèíåéíàòà îáâèâêà íà âåêòîðèòå✿

∣

∣

∣

∣

∣

∣

∣

a = (8, 0, 8, 8, 1)

b = (8, 1, 8, 8, 0)

c = (8, 1, 0, 8, 8)

Ðåøåíèå✳ ✭✶ òî÷êà✮
Ñëåä ðåøàâàíå íà V ✱ ïîëó÷àâàìå✱ ÷å dim(V ) = 2 è V = l(v1, v2)✱ êúäåòî v1 =

(

1, 0, 497
24
, 113

6
,−7

)

,

v2 =
(

0, 1, 47
2
, 22,−10

)

✳ Òàêà ïîëó÷àâàìå✱ ÷å U + V = l(a, b, c, v1, v2)✳ Ïðåñìÿòàìå òàêà ïîëó÷åíàòà
äåòåðìèíàíòà✿

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

8 0 8 8 1
8 1 8 8 0
8 1 0 8 8
1 0 497

24

113

6
−7

0 1 47

2
22 −10

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 1168

Ñëåäîâàòåëíî âåêòîðèòå ñà ëèíåéíî íåçàâèñèìè ✭â ÷àñòíîñò a, b, c ñà ëèíåéíî íåçàâèñèìè è dim(U) =
3✮ è ñúîòâåòíî áàçèñ íà U + V ✳ ❰ò òåîðåìàòà çà ðàçìåðíîñòèòå íà ñóìà è ñå÷åíèå èìàìå✱ ÷å
dim(U) + dim(V ) − dim(U ∩ V ) = dim(U + V ) ⇔ 3 + 2 − dim(U ∩ V ) = 5 ⇔ dim(U ∩ V ) = 0✳
Ñëåäîâàòåëíî U ∩ V å ñúñòàâåíî åäèíñòâåíî îò íóëåâèÿ âåêòîð è íÿìà áàçèñ✳

➬àäà÷à ✷✳ ➘à ñå ðåøè ìàòðè÷íîòî óðàâíåíèå✿













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













.X.













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













=













8 1 0 8 8
0 8 8 8 1
8 8 1 0 8
8 8 8 1 0
8 8 8 1 0















Ðåøåíèå✳ ✭✶ òî÷êà✮ Ïîëàãàìå A =













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0













, B =













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1













, X.B = Y. Òîãàâà

ïúðâîíà÷àëíîòî óðàâíåíèå ïðèäîáèâà âèäàAY =













8 1 0 8 8
0 8 8 8 1
8 8 1 0 8
8 8 8 1 0
8 8 8 1 0













✳ ❰ò êúäåòî Y = A−1.













8 1 0 8 8
0 8 8 8 1
8 8 1 0 8
8 8 8 1 0
8 8 8 1 0













✳













1 1 1 1 1
1 1 1 1 0
1 1 1 0 0
1 1 0 0 0
1 0 0 0 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 0 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 1 0
1 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 1 1 0 0
0 1 1 1 0
0 1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 0 −1
0 1 0 0 −1
1 0 0 0 −1













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 0 −1 0
1 0 0 −1 0













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 0 −1 0 0













∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒A−1 =













0 0 0 0 1
0 0 0 1 −1
0 0 1 −1 0
0 1 −1 0 0
1 −1 0 0 0













⇒ Y =















8 8 8 1 0
0 0 0 0 0
0 0 −7 −1 8
−8 0 7 8 −7
8 −7 −8 0 7
cr















X.B = Y ⇒ X = Y.B−1













1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













∼













1 1 1 1 0
0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 0 −1
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 −1 0
0 1 0 −1 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼













1 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 −1 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













∼

∼













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1













⇒ B−1 =













1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
0 0 0 0 1















⇒ X =













8 0 0 −7 −1
0 0 0 0 0
0 0 −7 6 9
−8 8 7 1 −15
8 −15 −1 8 7













.

➬àäà÷à ✸✳ ❮åêà ϕ ∈ Hom(Q4)✱ êîéòî ñïðÿìî äàäåí áàçèñ èìà ìàòðèöà ➚✿

A =









3 3 1 2
4 6 2 5
1 3 1 3
4 6 2 5









íàìåðåòå áàçèñè íà Kerϕ è Imϕ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ Kerϕ ñúâïàäà ñ ìíîæåñòâîòî îò ðåøåíèÿòà íà ñèñòåìàòà









3 3 1 2
4 6 2 5
1 3 1 3
4 6 2 5





















x1

x2

x3

x4

x5













= 0

Ðåøàâàìå ñèñòåìàòà è ïîëó÷àâàìå✱ ÷å Kerϕ = l(a1, a2)✱ êúäåòî a1 = (1
2
,−7

6
, 0, 1), a2 = (0,−1

3
, 1, 0)✳

Òúé êàòî Imϕ = l(ϕ(e1), ϕ(e2), ϕ(e3), ϕ(e4))✱ ❛ ñòúëáîâåòå íà A ñà òî÷íî êîîðäèíàòèòå íà îáðàçèòå
íà áàçèñíèòå âåêòîðè è rankA = 2✳ Òî êîèòî è äâà ñòúëáà äà èçáåðåì íà A✱ òå ùå ñà áàçèñ íà Imϕ✳

➬àäà÷à ✹✳ ➘à ñå íàìåðÿò 1✲ìåðíèòå ϕ✲èíâàðèàíòíèòå ïîäïðîñòðàíñòâà íà Q3✱ àêî ëèíåéíèÿò
îïåðàòîð ϕ ∈ Hom(Q3) èìà ìàòðèöà ➚✿

A =





7 −10 −3
1 −3 1
3 −4 −1





ñïðÿìî äàäåí áàçèñ✳

Ðåøåíèå✳ ✭✶ òî÷êà✮ ❮åêà U å ϕ✲èíâàðèàíòíî ïîäïðîñòðàíñòâî íà Q3✳ Ïî äåôèíèöèÿ ϕ(v) ∈ U
çà âñÿêî v ∈ U è òúé êàòî U å 1✲ìåðíî✱ òî U = l(v)✱ çà íÿêîé âåêòîð v ∈ U ✳ ❚îåñò ϕ(v) = λv çà
âñÿêî v ∈ U ✳ Ñëåäîâàòåëíî 1✲ìåðíèòå ϕ✲èíâàðèàíòíè ïîäïðîñòðàíñòâà íà Q3 ñà ìíîæåñòâàòà îò
ñîáñòâåíèòå âåêòîðè íà ϕ✳

fϕ(x) = det(A− xE) =

∣

∣

∣

∣

∣

∣

7− x −10 −3
1 −x− 3 1
3 −4 −x− 1

∣

∣

∣

∣

∣

∣

= −x3 + 3 x2 + 2 x− 6.

Ñëåäîâàòåëíî λ1 =
√
2, λ2 = −

√
2, λ3 = 3✱ íî λ1, λ2 /∈ Q✳ Ïðè λ = 3 ðåøàâàìå õîìîãåííàòà ñèñòåìà





4 −10 −3
1 −6 1
3 −4 −4



 .X = 0 è ïîëó÷àâàìå ϕ✲èíâàðèàíòíîòî ïîä ïðîñòðàíñòâî U = l(
[

1, 1
4
, 1
2

]

)✳


